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Abstract. We derive a necessary and sufficient condition that an isomorphism

between the endomorphism rings of modules be induced by a semi-linear iso-

morphism of the modules. We require that at least one of the modules contain

a non-zero free summand, generalizing work of Xu, who required both modules

to be free.

Introduction

Xu in [6] derived a necessary and sufficient condition that an isomorphism

between the endomorphism rings of free modules be induced by a semi-linear

isomorphism of the modules.
In this paper we generalize this result to any pair of modules, at least one of

which contains a non-zero free summand (Theorem 2.1). Our proof utilizes an

earlier result which we state and prove as Lemma 1.2.

1. Definition and preliminaries

All rings have identity elements. The left unital module A over the ring F
will be denoted (F, A) and its endomorphism ring (operating on the right of
A ) will be denoted E(F, A), or simply E. The right E module A is denoted
(A, E). The statement that (F, A, E) is a bimodule indicates that A is to
be considered as a left F module and a right E module. A summand of A

which is free on one generator will be called a "point" of A . If A has a point

Fa, then A = Fa © K and we have an associated idempotent e in E(F, A)

defined by ae = a, Ke = 0.
The arguments of Baer [1, Proposition 5, p. 176] with minor modifications

can be used to prove:

Lemma 1.1. If (F, A) contains a point, and e is an associated idempotent, the

bimodule (F, A, E) is isomorphic to the bimodule (eEe, eE, E) in the sense

that:

(1) there is a semi-linear isomorphism (p, y) of the left modules (F, A)

and (eEe, eE).
(2) y is an E-isomorphism of the right modules (A, E) and (eE, E).
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The following result is the key to relating module and endomorphism ring
isomorphisms, when at least one of the modules contains a point. Its proof

is implicit in section 4 of [2]. See also [3, Theorem 2.10]. We give the proof

outlined in [4, Lemma 1.1]. See also [5, Theorem 2.1].

Lemma 1.2. Let (F, A) and (G, B) be modules with (F, A) containing a

point, and let <p be a ring isomorphism of E(F, A) upon E(G, B). Then <f> is

induced by a semi-linear module isomorphism of (F, A) upon (G, B) if and

only if, there is a point of A with associated idempotent e £ E(F, A) such that

Be* is a point of B.

Proof. Let e* = f and assume Ae and Bf are points of A and B respec-
tively, and consider the sequence of bimodule maps:

(F,A,Ex)^(eExe,eEx, Ex)-^(fE2f, fE2,E2)^(G,B,E2)
p\. $ Pi

where Ex = E(F, A), E2 = E(G, B), px is the bimodule isomorphism of
Lemma 1.1, p2 is the (inverse of) the bimodule isomorphism of Lemma 1.1 ap-

plied to [G, B, E(G, B)], and <f> is the bimodule map induced by the ring iso-
morphism <f> of Ex onto E2 which clearly maps eEx onto fE2 and eExe onto
fE2f. Then s = px<f>p2 is easily seen to be a semi-linear module isomorphism
of (F, A) onto (G,B). Now let b £ B, a e E(F, A), as = b, (a £ A).

Then, (ao)s = (ao)"1*"2 = (aPlo)*p' = (ap'*a*)^ = aso*, or (bs~{ o)s = bo*

for all b £B. Thus a* = s'xos.
Conversely if <f> is induced by a semi-linear module isomorphism, Aa and

Bo* are semi-linearly isomorphic for each a £ E(F, A). Hence if Ae is any

point of A, then Be* must be a point of B.

2. The main result

Let (F, A) be a free module with basis {a¡}, i G T. The set of endomor-

phisms {e¡} ç E(F, A) defined by a¡e¡ = a,, a^e, = 0, i £ j € 1% is called
the set of associated idempotents [to the basis {a¡}].

Xu's results (Theorems 1 and 2 of [6]) may now be stated as follows:

Let (F, A) and (G, B) be free modules, and let cp be a ring isomorphism of

E(F, A) upon E(G, B). Then (f> is induced by a semi-linear module isomor-

phism of (F, A) upon (G, B) if, and only if, there exist bases {a¡} , i £ Y,

{b¡} , i £Y', of A and B respectively, with associated idempotents {e¡} and

{f} such that

(1) fe*E(G,B) = fE(G,B) and
(2) E(G,B)fe* = E(G,B)e*

for some e e {e,} and f £ {f}.
We generalize Xu's result as follows:

Theorem 2.1. Let (F, A) and (G, B) be modules with (F, A) containing a
point, and let <p be a ring isomorphism of E(F, A) upon E(G, B). Then <f> is
induced by a semi-linear module isomorphism of (F, A) upon (G, B) if and

only if there exists a point of A and a point of B with associated idempotents

e £ E(F, A), f £ E(G, B) respectively such that:

(1) fe*E(G,B) = fE(G,B) and
(2) E(G, B)fe* = E(G, B)e*.
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Proof. To prove sufficiency, we note that (2) implies BE(G,B)fe* =

BE(G, B)e* . Since BE = B,v/e have Bfe* = Be*. But Bf=Gc, c £B,
a free generator, hence Gee* = Be*, and letting ce* = b gives Gb = Be*.

By Lemma 1.2 we need only show that Gb is free on the generator b. From

(1) cfe*E(G, B) = cfE(G, B). But cf = c yields ce*E(G, B) = cE(G, B).
Now let a £ G with ab = ace* — 0. This implies acE(G, B) = 0, or ac — 0
[ 1 £ E(G, B) ]. Since c is a free generator, a = 0.

Conversely, for any point of A, let e be an associated idempotent. By

Lemma 1.2, Be* is a point of B. Put f = e*, and (1) and (2) are obviously
satisfied.
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