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WEAK MAXIMALITY CONDITION
AND POLYCYCLIC GROUPS
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(Communicated by Ron Solomon)

Abstract. A group G is called strongly restrained if there exists an integer n

suchthat {xW) can be generated by n elements for all x,y in G. We show

that a group G is polycyclic-by-finite if and only if G is a finitely generated

strongly restrained group in which every nontrivial finitely generated subgroup

has a nontrivial finite quotient. This provides a general setting for various

results in soluble and residually finite groups that have appeared recently.

1. Introduction

We call a group G restrained if (x(>,)) is finitely generated for all x,y in G.

And we call G strongly restrained if there exists an integer n such that (x^)

can be generated by n elements for all x, y in G. The purpose of looking at

such groups is that they provide a general setting for various results in soluble
and residually finite groups that have appeared recently.

Restrained groups contain periodic groups, Engel groups, and groups satis-

fying the maximal condition for subgroups locally. Strongly restrained groups

contain groups of bounded exponent, bounded Engel groups, and collapsing

groups. The notion of collapsing groups was introduced by Semple and Shalev

in [5]. A group G is «-collapsing if for any set S of n elements in G,

\S"\ < n" and G is a collapsing group if it is «-collapsing for some n > 0.
The existence of Tarski monsters by Ol'shanskii [4] shows that strongly re-

strained groups (with n = 2) can be wild! In order to avoid such groups, if we

impose the condition that every nontrivial finitely generated subgroup of G has
a nontrivial finite quotient, then we obtain the following satisfactory description
of strongly restrained groups.

Theorem A. A group G is polycyclic-by-finite if and only if G is a finitely gen-
erated strongly restrained group in which every nontrivial finitely generated sub-

group has a nontrivial finite quotient.

In the rest of this paper we shall say G is locally graded to mean that every

finitely generated nontrivial subgroup of G has a nontrivial finite quotient.

The groups constructed by Gupta and Sidki in [3] are infinite, periodic, finitely
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generated, and residually finite. As periodic groups they are restrained, and
residual finiteness implies that the groups are locally graded. Thus we cannot
replace "strongly restrained" by "restrained" in Theorem A. However, it is not
difficult to show that locally soluble restrained groups are locally polycyclic. Our

method also allows us to show the following.

Theorem B. A finitely generated collapsing right orderable group is nilpotent-by-

finite.

Recall that G is right orderable (or an /?0-group) if there is a total order
relation < on G such that for all a, b, x in G, a <b implies ax < bx. A
right order < on G can be characterized by its positive cone P = {g £ G ; e <
g} which has the three properties: (i) PP - P; (ii) P U P~l = G; and (iii)
Pr\p~l = {e} . A right order < on G is called a C-order if for each pair of
elements a, b in P there exists some positive integer m such that a <amb .

It is known that an RO-group that has a C-order is locally indicable and hence
locally graded. We show that every right order in a collapsing RO-group G is

a C-order.

2. Proofs

We begin by showing that Engel groups and collapsing groups are restrained.
This is then followed by a basic property of restrained groups in Lemma 3,
leading to the proof of Theorem A followed by the Lemma 7 and the proof of

Theorem B.

Lemma 1. A group G is strongly restrained if
(i) it is an n-Engel group for some n > 1, or

(ii) it is n-collapsing for some n > 1.

Proof. Let x, y be elements in G. Then the subgroup generated by {x, [x, y]
= [x, xy], ... ,[x, i+xy] = [x, ¡y,y], ... ,[x, ry]} is precisely the subgroup

generated by {x, xy, ... , xy'} as is easily seen by inducting on r. Thus if G

is an «-Engle group, then (x^) = (x, xy ,... , xy"~').
(ii) Let S = {xy1, xy~2, ... , xy~"} . Then there exist two distinct func-

tions f, g on the set {1,2,...,«} such that

n x/<¡>= n xy*®.
i=l,... ,n i=l.n

Let r be the largest integer such that f(r) / g(r), let s(i) = f(\)-\-\- f(i),
and let t(i) = g(l) H-h g (i). Then we get the equality

xxy-smxy'sl2) ■ • .^""V0 = xxy-'wxy"m ■ ■■xy""~X)yt^.

If s(r) t¿ t(r), then yk £ (x^) for some k > 0. Letting m be the least

positive integer such that ym £ (x^), we get (x{y)) - (ym, xy' ; 0 < / < m).

Note that m < n2. If s(r) = t(r) and f(r) ¿ g(r), then s(r - 1) j= t(r - 1),

say, s(r- 1) < t(r - 1). Then xyS{r'l) £ (x, xy, ... , x^(r"""') and (*W) =

(xy> ; -s(r - 1) < i < s(r - 1)), requiring fewer than 2«2 generators.   D

Lemma 2. A group G is restrained if it is an Engel group or if it is a collapsing

group or if it satisfies the maximal condition for subgroups locally.
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Proof. The proof, in the first two cases, is identical to that of Lemma 1 and, in

the last case, is trivial.   G

Lemma 3. Let G be a finitely generated restrained group. If H is a normal

subgroup of G such that G/H is cyclic, then H is finitely generated.

