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Abstract. The problem of estimating the number of regressors to include in

a linear regression model is considered. Estimators based on the final predic-

tion error and Akaike's criterion frequently have large positive bias. Shrinkage

correction factors and bootstrapping are used to produce new estimators with

reduced bias. The asymptotic bias and mean-squared errors of these estimators

are derived analytically. Finite-sample estimates are obtained by simulation.

1. Introduction

Consider the following estimation problem.   Data are observed from the
linear regression model

(1)
yi = Xnßi+-  -rOC/JSTÄt+fii, ßko+X= ßko+2 = --=ßK = 0,       1=1,...,»,

where 0 < /en < K and the e¡, i = 1, 2,...,«, are independent errors from

a normal distribution with zero mean and known standard deviation rj2. As-

sume without loss of generality that a2 = 1. The problem is to estimate kç,,

the model dimension. It is well known that if ko is underestimated (the so-
called "underfitting problem"), then least-squares estimates of the regression

coefficients are biased. On the other hand, if ko is overestimated (the "overfit-

ting problem"), then coefficient estimates remain unbiased, but their variance
estimates are inflated (see, e.g., [3 §6.1]). Overfitting is often thought to be the

lesser of the two evils.

A standard approach to estimation of kç, employs the final prediction error
(FPE) criterion

C(k, X) = RSS(k) + Xk,        0<k<K,

where RSS(fc) is the residual sum of squares under (1) when only the first k

covariates are used and where A is a penalty parameter for overfitting. The

choice X = 2 is equivalent to Mallow's Cp and Akaike's AIC criteria, and the
choice X = log« to the BIC criterion.  The FPE estimator is defined as the
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minimizer of C(k, X) as

k = arg min C(k, X).
0<k<K

(See, e.g., [1,4] for methods based on cross-validation.) Let Xk denote the

design matrix for the model with k covariates, let Pk = Xfc(X^Xfe)_1X¿ , and

let f = Xko(ßx, ... , ßi^f be the true regression mean function (the superscript
t denotes transpose). Suppose the following two conditions hold:

Cl.  K < « and (X'kXk)~l exists for all k < K.

C2.  X > 1 and there exists a ô > 0 such that P(I -Pk)fi> on for all k <kc¡.

It follows from the results in [5, Theorem 5.2] and [6] that under these con-

ditions, k ->p T as K -* cxo, where T is an integer-valued variable with
probability-generating function given by

EzT-^ = exp \ f^j~xaj(zJ - 1) I ,        0 < z < 1.

Here aj = P(xj > Xj), c = E?>>

(3) E(T) = ko + c,

and xj is a chi-square random variable with j degrees of freedom. It is clear

that T > ko a.s. and hence ET > ko, since the right-hand side (rhs) of (2) is

expressible as an infinite series in nonnegative powers of z. The estimator k

is therefore usually positively biased, at least with large samples. Our goal is to

find an estimator of ko with smaller asymptotic bias and smaller mean-square

error than k. Although the estimator (k - c) has zero asymptotic bias, it

takes negative values with positive probability. This problem is avoided by the

truncated estimator k = max{(k-c), 0} , but (see Table 2 in §4) it is frequently
negatively biased.

2. Shrinkage estimator

A natural way to reduce the bias of k is to "shrink" it toward 0 as follows.

Let y = E(T)/ko = 1 + ck^x denote the number of times the asymptotic mean

of k is larger than ko . Then ky~x has zero asymptotic bias for ko. Since we

do not know the value of y, we may estimate it with (1 + ck~x). This yields

the shrinkage estimator (truncated to be integer-valued)

k = [k/(l +ck-x)\ + l = [k2/(k + c)\ + l,

where |xj denotes the largest integer less than or equal to x. To analyze its

properties, define the sets

' {j:[(m-l)c(l+c-m)-x\ + l

Am = l < j < [mc(c - m)~xJ},        m = 1, ... , |cj,

AJ-J>[c[c\(c-[e\)-x\}, m=[c\ + l,

and use the convention that x/0 = oo if x > 0. Further define

LcJ+i

S=T2(T + c)~x,        W=[S\ + 1,        V = ]T mI(T € Am).
m=X
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Since T>ko a.s. and US' Am = {j : j > 1} ,we have 1 < V < [c\ + 1 with
probability one if ko > 1. The following lemma gives the relation between S

and V.

