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ABSTRACT. Embedding theorems for residually Cernikov CC-groups are ob-
tained, extending the corresponding results on F C-groups and improving some
previous results on CC-groups.

1. INTRODUCTION

Groups with Cernikov conjugacy classes, or C C-groups, were introduced by
Polovickii [10, 11] as an extension of the concept of FC-groups. A group G
is said to be a CC-group if G/Cg(x%) is a Cernikov group for each x € G.
In the theory of FC-groups, a classical problem introduced by P. Hall [8] was
embedding periodic F C-groups with some additional properties as subgroups
of direct products of finite groups. Since then, his work on periodic F C-groups
has been continued in a sequence of papers, such as, for example, those of
Gortakov and Tomkinson (see [15] for a complete account of this subject).
The main result in this line is the characterization of the periodic residually
finite F C-groups as subgroups of centrally restricted products of finite groups.

The aim of this paper is to study the natural extension of embedding the-
ory from FC-groups to CC-groups. There have been a few papers previously
written on this subject. In [10], the first of these papers, the following result is
presented: a countable periodic residually Cernikov CC-group is a subgroup of
a direct product of Cernikov groups. In [1] Franciosi, de Giovanni and Tomkin-
son showed that a CC-group with trivial center (and so residually Cernikov) is
a subgroup of a direct product of Cernikov groups. We improve this result in
Theorem 5.7, where we obtain the same conclusion if the residually Cernikov
CC-group has countable center. Finally, in [4] it is proved that a countable
periodic CC-group is a section of a direct product of CC-groups. Here (The-
orem 4.2) we obtain an analogous result for periodic residually Cernikov CC-
groups of arbitrary cardinal. In Section 5, we obtain, mainly, embedding re-
sults for G/Z(G) and G’ and we prove (Theorem 5.7) that a periodic residually
Cernikov CC-group G with G', G/G' or Z(G) countable is a subgroup of a
direct product of Cernikov groups.
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In the following, we shall use Polovickii’s theorem characterization of CC-
groups (Theorem 4.36 of [12]), which assures that, if G is a CC-group, then
the normal closure x¢ is Cernikov-by-cyclic and [G, x] is Cernikov for every
x € G. Our group-theoretic notation is standard and is taken from [12] and
[15). We will refer by S (C U 4y) (@5 (C U Ay), resp.) to the class of
(quotients of, resp.) subgroups of direct products of Cernikov and torsion-
free abelian groups. We extend Tomkinson’s definition of centrally restricted
product of finite groups (see [15], p. 29) to the centrally complete product of
Cernikov groups, denoted by Z*C, which is the subgroup of the cartesian
product where every element has a finite number of noncentral components.
Its torsion subgroup is, precisely, the centrally restricted product, denoted by
Z,C . A residual system of Cernikov groups is a set of normal subgroups N;
of G with trivial intersection and such that G/N; is a Cernikov group for all
i€l. Wedenoteitby {N;:ie€l}.

2. AUXILIARY RESULTS

In this section, we shall state some auxiliary results necessary for the following
sections.

Lemma 2.1. (i) The classes of FC-groups and CC-groups are closed under the
Jformations of centrally restricted or complete products.

(ii) Every abelian group is an Zr*C-group.

(iil) SD(CUA) <ZrC<@FD(CU A).

(iv) S2¢ <ZrC<&52C.
Proof. The proof is an immediate consequence of the definitions. For (ii) and
(iii), note that the additive group of the rational numbers is in the class Zr*C,
being a direct summand of the cartesian product of countably many copies of
Cpo. O

Now, we are embedding a particularly simple class of groups, which contains
the abelian groups.

