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Abstract. Let d be a metric on a nonempty set A . The ternary betweenness

relation T¡¡ induced by d on A is defined by

Td{x,y,z) o d{x,y) + d{y, z) = d(x, z)

for x, y, z e A. Allowing the range of d to vary over some "reasonable"

ordered additive algebraic structures (not just the real numbers), we will prove

that the class JK of all metrizable ternary structures, i.e., the class of all struc-

tures (A, Tj), where d is some metric on A, is an elementary class which

can be axiomatized by a set of universal Horn sentences. Further, using an

algorithm of linear programming, we will show that the first-order theory of Jt

is recursively axiomatizable and its universal part is decidable. On the other

hand, the theory of J( is not finitely axiomatizable and the theory of finite

members of JK is hereditarily undecidable.

In his fundamental work Grundlagen der Geometrie [H 1899] David Hubert

introduced the ternary relation of betweenness which he used in formulating
the second group of his axioms, namely the axioms of order. (In fact " y is

between x and z " in Hilbert's formulation corresponds to " y lies between x

and z and x ^ y ^ z" in ours.) Later on Alfred Tarski [T 1959] used the

betweenness relation and the quaternary equidistance or congruence relation

(i.e., "the distance of x, y and z, u is the same") to obtain a complete and

decidable axiomatization of elementary geometry. Since the 1920s the notion
of betweenness became of interest in its own right, as it naturally occurred

in diverse mathematical structures, like linearly and partially ordered sets and

lattices (see [B 1967], [Bl 1953]), metric spaces (see [M 1928], [Bl 1953]), linear
spaces over ordered fields and normed linear spaces (see [Sm 1943], [Bl 1953]),

etc. However, because of its intuitively clear geometrical meaning acquired

in some "nice", though by far not all, metric spaces, the metric betweenness,

defined as above, still has kept its central position. So far the paper [Mo 1977]

by M. Moszyñska seems to be the only contribution to the study of the first-order

theory of betweenness and equidistance relations in metric spaces.
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It can easily be seen that in any metric space (A, d) the relation T = T¿

satisfies the following five axioms:

(BO) T(x,y,x) => x = y,

(Bl) T(x,x,y),

(B2) T(x,y,z) =>  T(z,y,x),

(B3) T(x,y,z) & T(x,z,u) =» T(x,y,u),

(B4) T(x, y, z) & 7\x,z,u) =»  T(y, z, u).

On the other hand, the "prolongation" axiom

T(x,y,z) & T(y,z,u) & y¿ z =$■  T(x, y, u)

need not hold in general.

A first-order structure (A, T) with a single ternary relation T will be called

a ternary structure; if it additionally satisfies the axioms (BO) - (B4), it will be

called a betweenness space.

Every metric space (A, d) gives rise to a betweenness space (A, T¿). How-
ever, as is well known, the satisfaction of the axioms (BO) - (B4) is not sufficient

for the metrizability of (A, T). Though the metric betweenness (in real-valued

metric spaces) was characterized by A. Wald [Wd 1931] in terms of conditions
(BO) - (B4) (in a slightly different formulation), topological closedness of the

segments (xy)r = {z; T(x, z, y)}, invariance under the equidistance rela-

tion, and possibility of an extension to larger metric spaces with points lying

properly between any given pair (see also [Bl 1953]), so far no set of axioms

in the first-order language with equality = and a single ternary predicate T

has been known whose models were exactly the metrizable ternary structures

(A, T). Even the existence of such a set, i.e., of the axiomatizability of the

class of all metrizable betweenness spaces, was not clear.

