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Abstract. We introduce the notions of A-power dyadic derivatives and A-

power dyadic integrals, so that, in particular, the Cantor ternery function is an

indefinite integral of its derivative. Furthermore, under certain conditions on

the integrands we can give a Riemann-type definition to the A-power dyadic

integral.

1. Introduction

One of the basic problems of analysis is to find a notion of integration such

that integration and differentiation are inverse operators for a much larger class

of functions. However, in accordance with contemporary notions of integra-

tion, the integral of a trivial function, which equals zero almost everywhere,

is zero. Therefore, there is no notion of integration such that a singular func-

tion represents an indefinite integral of its derivative, since the derivative of a

singular function is a trivial function.

The main motivation of the paper is to find the notions of differentiation

and integration such that some singular functions are the definite integrals of

their derivatives. The reason why the differential and integral in the ordinary

sense do not work for the class of singular functions is that the set {x: f'(x) -

-oo, f (x) — +00} has an uncountable order, that is, there are too many points

at which the change in function is much faster than the change in variable. This

gives us a hint how to solve the problem.

We replace the difference quotient  ^  by  ri%x,  0 < A < 1, and define

the A-power derivative of / at x by f{_p(x) = lim^—o t^ti • This is called

Lipschitz numbers by Besicovish and has been studied by Thomson [5]. Clearly,

if the ordinary derivative of / exists, then its A-power derivative is infinite.

But in some cases where the ordinary derivative of / is infinite, the A-power

derivative of / is finite. The latter situation is what we want. Note that the A-
power derivative cannot be applied to a singular function, because the A-power
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derivative may not exist at most points. For example, consider the Cantor

ternary function.

We modify the A-power derivative to get the concept of the A-power dyadic

derivative which will work for our purpose on the special sets of measure zero.

The ideal of the dyadic derivative is derived from the papers by Kahane [2],

Pacquement [4] and Gordon [1]. Since we deal with the thin set, we will use

the Hausdorff measure instead of the Lebesque measure.

In our exposition, we first describe the Cantor type sets which will be used to

define the generalized differential and integral. We next introduce and study the

A-power dyadic derivative and A-power dyadic integral. Finally, we define the

A-power Riemann integral and show that the A-PR integral and A-PD integral

are equivalent for the continuous integrands.

2.   A-POWER DYADIC DERIVATIVE

Let [«, b] be a closed bounded interval. A partition of [a, b] is given by

a = a] <b\ <a] < ■■■ < b" = b.

Write Ux = (JJL, V{, where U{ = [a\,b\], j = 1,2, ... , n; Vx = \Jnr¡ V( ,

where V( = (b{, a\+x), j = 1, 2,..., n-1. A partition of U{, j — 1, 2,...,
n , is given by

a{ = a{2J-V)n+[ < b(2J-[)n+l < a{2J-l)n+2 < ■ ■ ■ < b{n = b[.

Write  U2 =* U"li U{ ' where  U2 = ia2'bJ2], j = 1,2, ... ,n2, and write

V2 = [jfXl) V{ , where V{ = (b{, a{+{), j = 1,2, ... , n(n-I).

Continue this process to obtain a sequence of intervals Um = {£/¿}"™, and

Vm = {VÁ}"ÍTl). Define c = n«=i Um = [a, ¿>]\U™=, Vm. Then C is a
perfect set. A perfect set C is a Cantor type if mC = 0, H-dim C = X, 0 <

Hk(C) < oo and HX(C C\(a'am), ¿¿im))) = (b]„\m) - ait]Y, where m denotes

the Lebesque measure, //-dim the Hausdorff dimension and Hx the Hausdorff

measure.

Let C be a Cantor type set, and let //-dimC = X. Let D represent the set

of endpoints of intervals UJ„, m = 1, 2, ... , i = 1,2, ... , nm .

Definition 1. Let F:[a,b]^R, and let x £ C\D and x = Dm=i(amm), b]^m)).