Proposition 2.2. If G is a central-by-Cernikov group, G € 2 (C U Ay). Fur-
thermore, if G is periodic, G € 2% .
Proof. Let Z = Z(G) so that G/Z is Cernikov. It is easy to check that
any abelian group is residually Cernikov, and so Z is residually Cernikov. Let
{Z;: i € I'} be a Cernikov residual system of Z . Each Z; is a normal subgroup
of G, and since G/Z and Z/Z; are Cernikov groups, so is G/Z;. Therefore
G is residually Cernikov. Now, by Theorem 4.11 of [12], G’ is Cernikov. It
is easy to see that there exists a normal subgroup N of G such that G/N is a
Cernikov group and NNG' = 1. Thus G < (G/N) x (G/G'). Since G/G' is
an abelian group, G/G' € Y2 (C U Ap), andso Ge€ SZ(CUAp). O

The following result relates embeddings of certain subgroups with embed-
dings of the whole group.

Proposition 2.3. If H is a subgroup of the CC-group G such that G = HZ ,
with Z = Z(G) one has
(i) H is residually Cernikov if and only if G is residually Cernikov,
(i) He ZrC ifandonly if Ge ZrC;
(iii) if G is periodic, H € ZrC ifanonly if Ge ZrC.
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Proof. Let us observe that the converses are evident, and that we can deduce
(iii) from (ii). In order to prove (i), let {H;: i € I} be a Cernikov residual
system of H. Since G = HZ, H; is a normal subgroup of G. Thus, G <
[1{G/Z;: i € I}. Since H/H; is Cernikov and ZH;/H; is central in G/H;,
we can deduce that G/H; is central by Cernikov. By Proposition 2.2, G/H;
is residually Cernikov, and therefore so is G. In order to prove (ii), let us
assume that H € Zr*C . We deduce that there exists a Cernikov residual system
{H;:i €I} of H such that H < Zr*(H/H;). Since G = HZ , each H; is a
normal subgroup of G, and we can embed G into [[{G/Z;: i € I}. It is easy
to see that G < Zr*(G/H;). As in (i) G/H; is a central-by-Cernikov group,
and by Lemma 2.1 and Theorem 2.2, G/H; € Zr*C,andso Ge Zr*C. O

The next result shows that the periodicity is not an important hypothesis
when considering centrally restricted products of Cernikov groups.

Proposition 2.4. If G € Zr*C, then G is isomorphic to a subgroup of the direct
product of a ZrC-group and a torsion-free abelian group.

Proof. By hypothesis, G < Zr*{G;: i € I}, where G; are Cernikov groups.
Zr*G;=2ZD,with Z =[[{Z(G;): i € I} and D = Dr{G;: i € I}. It is clear
that we can assume G =ZD. Thus Z = Z(G) and G/Z is a periodic group.
Let V be a maximal torsion-free subgroup of Z. Then Z/V is a periodic
group, VND =1 and G < (G/V) x (G/D). The abelian group G/D = ZD/D
can be embedded into a torsion-free abelian group and a periodic abelian group,
and the latter belongs to ZrC by Lemma 2.1. Since G/V = (Z/V)(DV/V),
it is a central extension of the ZrC-group DV/V = D. By Proposition 2.3,
G/V € ZrC, and the result follows. O

The next result shows that there exist some aspects in the theory of embed-
dings of CC-groups that have a better behaviour than in the FC-case. It is
known that the torsion subgroup of the abelian group [[{Cpr: n € N} is not a
subgroup of a direct product of finite groups (Example 2.6 of [15]). This is an
example of a centrally restricted product of a countable number of finite groups
which does not belong to the class 2 F . The next theorem shows, however,
that an analogous statement is true for CC-groups, though the problem is still
open for an uncountable set of indices.

Theorem 2.5. If G < Zr*{G,: n € N}, with G, Cernikov, then

G € SF(C U Ay).