One reason is quite trivial. Insofar as the term "metric" means exclusively a

real-valued metric, the class of all metrizable betweenness spaces cannot be an

elementary one. Indeed, take the ternary relation

T(x,y,z) <& \x-y\ + \y-z\ = \x - z\

on R, induced by the metric |x - y\. Let *R denote some elementary exten-
sion of the ordered field R with cardinality greater than that of R, guaranteed

by the upward Löwenheim-Skolem-Tarski theorem, and let T be the ternary

relation on *R corresponding to T (i.e., defined by the same formula). Obvi-

ously, (*R, *T) is an elementary extension of (R, T). Then, as easily seen,

the metrizability of (*R, *T) by a metric d : *R x *R -♦ R would yield an
injective mapping a •-► d(a, 0) from the set of all nonnegative elements in *R

into R — a contradiction. Consequently, being not closed under elementary

extensions, the ternary structures metrizable by real-valued metrics do not form

an elementary class. The same argument applies when R is replaced by any

fixed ordered field or even by a more general algebraic structure.
Thus one cannot expect any positive results in the direction of axiomatizabil-

ity unless one allows some metrics more general than the real-valued ones. We

will show several ways of doing this, differing in generality at first glance, but

still giving the same elementary class of metrizable ternary structures. Then we

will prove that all the axioms have rather a simple prescribed form, in fact they
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can be chosen to be basic Horn formulas. By the way, notice that the axioms

(BO) - (B4) are basic Horn formulas as well. Further, a simple procedure will

be described, reducing the question whether a disjunction of atomic formulas
and negations of atomic formulas holds in all metrizable betweenness spaces or
not to the solvability problem of a system of linear equations and inequalities,

which can be decided using linear programming. In particular, as all the basic

Horn formulas are of that form, this ensures the recursive axiomatizability of

the first-order theory of the class of all metrizable betweenness spaces. In gen-
eral, it yields a positive solution of the decision problem for universal formulas

in that theory. On the other hand, not only is the first-order theory of the class
of all metrizable betweenness spaces not finitely axiomatizable, but so far we

are not able to give any lucid scheme of axioms for that class, and believe we

have some good reasons to doubt whether such an axiom scheme even exists.

Finally, using the fact that the first-order theory of the class of all finite graphs

is hereditarily undecidable, we will establish the same result for the class of all
finite metrizable betweenness spaces by the method of semantic embedding (in-

terpretation). Thus in particular, the theory of metrizable betweenness spaces
is undecidable.

We will use freely the usual terminology and notation common in model

theory as well as some results belonging to model-theoretical folklore. The
standard reference is the monograph [C-K 1990]. The needed facts concerning

(un)decidability of first-order theories can be found either in [Br-Sn 1981] or

in [E 1980]. For (partially) ordered monoids, groups, and fields the reader can
consult either [F 1963] or [Kp 1984].

1.   G-VALUED METRIC SPACES

Let K = (K, +, 0, <) be a partially ordered (additively written) commuta-

tive monoid satisfying the cancellation law (the last condition is equivalent to

the preservation of the strict partial order < by the addition + ). A K-valued

metric space is a set A equipped with a function d : A x A —> K, called metric,
subject to the usual axioms:

d(x,y)>0,

d(x, y) = 0 <=> x = y,

d(x,y) = d(y, x),

d(x,y) + d(y, z) >d(x, z).

A ternary structure (A, T) will be called metrizable if T = Td for some

metric d : A x A -> K where K is a partially ordered commutative monoid

with cancellation and Td is defined as in the Abstract. Obviously, every metriz-

able ternary structure satisfies the axioms (BO) - (B4); in other words, it is a

betweenness space.
At a glance, all one needs for the above four conditions on a metric to make

sense is K to be only a partially ordered monoid. However, in order not to
escape too far from the real-valued metric spaces as well as to be able to prove
some reasonable results, the commutativity and cancellation assumptions seem
unavoidable. If K additionally satisfies the implication v +v > 0 =*■ v > 0

(which is not always the case), then even the first condition on the metric d can

be omitted, as it follows from the remaining ones. On the other hand, it would
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be convenient and desirable if one could work with metrics taking values in

still more "tame" structures without loss of generality. The first candidates are
G-valued metric spaces where G = (G, +, 0, <) is an ordered (i.e., linearly or
totally ordered) Abelian group.

Proposition 1. Let (A, T) be a metrizable betweenness space. Then there is an
ordered Abelian group G and a metric d : A x A —► G such that T —Td.