The function F is A-power dyadic differentiable at x if the limit

l.mF(bt))-F(aÍir))
™    (b^-a^Y

exists. We will use F'k?D(x) to denote the A-power dyadic derivative at x .

Here are several obvious statements. If F is A-PD differentiable at x and

a is a real number, then (aF(x))'x_PD = aF¡_PD(x). If F and G are A-PD

differentiable at x, then the sum  F + G  is A-PD differentiable at x  and

(F(x) + G(x))lPD = FlPD(x) + G'x_PD(x).

Example. Let / be the Cantor ternary function on [0, 1 ]. Let x £ C\D and

x=çrn=Mn\m\bi^).
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Compute

f(b}Am))-f(aHr])   ¿   n±\m = x
(bi¡m) - al\m)y     "i     V 2 /

where A = j^ is the Hausdorff dimension of the Cantor set C . This shows

that f.PD(x) = 1 on C\D.

3.   A-POWER DYADIC INTEGRAL

We will give a descriptive definition of the A-power dyadic integral. First,

we recall some terminology. Let [«, b] be a bounded closed interval. A finite

set of pairs {[«,, v¡], x¡}'=l is an allotted partition on [a, b] if {[u¡, v¡]}'=l

is a partition of the interval [«, b]. We call x¡ the associated point of the pair

{[«,, v¡], x¡}. Let S(x) be a positive function defined on [«, b]. The allotted

partition {[w,, v¡], x¡}\=x is á-fine if x¡ £ [u¡, v¡] and [u¡, v¡] ç B(x¡, S(x¡)),
where B(x¡, S(x¡)) denotes an open ball.

Theorem 1. Let F(x) be a continuous function on [a, b]. If F'(x) > 0 on

[a, b]\C and Fl_PD(x) > 0 nearly everywhere (except on a countable set) on

C\D, then F is monotone non-decreasing on [a, b].

Proof. Let E = {x £ C\D: $FlPD(x)} or FlPD(x) < 0}. Then E is count-
able. Given e > 0 and t¡ £ C\(DuE), since F(x) is A-PD differentiable at

£, we can take an integral /^ = (a{j,m), ¿>4(m)) such that

(A) \F(b*m)) - F(aÍ\m)) - Fl.PD(Z)(bÍ\m) - a{¡m))x\ < e(b„[m) - a*m)f

where a„\m) < ( < b^m) •

Let D U E = {0/}^,. From the continuity of F, for each 0,, there exists

an interval Ie. = (6,■■ - r}¡, 8¡ + n¡) such that

(B) \F(x2)-F(xi)\<ji

where xx, x2 £ [0, - rç,, 6, + n¡].
Since C ç (J{/¿; : i £ C}, we may apply the Heine-Borel theorem, so there is

a finite subcover A = {Içj}j=l ■ We divide the intervals /^■, j — 1, 2, ... , J ,

into two groups.  We shall say that an interval 1^,  is of the first class if the

associated point t\> £ C\(D U E), Iy = (a^ , bm™' ), and otherwise of the

second class, i.e, & £ DUE, Iy = [Oi(j)-tliU) > ̂ iU) + ni(j)' • Clearly, if first class

intervals (an{n), b*n)) n («£m), bJ¿m)) + 0, then (a{{n), b*n)) ç (aÜm), bJ¿m))

or («¿Sm), biJT]) Q (aJ„(n), b]„(n)). Therefore, without loss of generality we may

suppose that the first class intervals in A are pairwise disjoint.

Consider the union of elements of A , U - {JJj=] 1^ = [j^=l(aj, b}), where

intervals (a¡, bj) are pairwise disjoint. Note that (a,-, b¡), j = 1, 2..., P,

is of the finite union of elements of A , that is, («_,-, bj) = \jj=l Ipm , I^m £

A . If necessary discard some intervals I(¡in ', we write I^n '= (ct, dt), t =

1,2, ... , T, such that

üj = C\ < c2 < d\ < c3 < d2 < ■■ ■ < dT = bj.

