
PROCEEDINGS of the
AMERICAN MATHEMATICAL SOCIETY
Volume 122, Number 3, November 1994

LOCAL RINGS OF RELATIVELY SMALL TYPE
ARE COHEN-MACAULAY
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(Communicated by Wolmer V. Vasconcelos)

Abstract. Let A be a local ring of type n . It is known that if n = 1, then

A is Cohen-Macaulay and that if n = 2 and A is unmixed, then A is Cohen-

Macaulay. Then let n > 3 . What makes A Cohen-Macaulay? We show that

if A contains a field and Â satisfies (Sn_i),then A is Cohen-Macaulay.

1. Introduction

Let A be a Noetherian local ring with maximal ideal m of dimension d. The

type of A, denoted by rA(A), is defined to be the length of ExtA(A/m, A). It
is well known that if ^4 is a Cohen-Macaulay ring, then the index of reducibility

of any parameter ideal for A is equal to the type of A, and that Gorenstein

rings are characterized as Cohen-Macaulay rings of type one [2]. Vasconcelos
conjectured that rings of type one are Gorenstein [17]. This conjecture was first
proven by Foxby for rings containing a field and for unmixed local rings [6].
Foxby used the existence of a big-Cohen-Macaulay module and the theory of

dualizing complexes. But Roberts proved this conjecture in general [13], using

somewhat more elementary methods than those used by Foxby.

Modifying Roberts's argument, Costa, Huneke, and Miller showed that com-
plete local domains of type two are Cohen-Macaulay [4]. Furthermore Mar-

ley improved their result and proved that unmixed local rings of type two are

Cohen-Macaulay [9].
Concerning these results, the following questions may be raised:

Let A be a Noetherian local ring whose type is known. What makes A Cohen-

Macaulay?

For example, Marley asked if complete local rings of type n which satisfy

Serre's condition (Sn-X) are Cohen-Macaulay [9]. We answer Marley's question

affirmatively, when A contains a field and n > 3, and give a generalization for

modules.
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2. Preliminaries

In this section, we state some definitions and recall some facts on Serre's

condition and on a module with finite local cohomologies. Throughout this

paper, A denotes a Noetherian local ring with maximal ideal m. Let M be
a finitely generated /I-module. We put Assh^Af = {p £ Ass^ Af|dim^/p =

dimAf}. We say that M is unmixed (resp. quasi-unmixed) if Ass^-Af =

Assh^-Af (resp. Min^-Af = Assh^-Af ), where Â (resp. M) denotes the m-

adic completion of A (resp. M ) [11]. If A is a homomorphic image of a

Cohen-Macaulay ring, then M is unmixed (resp. quasi-unmixed) if and only

if Ass^ M = Assh^ M (resp. Min^ M = Assh^ M) [10, Theorem 31.6].

Definition (2.1). Let M be a finitely generated yi-module of dimension s. For

z > 0, the z'-th Bass number of M, denoted by p'A(M), is defined to be the

length of Ext'A(A/m, M). Let /* be the minimal injective resolution of M
and E be the injective envelope of the residue field of A. Then the z'-th Bass

number is equal to the number of copies of E which appear in /' as direct

summands. We refer the reader to [2] and [10, §18] for details. In particular,
the type of M, denoted by rA(M), is defined to be the 5-th Bass number of

M.

Definition (2.2) (Serre's condition). Let t be an integer. A finitely generated

yl-module M is said to satisfy (St) if depthMp > min{i, dimMp} for all p
in SuppAf.

Suppose that A is a homomorphic image of a Cohen-Macaulay ring. Then

M satisfies (St) if and only if M satisfies it [10, §23].
Now we state the definition of a module with finite local cohomologies or a

generalized Cohen-Macaulay module, and we give characterizations of it. We

refer the reader to [7], [14], or [16] for details.

Definition (2.3). A finitely generated ^-module M is referred to as a module

with finite local cohomologies if H^(M) has finite length for all i ^ dimAf,
where //m(-) denotes the z'-th local cohomology functor with respect to m.

It is obvious that M is a module with finite local cohomologies if and only

if M is also.

Lemma (2.4) [7, Theorem 37.4]. Let M be a finitely generated A-module.

( 1 ) If M is a module with finite local cohomologies, then Min^ M =
Assh^ M and Mp is a Cohen-Macaulay Ap-module for all p in

SuppAf\{m}.
(2) // A is a homomorphic image of a Cohen-Macaulay ring, then the con-

verse to (I) holds.