Proof. Let K be a partially ordered commutative monoid with cancellation and

h : Ax A —> K be a metric inducing T. Then (K, + ,0) can be embedded into

the Abelian group (D, + ,0) of the differences of the elements from K and the

partial order from K can be extended to D in the obvious way, making D =

(D, +, 0, <) a partially ordered Abelian group containing K as a substructure.
Thus h can be viewed as a D-valued metric. Let us denote by P the positive

cone and by 0 the subgroup of torsion elements in D. As P n 8 = {0},

8 is a convex subgroup of D and the quotient group D/8 becomes partially

ordered in the natural way. Let g denote the canonical projection D —► D/8.

Then g is an order-preserving group homomorphism and h(x, y) £ P for all

x, y £ A. Hence d(x, y) £ 8 for x ^ y and the map d = goh : AxA—> D/Q
is a D/8-valued metric. The inclusion T = 7}, ç Td follows from the group
homomorphy of g ; as h(x, y) + h(y, z)-h(x, z) > 0 for all x, y, z e A, the
reversed inclusion is a consequence of the equality P n 8 = {0} , again. As the

partially ordered group D/8 is torsion-free, its partial order < can be extended

to a total order -< (see [F 1963], Chapter III, §4). Hence (A, T) is metrized by
the metric d with values in the ordered Abelian group G = (D/Q, +, 0, -<).

If F - (F, +, -, 0, <) is an ordered ring, then an F-valued metric space

is simply an F+-valued metric space, where F+ = (F, +, 0, <) denotes the
ordered additive group of F.

The following proposition may be known, though we did not succeed to find

it anywhere in the literature. That is why we state it here and give the complete
proof.

Proposition 2. Every ordered Abelian group can be embedded into the ordered

additive group of an ordered field.

Proof. Obviously, it suffices to consider the case when G is an ordered Abelian

group with more than one element. It is known (see [E 1980], Chapter 3, §6)

that every ordered Abelian group G can be embedded into an ordered divisi-

ble Abelian group G and the first-order theory of nontrivial ordered divisible

Abelian groups is complete. Thus given any ordered field F, G and the ordered

additive group F+ of F are elementarily equivalent as F+ obviously is non-

trivial and divisible. Consequently, G can be embedded into some ultrapower

of F+, which, of course, is the ordered additive group of the corresponding

ultrapower of the ordered field F.

2. Metrizable betweenness spaces

Proposition 1 from the previous section justifies the following restriction of

our original definition which will be used in the rest of the paper. A ternary
structure (A, T) will be called metrizable if T = T¿ for some G-valued metric
d on A where G is an ordered Abelian group. As follows from Proposition
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2, for our purpose it would even be sufficient to deal with F-valued metric

spaces where F = (F,+, -,0, <) ranges over ordered fields. Moreover, as
every ordered field can be embedded into a real-closed one and the first-order

theory of real-closed ordered fields is complete, each G-valued metric space can

be considered as a *R-valued metric space for some elementary extension *R
of the ordered field R.

Theorem. Let J? denote the class of all metrizable betweenness spaces and
ThJf be its first-order theory. Then the following conditions hold:

(i) Jf is an elementary class.

(ii) ThJf has a set of universal Horn axioms.

(iii) ThJ? is recursively axiomatizable.

(iv) The universal part of "XhJf is decidable.
(v) ThJf is not finitely axiomatizable.

(vi) The class of all finite members of Jf is hereditarily undecidable; hence
ThJf is undecidable.

Proof, (i) and (ii): Jf obviously is closed under taking isomorphic images and

substructures. In particular, it is closed under elementary substructures. Thus to

prove that Jf is a universal elementary class, it suffices to show that it is closed

under the ultraproduct construction. This can easily be seen as Jf is the class of

all reducts (A, T) of two-sorted structures of the form (A, G, T, +, 0, <, d)

such that (G, +, 0, <) is an ordered Abelian group, d : A2 -> G is a metric,
and T = Td , which obviously form an elementary class.