Lemma 1.

(4) [S\ = T-V.
Proof. Since [Sj = [T-cT(T+c)~x\ and T is a nonnegative integer, we have

oo

|SJ = ^(T-m)I(m-l <cT(T + c)~x < m)

m=X

OO

(5) = T-^2mI(m- 1 <cT(T + c)~l < m)
m=X

oo

= T - S mlB-n >  say-
m=X

We consider two cases.

Case 1. c is not an integer. Then

{{(m - l)c(c + 1 - m)~x < T < mc(c - m)~x},       1 < m < c,

{T > (m - l)c(c + 1 - m)~1}, me(c,c+l),

0, m > c+ 1.

This yields (5) and hence (4).
Case 2. c is a positive integer. Then

' {(m - l)c(c+ 1 - m)~x < T < mc(c - m)~1}, 1 < m < c,

Bm = i {T>c(c- 1)} m = c,

0, m>c+l.

Because A^+x = {T > oo} = 0, this also yields (4).   G

We now show that W is the limit of k .

Theorem 1. Suppose conditions Cl and C2 are satisfied. Then k —>/> W.

Proof. An analogous proof to that in the previous theorem shows that

k = [k2/(k + c)\ + l=k + l- Y, ml(k e Am).
m=X

Therefore,

LeJ+l

\ic - w\ < \k - T\ + J2 m\I(k e Am) - I(T e Am)\
m=X

W+i

<|jfc-r|+ J2 mI(\k-T\> 1)
m=X

= \~k-T\ + 2-x([c\ + l)([c\+2)I(\k-T\>l)

<\ic-T\ + 2~x([c\ + l)([c\ + 2)\~k - 71 -, 0,

since k -*p T.   D
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The next two theorems give the mean and variance of S. It is a positively
biased estimate of ko .

Theorem 2.  ES = ko + c2Q > ko, where

Q=¡I zh+c~x exp I ërlp(jtf> xj){zi -i} [dz-

Furthermore, a sharp upper bound for ES is ko + c - A where

A=c I !+Y,r1Pixj > m    I £o+c)~lpix] > m \ > o

is independent of ko • Hence S has a smaller bias than T by an amount at least
A.

Proof. Multiplying z*«+c_1 to both sides of (2) and integrating over z gives

E(T + c)~x = I z^+c~x e\plf^j-xaj(zj - 1) \ dz = Q.

Because S = T - c + c2/(T + c) and ET = ko + c, the first assertion follows.

To derive the upper bound, we use the inequality exp(z) < (1 - z)_1, 0 <
z < 1, to obtain

(6) <-fJo

7ko+c-X

1-1

l + 5>(l-z>)/./
7=1

dz.

Write a = Yl%i ajJ~X > and note that (1+x)-1 < 1-bx for all 0<x <b~x-l,

0 < b < 1. Therefore, by setting b = 1/(1 + a), we see that the rhs of (6) is
less than or equal to

/'Jo

7kt¡+c-X l-(l+a)-xJ2aj(l-zJ)f
j=x

dz.

Thus

ES = ko + c2Q

• i
<ko + c2 [ z^+c~x

Jo
dzl-(l+a)-lY,<*j(l-zJ)r

-1 oo

(7) =ko + c2(k0 + c)-l-c1(l+a)-1      ^-Tflj(l-zJ')r'rfz
Jo ~1j=x

CO

= ko + c2(ko + c)~x -c2(i+ a)~x(ko + c)-xJ2aj(J + ko + cf
j=x

= ko + c-A(ko),
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where A(äö) = c*b(*o + c)~x + c2(ko + c)~x(l + a)~x Z%x tyU + h + c)~x.