Proof. Let us suppose first that G is periodic. Let T = T([] Z(G»)) and D =
DrG, suchthat G < ZrG, = TD. Wecanassume G = TD. If T iscountable,
so is G, and by Theorem 6 of [10] G € Y2 C. So let us assume that T is
uncountable. T is abelian and periodic, so we can suppose T < Dr{E;: i € I},
where E; are Cernikov groups and I is uncountable. Since D is countable,
so is DN T, and there exists a countable subset J of I such that DNT <
Dr{E;: j € J} Let L = TN (Dr{E;: i € I\J}). Thus, T/L is a countable
group. Furthermore, L < G because L < T < Z(G) and LND =LNTND =1.

Then G < (G/L) x (G/D). But G/D is a periodic abelian group, and so
G/D € SZC . On the other hand, G/L = (T/L)(DL/L). Since DL/L = D,
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DL/L is a residually Cernikov group, and by Proposition 2.3, so is G/L. But
this group is countable and periodic, and so G/L € 2 C, and the theorem
is proved if G is periodic. In the general case, we can suppose G = ZD,
where Z = [[Z(G,). Proceeding as in Proposition 2.4 and keeping the same
notation, we obtain G < (G/V) x (G/D), where G/D is abelian and G/V is
a periodic group. Besides, G/V = (Z/V)(DV/V). Proceeding as in the proof
of Proposition 2.3, G/V < Zr*{F,: n € N}, where F, are periodic central-by-
Cernikov groups. The proof of Proposition 2.2 shows that F, < C, x 4, , where
C, is Cernikov and 4, is an abelian group. So G < ZrC, x [[ 4, x G/D. By
the first part of the proof ZrC, € Y2 C,andso Ge SZ(CUAy). O

The next result represents a crucial point in establishing the general embed-
ding results. It extends from F C-groupg, but the proof becomes more compli-
cated and tedious by changing finite to Cernikov.

Theorem 2.6. Let p be an ordinal limit. Let us assume that {N,: o < p} isa
Jfamily of normal subgroups of the CC-group G such that N{N,:a < p} =1,
and let us call C, to CG(G/N,). Let {H,: a < p} be an ascending chain of
normal subgroups of G satisfying the following properties:
(i) [G, H,] < Ng, forall B> a.
(i) G=CaHypa, forall a<p.
Then G < Zr*{G/N,: a < p}.

Proof. Since {N,: a < p} =1, we can suppose that g < [[{G/N,: a < p}.
Let us assume that the theorem is false. Then there must exist an element
X € g with an infinite number of noncentral components. So, we can take an
infinite number of ordinals a; < a; < --- < a, < --- such that x does not
belong to C,, for every n. Since, by condition (ii), [G, X]Ny = [Ha+2, X]Na,
it follows that [H, ,,, x] is not contained in N,,, for each n. Now, by
condition (i), [Hy,+2,X] < N,, for all m > n + 2, because it is clear that
apy2 > ap +2 for all n. Let us define M, = (\{Ny,:i > n}. Thus we
have an ascending chain M, < M, < --- < M, < --- such that [H, i, x] <
[G, x]N My, but [H,, 2, x] is not contained in M,. So, [G, x]N M; <
[G,x]NMsy<---<[G, x]N M, <--- is a strict ascending chain in [G, x].
Since [G, x] is a Cernikov group, there must exist an m such that for n > m
the quotient ([G, x] N My,42)/([G, x] N My,) is finite. Since [H,,, 42, X] <
(G, xINMapi2, [Hay+2 s X1/[Hagy+, » X]N Moy, is also finite. Now, My, < Ny, ,
and thus, we deduce that [H,, 42, X]/(Ha,,+2, X]N Na,,) is finite. This group is
isomorphic to [G, X]N,,,/Na,, , and so the factors [G, x]N,, /N,, are finite for
k=2m,2m+2,.... Let G be G/(N{Na: k=2m,2m+2,...}), and let us
denote by C the image of any subset C of G under the canonical map. Thus
[G, x] <TI{[G, x]Ny,/Na,: k € N}. Since the factors of this cartesian product
are finite, it follows that [G, x] is residually finite. Since [G, x] is Cernikov,
[G, x] must be finite. But for each natural number k, there exists g, € H,, +2
such that [g, x] does not belong to N, . Since [gk, X] € {\No,: j >k}, we
conclude that the elements [g;, x] are all different. This implies that [G, x]
is infinite, which is a contradiction, and the result follows. O