Lemma (2.5) [7, Theorem 37.10]. Let M be a finitely generated A-module of
dimension d. Then the following statements are equivalent:

( 1 )   M is a module with finite local cohomologies;

(2) s\xo{tA(M /xM) - t\^(Af)|x = Xx,... , x¿ is a system of parameters

for M} is finite,
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where lA(N) denotes the length of an A-module N and e^M) denotes the
multiplicity of M with respect to xA. If M satisfies these equivalent state-

ments, then this supremum is equal to Y,d~0l (d¡l)¿A(HÍa(M)). Furthermore

lA(M/\M) - e-gA(M) is equal to the supremum if and only if

xH'm(M/(xx,... , xj)M) = 0  for all i + j < d.

The system of parameters which satisfies these equivalent conditions is called a

standard system.

3. Main theorem and its proof

This section is devoted to a proof of the following theorem.

Theorem (3.1). Let A be a local ring containing a field and suppose that A is

a homomorphic image of a Cohen-Macaulay ring. Let n be a positive integer,

(i) If A satisfies the following conditions:

(1) rA(A)<n;

(2) A satisfies (5„_i);
(3) Min,) A = Assh^ A,

then A is Cohen-Macaulay.
(ii) Let M be a finitely generated A-module. If M satisfies the following

conditions:

(1) rA(M)<n;

(2) Àf satisfies (Sn-X);
(3) Min^ Af = Assh^ Af ;
(4) Afp is a Cohen-Macaulay Ap-module for all p in SuppAf such that

dim Afp < n,

then M is Cohen-Macaulay.

We need the following result to prove this theorem. For any matrix cp , Ir(cp)

denotes the ideal generated by the r-minors of cp .

Proposition (3.2). Let A be a local ring containing a field and m be the maximal

ideal of A. We consider a complex

F.:0-,F^fH-->Fx^Fo,

of finite free A-modules with Fp ^ 0 and <p¡(F¡) ç mF,_i for i - 1, ... ,p.
Suppose that there is some integer q > 0 and that following inequalities hold:

dim A/Irfcpi) < dim A - q - i,       i - I, ... , p,

where r¡ = Y?j=i(- l)j~' rank i7,. Then r, > q + i for i = I, ... , p - 1.

Proof. See [3].

Bruns had proved this proposition using the existence of a big-Cohen-

Macaulay module. And he had evaluated Bass numbers of finitely generated
modules over local rings by this proposition. But now we are able to obtain

strict evaluations for a module with finite local cohomologies.
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Proposition (3.3). Let A be a local ring containing a field and m be the max-

imal ideal of A. Let M be a non-Cohen-Macaulay A-module with finite local
cohomologies. If we put d — dim A, s = dim Af, and t = depth Af, then we
have

(1)
{1, i = t,

p'A(M) + d-l, ¿ = /+l,

2(d +1 - i) + 1, t + 1 < i < s.

(2) rA(M) > min{t + d-s + 2,d}.
(3) If M = A, then rA(A)>t + 2.

Proof. Without loss of generality, we may assume that A is complete. Let

0 -► Af -» 7° -» 71 -»-► /'' - • ■ ■

be a minimal injective resolution of Af and apply ffm(.) to /•. Then we

obtain the complex

H^(I') : 0 -» 7±^(M) -» £^+1(M> -♦-► #&*> -♦ £""'M -> . . ■

where E is the injective envelope of the residue field of A. We note that

local cohomology modules of Af are cohomology modules of this complex. We

consider the following complex

F. = HomA(Hl(I'),E):--^ FM *F, -> ••• - Ft+X *>Ft^0.

Since the endomorphism ring of E is isomorphic to A , F¡ is an ^4-free module
of rank p'A(M). Furthermore Hi(F») - \iomA(H'm(M), E) has finite length for

¡'/i, and Supp Hs(Ft) is equal to SuppAf, because HS(F.) is the canonical

module of Af [15]. So we put rt = pA(M) and r, = p'A(M) - r,_i for i > t.
Then In(<Pi) is an m-primary ideal for all i < s and rJ_1 < /¿^(Af). If í > í+1,

then we obtain r¡>d + t-i for t+l < i < s ,in applying Proposition (3.2) to

the complex Hom^(F,, A), let p = s -1 and q = d-s + t. On the other hand,

if s — t+l, then we have psA(M)-psA~x(M) + l > d, by using Eagon-Northcott's

theorem [5]. Now (1) and (2) are proved.