Proof. For some g £ G, we can write G in the form H(g). Since G is finitely
generated, there exist hx, hi, ... , hr in H such that G — («i, «2, ■ • • » hr, g)

and H — (hx, hi, ... , hr)G . For each i = I, ... , r, («,-**) is finitely generated,

say, (hjg)) = (hiX,hn,...,hid{i)). Now let //, = («;7(l); 1 < i < r, 1 <
l(i) < d(i)). Then clearly g lies in Ng(Hx) , the normalizer of Hx in G, and

(hx, ... , hr) < Hx. Hence NG(HX) = G. This means that Hx = H and H is
finitely generated.   D

Corollary 4. Let G be a finitely generated restrained group. Then G' is finitely

generated.

This result follows readily from the repeated use of Lemma 3. In particular, if

G is a finitely generated soluble restrained group, then G is polycyclic. Using

Tit's Alternative [6] it also follows that a finitely generated restrained linear

group is polycyclic-by-finite.

Corollary 5. A finitely generated residually finite strongly restrained group G is

polycyclic-by-finite.

Proof. If G is «-restrained, then it has no section isomorphic to a twisted
wreath product Etwr^H with [H: L]> « . Thus by Theorem 4 in [7], G has
a soluble subgroup of finite index and hence G is polycyclic-by-finite.   D

Proof of Theorem A. If H is polycyclic and r is the length of a series from 1 to
H with cyclic factors, then every subgroup H can be generated by r elements

as can be seen via induction on r. Now if H< G and G/H is of order s, then
every subgroup of G can be generated by s + r elements and G is strongly
restrained. That a polycyclic-by-finite group G is residually finite is well known.

Thus we have shown one way implication of Theorem A.
Now let G be a finitely generated strongly restrained locally graded group.

Let R be the finite residual of G. Then G/R is polycyclic-by-finite. Thus by
repeated application of Corollary 4, R is also finitely generated. If R ^ 1, then
it has a proper characteristic subgroup K of finite index and G/K is polycyclic-

by-finite so that G/K is residually finite. Hence R ç K, a contradiction.   D

We mention a few consequences of Theorem A. The first is a marginal im-

provement of the corresponding result in [7].

Corollary 6. If G is an n-Engel locally graded group, then G is locally nilpotent.

Proof. It follows from Lemma 1 and Theorem A that G is locally polycyclic-

by-finite. But polycyclic-by-finite Engel groups are nilpotent. Hence the result

follows.   D

It is interesting to note that if the group G in Corollary 6 is torsion-free,

then it is nilpotent of class depending only on « , independent of the number of
generators of G, as shown by Zalmanov in [8]. In particular a locally indicable

«-Engel group is nilpotent. It also follows from Lemma 1 and Theorem A

that if G is a finitely generated collapsing locally graded group, then G is
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polycyclic-by-finite. This provides a major reduction towards showing that G

is nilpotent-by-finite which was shown by Semple and Shalev in [5].

Lemma 1. If G is a collapsing right-orderable group, then every right order on

G is a C-order.

Proof. Let P be the positive cone of a given right order on G and a, b in
P. Suppose, if possible, that amb < a for all integers m > 0. Consider the

set S = {ba, ba2,... , ba"} where « is such that \Sn\ < n". Since G is

«-collapsing, there exist two distinct functions f, g on the set {1,2,...,«}

such that

]^[    ba^=    n    ba*®.
i=l,...,n i=l,... ,n

Hence for some 0 < r < n we have ba^ba™ ■ ■ ■ ba*® = ba^ba*™- ■ ■ ba*®

and f(r) ¿ g(r). Say f(r) < g(r), and let 5 = g(r) - f(r). Then we

have ba-fW • • • b = bagW---bas. Now amb < a for all m > 0 implies

baMbafW ••b< a^+iba^ ■ ■ ■ b < a^+1b- ■ ■ b < ■ ■ ■ < a. On the other
hand, bagW ■• • b > e so that bagW ■ ■ ■ bas > as > a, giving the required con-

tradiction.   G

Proof of Theorem B. Let G be a finitely generated collapsing RO-group. By

Lemma 7 it has a C-order so that it is locally indicable (see [2]). By Lemma 3

and Theorem A, G is polycyclic-by-finite. By Theorem in [5], G is nilpotent-

by-finite.   D

Note that even the simplest example of the group G = (a, b; ab = a~l)

shows that a collapsing RO-group need not be nilpotent.
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