If G isan FC-group and N is a normal subgroup of G such that G/N is
a finite group, there exists a finite subset X of G such that G = X°N. This
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is not true if G/N is a Cernikov factor of a CC-group (see, for example, a
Prufer p-group). The next lemma is the solution of this problem that we need
for our purposes.

Lemma 2.7. Let N be a normal subgroup of a CC-group G such that G/N is
a Cernikov group. If C/N = Z(G/N), then there exists a finite subset X of G
such that G = CXC. (Observe that C = Cz(G/N)).

Proof. Let D/N be the radicable part of G/N. Thus, G/N contains a fi-
nite subgroup S/N such that G = SD. There exists a finite subset X of G
such that S = (X)N, and therefore G = (X)D. Since D/N is radicable and
S/N is finite, by Lemma 3.29.1 of [12], D/N = ([D, SIN/N)(Cp;n(S/N)) <
[D, SIC/N. Thus G = (X)D = SC[D, S]. But [D,S] < NX%, and so
G = CXY, and the proof is complete. O

3. ResiDUALLY CERNIKOV CC-GROUPS WITH G/Z(G) COUNTABLE

Analogous to the classification of periodic residually finite FC-groups (cf.
[5], [14], [15]) as subgroups of centrally restricted products of finite groups, we
try to classify the residually Cernikov CC-groups. The first step was done by
Polovickii [10], who showed that a periodic residually Cernikov group which is
countable is a subgroup of a direct product of Cernikov groups. In this section,
we generalize this result to residually Cernikov groups with G/Z(G) countable.

Theorem 3.1. If G is a residually Cernikov CC-group with a countable residual
system, then G € Zr*C . Furthermore, if G is periodic, then G € Z,C.

Proof. Clearly, the second statement follows from the first. We know that G <
[I{F.: n € N}, where F, is a Cernikov group for each n. For each k >
1 let Gy := GN([[{Fa: n > k}). We construct by induction two chains
of normal subgroups of G, {H,: n € N} and {M,: n € N}, satisfying the
following conditions: (a) {H,: n € N} is an ascending chain, and H, is the
normal closure in G of a finite subset of G. (b) Foreach n > 1, M, = G;,,
where s, > n and §5; < 5 < -+ < §,. In particular, {M,: n € N} isa
descending chain. (c) For every n > 1, G = H,Cs(G/M,_,). (d) For every
n>1, TH)NM, = 1. Let us define H = 1, M; = G, and let us
suppose that we have constructed n — 1 elements of both chains: H; < H, <
. < Hy_y and M; > My > --- > M,_,. G/M,_, is clearly a Cernikov
group, and so by Lemma 2.7, there exists a finite subset Y of G such that
G = YSCs(G/M,_,) . By hypothesis, H,_; = X%, for a finite subset X of G.
If we define H, := (X U Y)Y, it is clear that (a) and (c) are satisfied. T(H,)
is a Cernikov group, and since {G,: n € N} is a descending chain, there exists
m > 1 such that T(H,)NG,, is minimal. Thus T(H,)NG, = 1. Let us define
Sp =max{m, n, s,—; + 1} and m, = G, . Then, it is clear that conditions (b)
and (d) hold, and our construction is complete. From (b) we have N{M,: n >
1} = N{Gn:n > 1} = 1. Let us define Np = N; and N, = M, ,T(H;),
for i > 1. By Lemma 2.20 of [15], ({N;:i > 0} = 1. For each k € N,
[G,H)<T(H) and T(H;) < T(H,) if r > k. Thus [G, HY]< N,, r>k.
Besides, by (¢) Hy,;2C6(G/Ny) > Hy,2C6(G/My,,) = G. By Theorem 2.6 G
is isomorphic to a subgroup of the centrally complete product of the G/N;.
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Since G/N; is a quotient of G/M;y, = G/Gs,,, G/N; is Cernikov, and the
result follows. O

The following result extends Polovickii’s theorem given in [10].