If Af = A and rA(A) < t + 2, then / must be equal to d - 1, pdA(A) = d ,

pA~l(A) = 1 and cpd_x = (jcj, • • • , xd), where x = jci ,... , xd is a system of

parameters for A. Moreover x is a standard system by Lemma (2.5), hence

£A(A/xA) - e^(A) = lA(TAomA(A/xA, E)). This implies that e^A) = 0,
which is a contradiction.   D

Proof of Theorem (3.1). (i) We work by induction on d = dirndl. There is

nothing to prove if d < n . If d > n, then Ap is Cohen-Macaulay for all p

in Specv4\{m} because rA?(Ap) < rA(A) (see [6] or [12]). Hence A is a ring
with finite local cohomologies. If A is not Cohen-Macaulay then n > rA(A) >

depths + 2. This contradicts the fact that depth A > n - 1.
(ii) is proved in the same way.   D

Finally we answer Marley's question.

Corollary (3.4). Let A be a Noetherian local ring containing a field. If rA(A) =

n > 3 and Â satisfies (S„-X), then A is Cohen-Macaulay.
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Proof. If Â satisfies (S2), then Ass^-^i = Assh^-^4 [1]. Hence we can apply

Theorem (3.1) to i.   D

4. Examples

In this section, we give some examples and conjectures.

Example (4.1). Let k be a field and

A = klx, y, z\l(xy, xz) = kfrx, y, zj/(x) n(y,z),

where x,y,z are indeterminates over k. Then dim A -2, rA(A) - 2 and
A satisfies (Sx) (see [4]). But A is not Cohen-Macaulay, because A is not
quasi-unmixed.

Rings of type one are automatically quasi-unmixed, because they are Cohen-
Macaulay. But local rings of type two are not necessarily unmixed. Hence we
cannot omit condition (3) of Theorem (3.1).

Example (4.2). Let k be a field and A be a formal power series ring
k\\xx, ... , xdJ where d > 1. (K,, cp,) denotes the Koszul complex generated

by xx, ... ,xd over A . Then Im^-i is a non-Cohen-Macaulay module with
finite local cohomologies. Because, by considering the following exact sequence:

we have

and

0-*\mcpx ->/vo-»fc-»0,

1<i< d,{Pp'A(lmcpx) =
otherwise,

H'm(lmcpx) = {

In the same way, we obtain

PA(lm(Pd-i) =

and

(h£(A),   i = d,

A/m,       i = 1,

0, otherwise.

H^lmcpd^)
10,

A/m,    i = d - 1,

i¿d,d-l.

Thus Im^-! is a module with finite local cohomologies such that its type is
equal to its dimension.

This example means that Theorem (3.3) is best possible for modules, and
that we cannot omit condition (4) of Theorem (3.1). Is Proposition (3.3) best

possible for rings? Let A: be a field and A = k\\x, yj/(x2, xy). Then A
is a ring with finite local cohomologies and rA(A) = depth A+ 2 [4]. Hence
Proposition (3.3) is also the best possible for rings, but the depth of A is zero.
Does there exist such a domain? We have a non-Cohen-Macaulay domain A

with finite local cohomologies such that rA(A) = depth A + 3.
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Example (4.3). Let k be a field and A - k^s2, s3, st, ß. Then A is a ring
with finite local cohomologies of dimension two, and depth one. The type of

A is equal to four because A is isomorphic to

k\a, b, c, dl/(a3 - b2, c2 -ad2, ac-bd, bc-a2d).

So if we put B — A/tA, then B is isomorphic to

k\a, b, cj/(a3 - b2, c2, ac, be).

The resolution of k over B begins

O^k^-B^B'^B1

where <px = (a b c) and

(c   0   0   0   0    a2     b\
<P2 =    0   c   0   0   0   -ô   -a 1 .

\0   0   c   a   ¿>    0      0 /

Thus rA(A) - rB(B) = iB(ExtB(k, B)), which is the length of the homology of
the complex

Bi ^L 53 £_ B

This is minimally generated by classes of

(?)-G)-© -m
Question (4.4). Does there exist a complete local domain A that is not Cohen-

Macaulay but that has rA(A) = 3 ?

We can prove a similar result on "classical type" (that is, the supremum of
the index of reducibility of parameter ideals) [8]. This leads one to make the

following conjectures.

Conjecture (4.5). Let A be a complete unmixed local ring of type n. If Ap is
Cohen-Macaulay for all p in Spec A such that htp < n, then A is Cohen-

Macaulay.

Conjecture (4.6). Let A be a complete local ring and M be a finitely generated

unmixed A-module of type n . If Mp is a Cohen-Macaulay Ap-module for all

p in Supp Af such that dim Mp < n, then M is Cohen-Macaulay.
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