Treating ko > 0 as a continuous variable, it can be verified that the derivative

j=x

x(ko + c)-2(j + ko + c)-2j-1

A'(ko) = c2(l+ a)~x | (ko + c)-2 + ¿ aj(k¡ + c2 + 2cko)

1
Hence inf^>0 A(ko) = A(0) = c(l + a)~x ¿2%x aj(j + c)~l ■ This completes the

proof. The bound is attained in the limit as c -+ 0.   D

Theorem 3. Var(S) = Var(F) + J, where J = 2c2 + c4L - 2c2(ko + 2c)Q - c4Q2
and

= jf ' z*o+i-1(-logz)exp J Y/j-lP(xj > XM*J - 1) | dz.

Proof. Since S = T + c + c2(T + c) x - 2c, we have

Var(S) = Var(F) + 2c2Cov(F + c, [T + c]~x) + c4 Var([F + c]~x)

= Var(F) + 2c2{l -(ko + 2c)Q} + c*{E(T + c)~2 - Q2}.

Hence it suffices to show that E(T + c)~2 = L. Again multiplying z^c~x to

each side of (2) and integrating over z e (0, w], where 0 < w < 1, gives

ÇW [   oo

(8) EwT+c(T + c)-x =       z^+c-1ejpl^2j-laJ(zJ-l)\dz.

Now multiply w~x to both sides of (8) and integrate over tti G (0, 1) to obtain

E(T + c)~2= f   fWw-xzk«+c-xexpif^j-xaj(zJ-l)\dzdw.

This last double integral is verified to be equal to L by reversing the order of

the integrals.   D

The next result gives conditions under which the value of W lies between

those of S and T. It also shows that the limiting bias of k is nonnegative and

that it is not greater than that of k .

Theorem 4. Suppose ko > 1 and X > 1. Then S <W < T a.s. Furthermore

W =T a.s. if and only if 0 < c < 1. Thus, with regard to bias, W is no better

than S, but it is at least as good as T ; W has a strictly smaller bias than T if

and only if c> 1.

Proof. That 5 < W is trivial. Now according to (4), W = T - V + 1. Because

1 < V < [c\ + 1 if fco > 1, we have W < T. Furthermore, P(W = T) =
1 if and only if P(V = 1) = 1 or P(AX) = 1. Now if 0 < c < 1 then
P(AX) = P(T > 1) = 1 because T > ko > 1. Otherwise if c > 1, then
P(AX) = P(1 <T< [c(c - l)'x\) < 1 since T has unbounded support.   D

The following lemma from [2, p. 104] is needed for the proofs of the next
two theorems.



1268 W.-Y. LOH AND XIAODONG ZHENG

Lemma 2. Suppose Z is an integrable random variable, b is a finite constant,
and g is a convex Junction on the real line 7%. If a(t) and t - a(t) are

nondecreasing functions on 37, then a(Z) is integrable and

Eg(Z -EZ + b)> Eg(a(Z) - Ea(Z) + b).

We are now ready to show that if X > 1, the limiting variance of k is not

greater than that of k.

Theorem 5. For all ko > 0, X > 1, and p > 1,

(9) E\S - ES\P < E\T - ET\P,

(10) E\W - EW\P < E\T - ET\P .

In particular, we have Var(S) < Var(F) and \ar(W) < Var(F).

Proof. Set Z = T, b = 0, and a(t) = t2(t + c)~x, t > 0, in Lemma 2. It is
clear that a(t) and t - a(t) = ct(t + c)~x are both nondecreasing functions of

t > 0. Because T > 0, we have

(11) Eg(T-ET)>Eg(S-ES)

for any convex g, in particular, for g(t) = \t\p , p > 1. This proves (9).

