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Abstract. Using a different approach, we prove a general coincidence theorem

of multivalued mappings which have contractible values in non-convex setting.

Let N and R denote the set of all natural numbers and the set of all real
numbers, respectively. For each n e N, let N - {0, 1, •■• , n} and A# =

co{eo, ■•■ , e„} be the standard simplex of dimension n , where {eo, ■■• , en}

is the canonical basis of R"+l. For J £ &(N), Aj = co{e¡ : j £ J}, where

¿F(N) denotes the family of all non-empty subsets of N. A topological space

X is said to be contractible if the identity mapping Ix of X is homotopic to a
constant function. Given a non-empty set X, let 2X denote the family of all

non-empty subsets of X.
In 1986, by using Browder's selection theorem (e.g., see [2]) for the mul-

tivalued mapping with open inverse values, Komiya [10] gave the following

coincidence theorem:

Theorem (Komiya). Let X be a non-empty convex subset of a Hausdorff topo-
logical vector space E, and let Y be a non-empty compact convex subset of a

Hausdorff topological vector space W. Suppose A : X —> 2Y is upper semicon-
tinuous with closed and convex values and B : Y —> 2X has convex values such

that B'x(x) is open in Y for each x e X. Then there exists (x0, yo) £ X x Y

such that xn £ B(y0) and y o £ A(xo).

In this note, we shall give a very general form of the above coincidence
theorem in a non-convex setting by using a different but simple approach.

The following is Theorem 1 of Horvath [7] (see also Theorem 1 of [8]):

Lemma 1. Let X be a topological space. For each non-empty subset J of N =
{0, 1, ••• , «}, let Fj  be a non-empty contractible subset of X  with Fj c
Fji  whenever 0 ^ J c /' C {0, 1, • ■ • , «}.   Then there exists a continuous

function f : AN —► X such that f(Aj) c Fj for each non-empty subset J of

{0,1,-- ,«}.

By employing the same arguments of Eilenberg and Montgomery [3, pp. 216-
217] and using Theorem 6.3 of Görniewicz [4, p. Ill] instead of the coincidence
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theorem used in [3, pp. 216-217], the following lemma was obtained by Shioji

[11, p. 188]:

Lemma 2 (Eilenberg and Montgomery, Görniewicz, and Shioji). Let AN be an

n-dimensional simplex with the Euclidean topology, and let Y be a compact

topological space. Let y/ : Y —> AN be a single-valued continuous map, and

let T : Ajv —► 2Y be a set-valued upper semicontinuous mapping with non-empty

compact contractible values. Then there exists xn £ AN such that xn e ^oT(xo),

where y/ oT denotes the composition of mapping T with y/.

Now we have the following:

Theorem 1. Let X be a contractible space and Y a Hausdorff compact space.

Let A : X -+ 2Y be upper semicontinuous with non-empty compact contractible
values. Suppose that B : Y —► 2X is such that

(a) 7?-1(x) is open for each x £ X and

(b) for each open set S in Y, the set r\yeSB(y) is empty or contractible.

Then there exist wo £ X and zo £ Y such that ion £ B(zq) and zq £ A(wo) ■

Proof. We first show that there exist an «-simplex An and two functions / :

AN -> X and y/ : Y -> AN such that f(y/(y)) £ B(y) for all y £ Y.
Since Y is compact, by (a), there exists a finite subset {xn, ••• , x„} of

X such that Y = Un=0B~x(Xi). Now for each non-empty subset J of N :=

{0, ••• , «} , we define

F = / Wlyy-y* ^j€jB-x(xj)},   ifnjeJB-x(Xj) ¿0,

\ X, otherwise.

Note that if y £ njeJB-x(Xj), then {x; : j £ J} C B(y). If njeJB-i(xj) ¿ 0,

then Fj = n{B(y) : y £ r\jejB~x(Xj)} is non-empty and contractible. It is
clear that Fj c Fj> whenever 0^/c/'c{O,•••,«}. Thus F satisfies
all hypotheses of Lemma 1. By Lemma 1, there is a continuous function / :

AN - X such that /(Ay) c Fj for all J £ &(N). Let {y/¡ : i £ N} be
a continuous partition of unity subordinated to the covering {B~x(x¡) : i £
N}, i.e., for each i £ N, y/,■ : Y —> [0, 1] is continuous, {y £ Y : y/¡(y) ^

0} c B~x(Xi) such that ¿X0^(v) =1 for all y £ Y. Define y/ : Y ->
An by y/(y) = (y/0(y), ViCv), ••■ , Vn(y)) for each y G Y. Then y/(y) £
AJ(y) for ail y € T, where 7(y) = {/' e {0, ••• , «} : y/¡(y) / 0}. Therefore
f(v(y)) € f(&J(y)) c Pj(y) c B(y) ■ Since A is upper semicontinuous with non-

empty compact and contractible values and / is continuous, it follows that the
composition A o / : An —> 2Y is also upper semicontinuous with non-empty

compact and contractible values. Note that y/ : Y —* An is continuous. By

Lemma 2 above, there exists xn £ An such that xn £ y/ ° (A o /"(xn)). Let

wo := f(xo) ■ Then w0 = /(x0) £ f° (y/ ° (A o /(x0))) = f o (y/o (A(w0))) so
that there exists z0 £ A(wq) such that Wo = f° w(zo) e B(z0).   ü

Since each convex set in Hausdorff topological vector spaces is contractible,
clearly Komiya's theorem is a special case of Theorem 1. Recently, by the gen-
eralization of the classic Knaster-Kuratowski-Mazurkiewicz theorem, Horvath

[7] gave a number of coincidence theorems in which both mappings involve

the property of open inverse values (or open image values); for example, see

Theorem 3 and Corollaries 3-6 in [7]. Note that the mapping A in Theo-

rem 1 is upper semicontinuous, so that our Theorem 1 is not comparable with
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those coincidence results given by Horvath [7]. For more applications of coin-

cidence theorems, we refer to Aubin [1], Browder [2], Granas and Liu [5], Ha
[6], Komiya [10], Yuan [12], and the references therein.
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