Corollary 3.2. Let G be a residually Cernikov CC-group with G/Z(G) count-
able. Then, G € Y2 (C U Ay). Furthermore, if G is periodic, G € 52 C .

Proof. The second sentence follows from the first. By hypothesis G = HZ ,
where H is normal in G and countable, and Z = Z(G). So, G’ = H' isa
countable subgroup of G. For each nonunit element x € G’, there exists a
normal subgroup Ny of G with G/N, a Cernikov group and x ¢ Ny. So,
if N=N{Nx:1#x€G}, NnG' =1. Then, G < (G/G') x (G/N). But
(G/G') € D (CUAp) and {N,/N:1# x € G'} is a countable residual system
for the CC-group G/N. By Theorem 3.1, G/N € ZrC, with a countable
number of components and, by Theorem2.5, G/N € Y2 (C U Ayp), and the
proof is complete. O

4. RESIDUALLY CERNIKOV CC-GROUPS AS SECTIONS

Gorcakov [5] showed that periodic residually finite FC-groups are sections
of direct products of finite groups. Later, this result was a consequence of the
complete characterization of the periodic residually finite FC-groups as the
subgroups of centrally restricted products of finite groups due to Tomkinson
[14]). To date, an analogous characterization has not been obtained for CC-
groups. In this section we extend Gorcakov’s result, showing that residually
Cernikov CC-groups are sections of direct products of Cernikov and torsion-
free abelian groups. In Example 2.4 of [4] there is an example of a CC-group
with G/Z(G) non-periodic, and so it is not a section of this type. So, there
are CC-groups that are not in the class &2 (C U A4g), and this shows that
the hypothesis of residually Cernikov cannot be omitted. On the other hand,
an infinite countable extra special p-group (see p. 49 of [15]) is &SP F but it
is not residually Cernikov. Thus, the classification that we shall obtain in this
section is not a characterization because a &.¥2(C U Ap)-group is not always
residually Cernikov. The next result represents the induction step, and its proof
is very close to the corresponding theorem of [5].

Theorem 4.1. Let G be a CC-group subgroup of the cartesian product
[[{F:ien

of an uncountable number of Cernikov groups F;. Then G can be embedded
as a subgroup of a centrally complete product of CC-groups with cardinal strictly
less than |I|. Furthermore, if G is periodic, the embedding can be performed in
a centrally restricted product.

Now we are able to estabiish our main result of this section.

Theorem 4.2. A residually Cernikov CC-group is in the class @52 (C U Ay).
Furthermore, if G is periodic, G is a @52 C-group.

Proof. The second statement follows immediately from the first. Let us suppose
that G < [[{Fi: i € I}, with |I| < |G|. If I is countable, the result follows
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from Corollary 3.2. Let us suppose that |I| is uncountable. By Theorem 4.1,
there exists a family {G;: j € J} of CC-groups with |G,| < |I| for all j,
and such that G < Zr*G;. We can assume that G; = G/K; forall j € J,
and thus, G = H;K; with H; normal in G and |Hj| < |I|. Hj is residually
Cernikov, and so, by induction H i € @59 (CUAp). Then, Lemma 2.1 implies
that G; € @D (C U Ay). Let Z =[] Z(G;) and D = DrG; such that G <
Zr*Gj=Z2D. Then D e @52 (CUAy) andso Ge &SP (CUAy). O

Corollary 4.3. If G is a CC-group, G/Z(G) € @F2(C U Ay). If G is periodic,
then G/Z(G) e &5 C.