To prove (10), choose a(t) = t+l- Emit' mI(l E Am) = U2C + c)_1J + 1 »
t>0. Since t2(t + c)~x is nondecreasing in i>0, a(t) is also a nondecreasing

function of t. On the other hand, z^mii' m^({ e ^m) *s nondecreasing in t ;
therefore, so is t — a(t).  The rest of trie proof is similar to that leading to

(9).   D

Let (x) be the nearest integer to x, with (m + 1/2) = m for integral m .

Another way to round off k2/(k + c) to be integer-valued is to define the esti-

mator k' = (k2/(k + c)). The following theorem shows that it too has no larger

limiting variance than k .

Theorem 6. For all X > 1, ko>0, p > 1,

(12) E\(S)-E(S)\P <E\T-ET\P.

Hence (S) has smaller variance than T.

Proof. Since 5 is nondecreasing in T, so is (S). Furthermore,

oo

(S)= Y,(T-m)I(m- 1/2 < cT[T + c]~x <m+l/2)
m=0

oo

= r-£m/(m- 1/2 <cT[T + c]~x <m+l/2).   .
m=0

Thus

T-(S) = J2 ml(m - 1/2 < cT[T + c]~x <m+l/2)
m=0

is also a nondecreasing function of T. Lemma 2 may then be applied as in the

proof of Theorem 5.   D
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3. Other estimators

3.1. Bootstrap estimate. It is tempting to think that the shrinkage method

may be iterated to yield further improvements. Specifically, we can start with

fc instead of fc and shrink the former. Let yi = Ek/ko . Then k/yx has zero

bias for ko. To make this into an estimator, we need to estimate E(k) and

ko. The latter can be estimated by fc . We use the bootstrap to estimate Ek as

follows.
Define jc, = (xiX , ... , x¡k) , and let (ßx,... , ßK) be the least squares es-

timates of the coefficients. Let e*, / = 1,..., n , be independent standard

normal variables. We generate bootstrap samples {(xx,y\), ... , (x„, y*)} ,

where

y* = xiXßx +■■■ + xikßk + e*,        i= 1,...,«.

Let E» denote expectation under bootstrap sampling. This yields the following

two bootstrap estimates of fco '■

fc,* = [k2/Etk\ + 1,       fc2* = (fc2/£.fc).

3.2. Alternative initial estimate. Instead of using fc as the initial estimate of

fco in §2, we may use fc = max{ (k - c) ,0}, which is the unbiased estimate

truncated at 0. Letting y = 1 + ck    , this yields the alternative estimator

jfc° = [icy' 'J + 1 = Lfc(l + cF'r'J + 1.

4. Simulation results

Tables 1 and 2 on the next page give Monte Carlo estimates of the mean-

square errors and biases of the estimators. The results are based on samples of

size 200 and 10,000 simulation trials. Standard errors are given in parentheses.

Four different values of the true model dimension (fco = 0, 2, 5, 10) and five
values of X are used. The full dimension of each simulated regression model is

K = lOfco, except for the case fco = 0 where we use K = 5 . In each simulation,
an orthogonal design matrix was generated according to the true model, with

parameters /?, = i. (Similar results were obtained with ß,; = fco - i + 1.) The

estimators included for consideration are fc, fc, fc, fc', fc , fc*, and fc*.
The six entries from these tables that had the worst bias (large negative bias

is considered worse than large positive bias) are graphed in Figure 1 on page

1271. Also shown are the corresponding mean-square errors. Only six of the

estimators are represented in the graphs (fc is excluded because of its large
mean-square errors).  Because large negative bias is undesirable, we conclude

that the estimators fc, fc', and fc are inferior to fc, fc*, and fc*. All six
estimators have mean-square errors that are substantially smaller than those of

fc when X < 2.
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Table 1. Estimated mean-square errors with estimated

SEs in parentheses; « = 200; K = lOfco for ko ̂  0;
K = 5 when fco = 0

A    to

1.1 0
2
5

10

6.1
76.9
449

1392

0.0 (0.0)
4.0 (0.0)

25.0 (0.0)
100 (0.0)

1.0
1.1

27.6
215

0.0)
0.1)
1.2)

111

0.0 (0.0)
2.5 (0.1)

29.6(1.2)
212 (10.)