We recall that the first class intervals are pairwise disjoint. Hence, there is a

partition of (a¡, b¡) such that the subinterval is either a first class interval of A
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or a subinterval of a second class interval of A . Thus, there exists a partition

öi of U which consists of the first class intervals and the subintervals of the

second class intervals.

Let V - [a, b]\U. Then V is a finite union of the closed intervals and

V c [«, b]\C. Since F is differentiable on [a, b]\C , for each t\ in [a, b]\U
there exists a <5(c^) > 0 such that

\F(x2) - F(Xl) - F'(t)(x2 -Xi)\< e\x2 - xx\

where [xx, x2] ç B(t, S(Z)).
It is well known that for every positive function S(x) defined on an interval

[a, ß], there is a ¿-fine division D on [a, ß] [3, p. 4]. Applying this theorem

to each closed interval of V, we get a partition D2 oí V . We call a subinterval

of the partition D2 a third class interval. Let D be the partition formed by

the points in both D\ and D2. Relabelling the partition D, we write

« = «0 < «i < • • • < «m = b

and [a, b] = U/lo't0' > a<+il ■ We obtain

m-\

F(b) - F (a) = Y (F{aM ) - F(a¡)) = £, + £2 + £3

where £V denotes the partial sum of J2 for which the interval [a,-, ai+\] is an

/-class interval, / = 1, 2, 3 .
Consider first the term J2\ ■ By (A),

F(bÍ{n)) - F(aiw) > Fl_PD{t)itíW - ai(n))x - e(bjn(n) - a{(n)f.

From this and FlPD(c¡) > 0, we obtain

F(Kw)-F(anw)>-e(bJnw-ai{n)f.

By definition of the Cantor type set, we deduce

F(bÍ,{n)) - F(anw) > -eH*(Ç)(aiïn), #<">)).

Consequently, we have

(C) Ei>-eEHHcn(aiin),biia))),

since Hausdorff measure is an outer measure in the sense of Caratheodory. Now,

by(C)

(D) Ei > -^ (C n ([}(an{n), bi{n)))) > -eH\C).

It is routine to show the inequalities

(E) E2 >-£   and    £3>-e(¿>-tf)-

By (D) and (E),

F(b) - F (a) > -e( 1 + H\C) + b-a).

Because of e arbitrary small, we get

F(b)>F(a).
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For each subinterval [a, ß] of [a, b], the same argument gives that

F(ß)>F(a).

This shows that F is monotone nondecreasing on [a, b].

Corollary. Let F be a continuous function on [a, b]. If F'(x) = 0 on [a, b]\C

and F^_PD(x) = 0 n.e. on C\D, then F is constant.

We call / a trivial function on C if / vanishes on [a, b]\C.

Definition 2. A trivial function f(x) on C is said to be A-power dyadic inte-
grable on [a, b] if there exists a continuous function F(x) such that

F'(x) = f(x)=0   on[a,b]\C,

Fl_PD(x) = f(x)   nearly everywhere on C\D

where F¡_PD(x) is the A-power dyadic derivative of F(x). The function F(x)

is called an indefinite integral of f(x), and the definite integral on [a, b],

denoted by (A-PD) /* /, is defined as F(b) -F(a),

F(b) - F (a) = (A-PD) / /.
Ja

Example. Let / be the Cantor ternary function defined on [0, 1]. Then

/(l) - /(0) = (A-PD) f flPD = (A-PD) /' 1.
Jo Jo

The A-PD integral has the usual properties of integral,

(A-PD) / (C,/i +c2f) = d(A-PD) / /, + C2(A-PD) / f2,
Ja Ja Ja

(A-PD) / /= (A-PD) T/+(A-PD) / /.
Ja Ja Je

Remark 1. It is interesting to compare the Lebesgue integral and the A-PD in-

tegral. For example, if / is L-integrable and g = f a.e. on [a, b], then g

is L-integrable and (L) ¡a f = (L) ¡ha g. However, if / is A-PD integrable

and g = f n.e. on [a, b], then g is A-PD integrable and (A-PD) ¡ha g =

(A-PD) Ja f. That is, for the Lebesgue integral we can neglect a Lebesgue mea-

sure zero set; but for the A-PD integral we only can neglect a countable set.