Proof. 1t is a consequence of Theorem 4.2. O

Another traditional step in F C-group theory has been embedding the derived
group G’ of an FC-group G. Tomkinson [13] has shown that G' € &5 F ,
for any FC-group G. Using Theorem 3.1 of [4], we can prove an analogous
theorem for CC-groups. The proof is very close to that of Theorem 3.6 of [15].

Theorem 4.4. If G is a CC-group, then g' € 852 C.
We finish this section with some arithmetical properties.

Theorem 4.5. If G is an infinite residually Cernikov CC-group, then |G| =
IG'1Z(G)|.

Proof. Proceeding as in Corollary 3.2, G/N < [[{G/Nx:1 # x € G'} with
N={N:e:1#x€G}. If xe€ N, then [G,x] < NNG =1, and so
x € Z = Z(G). Then it is easy to see that Z(G/N) = Z/N, and by Lemma
6.3 of [9] |G/Z| < max{Rg, |G'|}. So, |G| = |G/Z||Z| < R|G’'||Z|, and
we have equality because G is infinite. Thus, if G’ or Z(G) is infinite, the
result follows. Otherwise, there exists a normal subgroup K of G with G/K a
Cernikov groupand KNZNG' =1. So K =1 and G is Cernikov. By Theorem
4.35 of [12), G is an FC-group and so is central by finite. Consequently, G
is finite, which is a contradiction, and the proof is complete. O

The result above is false if the group is not residually as shows any infinite
extra special p-group.

Corollary 4.6. If G isa CC-group with G/Z(G) infinite, then |G|=|G'||Z»(G)|.
Proof. It follows from Theorem 4.5. O

5. SOME PARTICULAR CASES OF EMBEDDING

We show in this section some special cases in which a residually Cernikov
CC-group can be embedded into a direct product of Cernikov and abelian
groups. Most of these results are, in the FC-case, consequences of the char-
acterization of residually finite periodic FC-groups given by Tomkinson [14].
First, we present some results which are adaptations of some Gorcakov theo-
rems (see Gortakov [7] and Theorems 2.2, 2.3, 2.4 of [15]). Since our proofs
are very similar to those given there, we just state them. We shall denote by
n;(D.{H;: i € I}) the projection from D,{H;:i €I} to D,{H;:i€ J} fora
set of groups {H;: i € I} and where J is contained in /.
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Lemma 5.1. Let G be such that G < Dr{H;: i € I}, where the H; are groups
such that |H;| < k for all i € I, and where « is a fixed uncountable cardinal.
Then, the index set I can be seen as a union of an ascending chain of subsets
Iy, a < p, p being the least ordinal of cardinality |I|, such that the following
conditions are satisfied. (a) For each o, Jio) = Iio+1)—1(a) has cardinality strictly
less than K. (b) If J C I, is finite, then [],(G) =[1,(GNDr{H;: i€ I4}).

Lemma 5.2. Let G be such that G < Dr{H;: i € I}, where the H; are groups
such that |H;| < k for all i € I and where k is an uncountable given cardinal.
Then G' is a direct product of normal subgroups of G which have cardinality
strictly less than « .

As consequences of Lemma 5.1 we can state (see Theorem 2.4 of [15]).
Theorem 5.3. If G € @5 (C U Ay), then G/Z(G) € 2 C.

Corollary 5.4. If G is a residualiy Cernikov CC-group, then G/Z(G) € S2C.
So, if G isa CC-group, G|Z,(G) € YD C for n>2.

Now we use these previous results to state the more important cases of em-
bedding.

Theorem 5.5. If G is a residually Cernikov CC-group, G' € S2C..