1.0 (0.0)
1.0 (0.0)

16.0 (0.0)
81 (0.0)

4.0
1.7

30.0
207.5 (

1.0 (0.0)
1.3 (0.1)

32.3 (1.5)
209.8 (12.0)

1.5 0
2
5

10

3.4
23.9
61.8
91.6

0.1 (0.0)
13.0 (1.1)
48.6 (5.6)
74.6 (11.)

2.1
14.4
46.7
73.0

0.1)
1.1)
5.3)
ILL

0.9 (0.1)
13.9 (1.2)
44.6 (5.1)
73.1 (11.)

1.2 (0.0)
13.2(1.1)
49.9 (5.6)
75.8 (11.)

3.3
15.1
42.8
56.4

2.7(0.1)
15.4 (1.2)
44.8 (5.3)
57.0 (8.7)

2.0 0
2
5

10

1.8
6.2
7.1
5.2

0.8 (0.1)
5.5 (0.6)
6.2 (1.0)
4.5 (10)

2.5
5.5
7.1

5.2

0.1)
0.6)
1.0)
1.0)

1.0 (0.1)
5.3 (0.6)
6.2 (1.0)
4.5 (1.0)

2.5 (0.1)
5.5 (0.6)
7.1 (1.0)
5.2 (1.0)

3.7
7.1
8.6
7.1

3.0 (0.2)
6.4 (0.8)
8.4 (1.2)
7.0 (1.1)

2.5 0
2
5

10

0.9
2.7
1.8

1.3

0.9 (0.1)
2.7 (0.3)
1.8 (0.3)
1.3 (0.2)

1.7
1.7
1.8
1.3

0.1)
0.3)
0.3)
0.2

0.9 (0.1)
2.7 (0.3)
1.8 (0.3)
1.3 (0.2)

1.7 (0.1)
1.7 (0.3)
1.8 (0.3)
1.3 (0.2)

2.5
3.1
2.7
2.3

2.1 (0.1)
2.6 (0.5)
2.2 (0.3)
1.7 (0.3)

3.0 0
2
5

10

0.5
2.3
0.4
0.5

0.5 (0.1)
2.3 (0.2)
0.4 (0.1)
0.5 (0.1)

1.4
1.0
0.4
0.5

0.1
0.2)
0.1)
0.1)

0.5 (0.1)
2.3 (0.2)
0.4 (0.1)
0.5 (0.1)

1.4 (0.1)
1.0 (0.2)
0.4 (0.1)
0.5 (0.1)

1.9
2.0
1.1
1.3

1.7(0.1)
1.5 (0.2)
0.7 (0.1)
0.9 (0.3)

Table 2. Estimated bias with estimated SEs in paren-

theses; « = 200 ; K = lOfco for fco ¿ 0 ; K = 5 when
fco = 0.

A    ¿o v> *L
l.i 1.6(0.1)

6.0 (0.2)
14.9 (0.5)
25.0 (0.9;

0.0 (0.0)
-2.0 (0.0)
-5.0 (0.0)

-10.0 (0.0

1.0 (0.0)
-0.4 (0.0)

0.1 (0.2)
2.3 (0.5

0.0 (0.0)
-1.2 (0.0)
-0.5 (0.2)

1.8 (0.5

1.0 (0.0)
1.0 (0.0)
4.0 (0.0)
9.0 (0.0)

2.0 (0.0)
-0.3 (0.0)
-0.3 (0.2)

0.4 (0.5)

1.0 (0.0)
-0.4 (0.0)
-1.0 (0.2)
-0.2 (0.5)

)    -10.0(0.0)     2.3(0.5)     1.8(0.5)    -9.0(0.0)     0.4(0.5)    -0.2(0.5)
)       0.1 (0.0)     1.3 (0.0)     0.4 (0.0)     1.1 (0.0)     1.5 (0.0)     1.4 (0.0)1.5 1.0 (0.1