A universal class is a Horn one iff it is closed with respect to direct products

of couples of its members (see [C-K 1990], Chapter 6, §2). To show it for Jf,

consider two structures (A¡, T¡) £jf (i = 1, 2) and denote by (A, T) their

direct product. Let d¡ be a metric on A¡, with values in an ordered Abelian
group G,, inducing 7). Let us denote by G = (Gx x G2, +, 0, <) the ordered

Abelian group obtained by endowing the direct product of the group reducts of

G, 's with the lexicographical order. The verification that the ternary structure

(A, T) is metrized by the G-valued metric d given by

d((ax,a2), (bx, b2)) = (dx(ax, bx), d2(a2, b2)),

for a i, b¡£ A i■, is a matter of routine now.

(iii) and (iv): A formula cp will be called a basic formula if it is of the form
0i v • • • V 0m where each 0¡ is an atomic formula or negation of an atomic

formula. We will say that a formula y/ occurs in such a basic formula cp if y/ is

among the formulas 0X, ... , 0m . According to (i) and (ii) it suffices to describe

an algorithm deciding for each basic formula cp in the language of Jf whether
Jf |= cp or not. Then (the universal closures of) the basic Horn formulas cp
(i.e., those containing at most one atomic 0¡ ) which are true in df will form a

recursive set of axioms for ThJf. Furthermore, the decidability question for

any universal formula (after putting it into prenex form with matrix consisting

of a conjunction of basic formulas) can be reduced to the same question for its

maximal basic subformulas.

Now, let cp be a basic formula of the form 0X V • ■ • V 0m where each 0¡ is

an atomic formula or negation of an atomic formula with variables included in

the list xx, ... , x„ . Let us denote by Zp the system of linear equations and
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inequalities in the unknowns d¡j, i, j — \, ... , n ( d¡j stands for the distance

d(Xi, Xj) ), constructed as follows:

dij — 0 if / = j or the formula x, jà Xj occurs in cp,

d¡j - dj, = 0 for all distinct i, ;',

dij + djk - dik = 0 if -i T(xj , Xj, X/c) occurs in cp,

dij > 0 if x, = Xj occurs in cp,

dij > 0 if i j* j and neither x, = x; nor x, ^ xj occurs in cp,

dij + djk - dik > 0 if T(x¡, Xj, Xk) occurs in cp,

dij + djk - d¡k > 0 if neither T(x¡, Xj, x^) nor -i T(x¡, Xj, x¿) occurs in cp.

Of course, ~L9 in general will contain many redundant equations and inequal-

ities, which can be omitted in concrete situations. Now, it can easily be seen

that the condition

(0) Jf\=cp

is equivalent to any of the following ones:

(1) ~L9 has no solution in any ordered Abelian group G;

(2) S,, has no solution in any ordered divisible Abelian group G ;

(3) Eç, has no solution in the ordered field R of reals;
(4) Z,, has no solution in the ordered field Q of rationals;

(5) I.ç has no solution in the ordered group Z of integers.

Indeed, (0) «■ (1) as well as the implications (1) => (2) =► (3) =*■ (4) =*► (5) are
trivial. To show (5) => (1), assume that Zp has a solution in some ordered
Abelian group G. Without loss of generality we can assume that G is divisible.

Then G can be embedded into some ultrapower of (Q, +, 0, <), hence Zp

has a solution in that ultrapower and consequently in Q. By multiplying all
the numbers d¡j £ Q by the least common multiple of their denominators one

obtains a solution of "L9 in Z. Obviously, any of the problems (3), (4), and

(5) can be decided using a standard algorithm of linear or integer programming

(see, e.g., [SI 986]).
Also, note that in the case of cp being a basic Horn formula, the system I.9

contains at most one strict inequality, which, in view either of (3) or (4), can

be replaced by the equality of the left side to 1. More precisely, the new system

Z* thus obtained has a solution in R or Q iff the original system 1,9 has.