Proof. We will proceed by induction on |G|. If G is countable, by Corollary
3.2, G e SZ(CUAy), and since G’ is periodic, G' € Y2 C. If G is uncount-
able, by Theorem 4.1 we have G < Zr*{G;: i € I} with |I| =|G| and G, is a
CC-group with |G;| < |G|. Let Z =T[{Z(G;): i€ I} and D=Dr{G;:i€l}.
Then G < ZD. Thus, G' =(GZ)', and since GZ = (GZ N D)Z , we conclude
G'=(GZnD). By Lemma 5.2 (GZND) =Dr{H;: j € J}, where H; are
normal subgroups of GZND and |H;| < |G| forall je€ J. Foreach je J,
since H; < G', there exists K; < G such that H; < K} and |K;| < |G|. By
induction, K} € FDC,andso Hj € Y2C. Thus, G' € Y2 C, and the proof
is complete. O

Corollary 5.6. If G isa CC-group, G'Z(G)/Z(G) € 52 C.
Proof. It is consequence of Theorem 5.5. O

Theorem 5.7. Let G be a residually Cernikov CC-group. If G', G/G' or Z(G)
are countable, then G € D (CUAy). Furthermore, if G is periodic, G € 2 C .

Proof. If G’ or Z(G) are countable, proceeding as in Corollary 3.2 and apply-
ing Corollary 5.4, we conclude that G € SZ(C U A4p). If G/G' is countable,
we prove the result by induction, as in Theorem 5.5. Using the same nota-
tion, G' = Dr{H;: j € J}, where H; are normal subgroups of GZ N D and
|Hj| < |G| forall j € J. In fact, H; < G, H; are normal subgroups of
(GZND)Z = GZ, and so the subgroups H; are also normal in G. Since
G/G’' is a countable group, there exists a countable normal subgroup C of
G such that G = CG’'. But C N G is also countable, and so there exists a
countable subset Jo C J with CNG' = H < Dr{H;: j € Jy}. Clearly, H is
normal in G and, since we are supposing that G is uncountable, |H| < |G|.
Let K =: Dr{H;: j € J - Jo} and E = CH. Thus, |E| < |G|. Then,
ENK=CHNGNK=(CNG)HNK=HNK =1 and, since G=EK, we
obtain G = E x K . Therefore, (G/G') = (E/E') x (K/K'), and so E/E’' and




EMBEDDING THEOREMS FOR RESIDUALLY CERNIKOV CC-GROUPS 2331

K/K’' are countable. By induction, £ and K are Y& (C U Ay)-groups, and
so is G. The second part of the theorem is a consequence of the first, and our
result follows. O

In this previous theorem, we showed that a residually Cernikov CC-group
with Z(G) countable belongs to the class #2 (CUAy) . The analogous problem
is still unsolved in the F C-case, that is to say, it is unknown if every periodic
residually finite F C-group with countable center is in the class 2 F. The
next result gives a partial answer to this problem.

Theorem 5.8. Let G be a periodic and residually finite FC-group with countable
center Z(G) = Z. Then G is isomorphic to a subgroup of a direct product of
groups which are all finite except for countably many of them, which are Cernikov
central by finite groups.

Proof. We can suppose that G < (G/Z)x(G/N), where G/N isa periodic FC-
group with a countable residual system of finite groups. By Corollary 2.26 of
[15], G/Z € YD F . Tomkinson (Theorem 2.24 of [15]) also showed that G/N
is a subgroup of a centrally restricted product of a countable number of finite
groups. Proceeding as in Theorem 2.5, we can prove that G/N < Dr{A4;: i €
I} x Dr{C,: n > 1}, with 4; Cernikov abelian groups and C, Cernikov FC-
groups. So, we have G < Dr{F;: je€ J} x Dr{d;: i € I} x Dr{C,: n > 1} with
F; finite groups. Let A := Dr{d;:i € I}. Clearly, GNA < Z. Since Z is
countable, Iy = supp(G N A) is also countable, but GN(Dr{d;:iel-1}) =1
which implies that G < Dr{F;: j € J} x Dr{A;: i € I} x Dr{Cy: n > 1}, and
the result follows. 0O
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