2.0 (0.1)
3.7 (0.2)
4.1 (0.3

0.1(0^
-0.4 (0.1)
-0.4 (0.2)

0.1 (0.3

1.3 (0.0
1.0 (0.1)
1.5 (0.2)
1.8 (0.3

0.4 (0.0
0.6 (0.1)
3.7 (0.2)
1.1 (0.3

1.1 (0.0)
0.6 (0.1)
0.7 (0.2)
1.1 (0.3)

1.5 (0.0)
1.0 (0.1)
0.3 (0.2)

-0.6 (0.2)
(0.3)       0.1(0.3)     1.8(0.3)     1.1(0.3)     1.1(0.3)    -0.6(0.2)    -1.0 (0.21
(09)       0.3 (0.0)     1.3 (0.0)     0.4 (0.0)     1.3 (0.0)     1.5 (0.0)     1.4 (0.0)

1.4 (0.0)
0.2 (0.1)

-0.6 (0.2)
-1.0 (0.2)

2.0 0.6 (0.0'
0.3 (0.1)
1.0 (0.1)
0.9 (0.1)

0.3 (0.O
-0.5 (0.1)

0.0 (0.1)
-0.2 (0.1)

1.3 (0.0
0.5 (0.1)
1.0 (0.1)
0.9 (0.1)

0.4 (0.0)
-0.4 (0.1)

0 (0.1)
-0.2 (0.1)

1.3(0^)
0.5 (0.1)
1.0(0.1)
0.9 (0.1)

1.5 (0.0)
0.7 (0.1)
1.1 (0.1)
0.9 (0.1)

1.4 (0.0)
0.4 (0.1)
0.2 (0.1)
0.1 (0.1)

2.5 0.4 (0.0)
-0.4 (0.1)

0.4 (0.0)
0.4 (0.0)

0.4 (0.0)
-0.4 (0.1)

0.4 (0.0)
0.4 (0.0)

1.2 (0.0)
-0.1 (0.0)

0.4 (0.0)
0.4 (0.0)

0.4 (0.0)
-0.4 (0.1)

0.4 (0.0)
0.4 (0.0)

1.2 (0.0)
-0.1 (0.0)

0.4 (0.0)
0.4 (0.0)

1.3 (0.0)
0.1 (0.1)
0.5 (0.0)
0.5 (0.0)

1.2 (0.0)
0.0 (0.1)
0.4 (0.0)
0.4 (0.0)

3.0 0.2 (0.0)
-0.8 (0.0)

0.2 (0.0)
0.2 (0.0)

0.2 (0.0)
-0.8 (0.0)

0.2 (0.0)
0.2 (0.0)

1.1 (0.0)
-0.4 (0.0)

0.2 (0.0)
0.2 (0.0)

0.2 (0.0)
-0.8 (0.0)

0.2 (0.0)
0.2 (0.0)

1.1 (0.0)
-0.4 (0.0)

0.2 (0.0)
0.2 (0.0)

1.1 (0.0)
0.0 (0.1)
0.3 (0.0)
0.3 (0.0)

0.1 (0.0)
-0.3 (0.0)

0.2 (0.0)
0.2 (0.0)
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MSE Bias

Mini
^

^
2 3 4 5 8 7

lambda = 1 1,k(0) = 5

2 3 4 5 6 7

lambda = 1.1, K(0) = 5
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Figure 1. Barplots of MSE and Bias. The numbers 2-
7 in each plot refer to the column numbers associated

with the estimators in Tables 1 and 2; i.e., "2" denotes

fc , "3" denotes fc , and so on
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5. Conclusion

We proved that two shrinkage estimators, fc and fc', possess reduced asymp-
totic mean-square errors compared to the FPE estimator fc. Simulations show
that in finite-sample situations, the amount of reduction depends on the size of

the bias of fc. Larger amounts of reduction are possible when the bias of fc
is large. Iterating the shrinkage method by bootstrapping also appears to yield

estimators with good finite-sample properties.
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