(v): According to a result of Vaught [Vt 1954] (see also [C-K 1990], Chap-
ter 5, §2, Exercise 2), it suffices to show that for each sufficiently large n £ N

there is a ternary structure (A, T) £ Jf such that each «-element substructure

of it is in .# .
First of all note that given any metric d on the four-element set {ao » ai » ¿o >

bx), the conditions Td(ao,bo,bx) and Td(bo,ao,ax) imply d(ao,bo) <
d(ax,bx). Indeed, in such a case

2d(a0, b0) = d(a0, bx) - d(b0, bx) + d(b0, ax) - d(a0, ax) <2d(ax, bx).

Now, let An denote for each n > 1 the (2« + 2)-element set {ao, bo, ... , a„,

bn} , and Tn be the ternary relation on An consisting of all the triples of the

form (x, x, y) (x, y £ An), (a¡, b¡, bl+x), (b¡, a¡, ai+x) (0 < i < n) and
the reversed ones where + denotes addition mod n + \. The structure (A3, T3)
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Diagram 1

is drawn in Diagram 1 (for three distinct vertices x, y , z there is a (maybe

broken) line form x to z passing through y if and only if T(x,y, z) holds).

It can easily be verified that any of the ternary structures (A„ , Tn) satisfies

the axioms (BO) - (B4), hence it is a betweenness space. On the other hand,
none of the betweenness spaces (An , T„) with n > 1 is metrizable, since for

every metric d on An inducing T„ the equalities d(ao, bo) = d(ax, bx) = ■■• =

d(a„ , bn) necessarily hold. But then Tn(a¡, ai+x, bi+x) and T„(b¡, bi+x, ai+x)

for each i < n (+ denotes again addition mod n + 1 ). The proof of (v) will

be complete once we show that omitting the triples (a„ , bn , b0), (b„ , an , oq)

and the reversed ones from T„ , the ternary structure (A„, T°) thus obtained

already is metrizable. Then by a symmetry argument one can show that for any

subset B ç A„ with at most n elements (then a¡, b¡ $ B for some i <n) the

ternary structure (B, T„C\ B3) is metrizable. Let p be any real number such

that 0 < p < l/(/i + 1). We leave it to the reader to verify that the metric dn
given for 0 < i, j < n by

d„(a¡, aj) = d„(bi, bj) = I
0 if ï = y,

1 if/*./,

d„(ai, bj) = d„(bj, a¡) =

(i+l)p ifi = j,

(i+l)j» + l   if|/-/| = l,

1 if \i-j\> I

induces the relation T° on An .

(vi): We will prove the last statement by constructing a semantic embedding

of the class of all finite graphs into the class of all finite members of Jf. By

the theory of graphs we understand the first-order theory in the language with
equality and a single binary predicate symbol E, with two axioms expressing the

irreflexivity and symmetry of the relation corresponding to E. Intuitively, in a

graph (V, E) two vertices u,v £ V are connected by an edge iff (u, v) £ E.

It is known that the theory of the class of all finite graphs is hereditarily unde-

cidable (see, e.g., [Br-Sn 1981], Chapter V, §5, or [E 1980], Chapter 5, §1). Thus
any class into which the class of finite graphs can be semantically embedded has
itself a hereditarily undecidable first-order theory.
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We will construct an interpretation of the theory of graphs in the theory of

betweenness spaces defining a unary predicate W(x), with meaning " x is a ver-

tex", and a binary predicate H(x, y), with meaning " x and y are connected

by an edge", by the following formulas in the language of ternary structures:

W(x) «• (Vy,z)(T(y,x,z) => x = yWx = z),

H(x,y) «■  W(x) & W(y) & (3z)(x£z£y & T(x,z,y)).

It is clear that for each (finite) betweenness space (A, T) the pair ( WA •T,

HA'T), where

WA-T = {a£A;  (A,T)\= W(a)},

HA-T = {(a,b)£A2;  (A,T)\= H(a,b)},

is a (finite) graph. What remains is to show that every finite graph (V, E) is of

the form ( WA •T, HA •T) for some finite metrizable betweenness space (A, T).

Let ( V, E) be a finite graph. As the set V is finite, it can obviously be

embedded into the Euclidean plane R2 via a map / : V —► R2 in such a way

that for no triple of distinct vertices u, v , w £ V the points f(u), f(v), f(w)
are collinear. (In fact it is enough for / to be a one-to-one mapping from V

into the parabola y = x2.) Using / we will identify each vertex v £ V with

its image f(v). The finiteness of V also implies that for any pair of vertices

(u, v) £ E one can choose a point auv on the segment uv in such a way that

u 7e auv = avu ^ v and putting

A = V U {auv ; u, v £ V & (u, v) £ E},

there will be no three-element collinear subsets of A except those of the form

{u, auv , v} . We make A a metric space (A, d) under the restriction of the

Euclidean metric in R2 to A. Let T = Td and (A, T) be the correspond-
ing finite metrizable betweenness space. From our construction it is clear that

(V,E) = (WA'T,HA-T).
Now, the proof of the theorem is complete.

Let us conclude with some remarks.

Any basic formula <p can be considered as a "transitivity" in the sense of

[Pt-Sm 1942]. However, in this paper only transitivities with at most five vari-

ables are considered. On the other hand, as shown in the proof of (v), any

axiomatization of the class Jf of all metrizable betweenness spaces has to use
"transitivities" with arbitrarily large number of variables. Maybe it is worth-

while to mention here that, as one can easily check, all the betweenness spaces

(i.e., all ternary structures satisfying the axioms (BO) - (B4)) with at most five
elements are metrizable. The smallest nonmetrizable betweenness spaces have
six elements — the structure (A2, T2) from part (v) of the proof of our theorem

is an example.

Every basic Horn formula cp of the form 0X & • • • & 0m =>■ 0O where 0n, 0X,

...,0m are atomic formulas which is true in Jf can be viewed as describing a
"forbidden pattern" for Jf. More precisely, if xx, ... ,xn are all the variables
in cp , then Jf \= cp means that the "pattern"

0\(xx,... , x„) & • • • & 0w(xi, ... , x„) & -'0o(xx, ... , x„)

cannot occur in any member of Jf . For example, any of the nonmetrizable be-

tweenness spaces (An ,T„)  (n > 1) is an example of a "forbidden pattern" (cf.
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Diagram 1). The corresponding basic Horn formula a„ forbidding (A„, T„)

reads as follows:

T(xo,y0,yi) & T(y0,x0,xx) & ■•• & T(x„-X, yn-\, yn)

& T(y„-i, x„-i, xn) & T(x„,y„,y0)

& T(yn,xn,xo) =* r(x0,xi,yi).

This could suggest the idea to axiomatize J? by the axioms (BO) - (B4) and

the scheme {an ; 1 < n £ N} or, if necessary, to complete it by some addi-

tional axioms and axiom schemes. Unfortunately, there are many sequences of

nonmetrizable betweenness spaces producing new forbidding axiom schemes,

similarly as the structures (A„, Tn) produce the axioms a„ . Moreover, they

can be constructed in such a way that all the structures from any one of the

corresponding sequences satisfy all the forbidding formulas produced by the re-

maining sequences. As the structures from different sequences and their various

fragments can be combined and put together in diverse manners, there seems

to be little hope for finding an axiomatization of the class Jf consisting of a

reasonable number of readable axiom schemes. On the other hand, this could

be the explanation for the length of the period for which the axiomatization
problem for metrizable betweenness spaces resisted solution.

Finally, let us turn back to the class Jfo of all betweenness spaces metrizable

by real-valued metrics. As already pointed out, Jfo is not an elementary class.
Nevertheless, to ask for its first-order theory or, equivalently, for the smallest

elementary class containing Jfo , still makes sense. As the finite members of Jt
obviously belong to J!o, both the classes JÏ and J?o satisfy the same universal
formulas and, by (vi), the theory 1hJ?o is hereditarily undecidable. However,

the question whether the smallest elementary class containing Jio coincides
with JÍ or is a proper subclass of it remains open.
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