This demonstrates the difference between the Lebesgue integral and the A-PD
integral.

4.   A-POWER RlEMANN INTEGRAL

In this section we introduce the concept of the A-power Riemann integral.

We next show that the A-PR integral and the A-PD integral are equivalent for

continuous integrands. Let C be a Cantor type set and H-dimC = A. A trivial

function / onC is continuous if the restriction function f\c is continuous,

where f\c denotes the function / restricted on C.
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Definition. A trivial function / on C is said to be A-power Riemann inte-

grable, if

sup inf | Y M>)(bi - "if :CcU = \J(ai,bi), ft e {a,, b¡) n C, ô, - c, < e 1

is finite.
Since HX(C) < oo, a lower bounded trivial function / is A-PR integrable.

We will be concerned with continuous integrands. We list the properties of the

A-PR integral, some of which will be used later.

(1) (X-PR)^af+ßg = a(X-PR)^f+ß(X-PR)^g.

(2) (A-PR) tf / = (A-PR) /; / + (A-PR) ¡hcf,a<c<b.

(3) If / = 0, nearly everywhere on C, then (A-PR) ¿ f = 0.

(4) If / < g nearly everywhere on C, then (A-PR) ¿ f < (A-PR) J¡ g .

(5) (X-PR) ¡¡ I =Hx(Cn [a, b]).

Let / be a continuous trivial function on C, and let F(x) = (A-PR) /* /.

Theorem 2. Let f(x) be a continuous trivial function on C.   Then F(x) is

continuous on [a, b], F'(x) -0 on [a, b]\C and f¡.PD(x) = f(x) on C\D.

Proof. Let [«, b]\C = U°^, («,, b¡). Clearly, for each x in («,, b¡), we have

(A-PR) T/= (A-PR) T/.
Ja Ja

This shows that F is constant on (a,, b¡) and F'(x) = 0 for x £ («,, b¡). It

also implies that F is continuous on (a,, b¡).
We shall show the continuity of F(x). For each x e C\D, let x =

(X?=\(an"\ bj ) (the case when x £ D is analogous). Given e > 0, from

the continuity of f\c, there is a ôi > 0 such that

1/00-/(*)!<«

whenever \y - x\ < Si and y £ C. Since lim„^0O(<7¿('l) - a„n)) = 0, there is

an «o such that |<"o) - aJn[no)\x < ^^ . Let S2 = min(^"o) - x, x - a^o)),

and let ô = min(¿i, ¿2). We have

\F(y)-F(x)\<(X-PR) fy(\f(x)\ + e)
J X

= (\f(x)\+E)Hx(Cn[x,y})

<(|/(x)| + e)//^(cntói"o),^i',o)])

= (|/(x)| + e)(<"0) -aina)Y<e

whenever |x - y\ < ô .

We shall show that F;_PD(x) = f(x) for x e C\D. Let

OC

x=Ç](ai(n),bi(n)).
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m - aHn))

Given e > 0, there is a Si > 0 such that \f(y) - f(x)\ < e , whenever |y -x| <

¿i  and y £ C.   Since lim„_^0o((?¿(") - a„n)) = 0, there is an «0 such that

\bjnn) - «¿("'| < ¿i whenever n > n0 .

Consequently,

\F(bi(n))-F(a^)-f(x)(bi(n)-ai(n)t\

rb'[n)

<|(A-PR)/ "   (f(y)-f(x))\<e(bJn

That is, lim„_ F^-X'} = /(*) •
®n an      )

Remark 2. From the theorem, a continuous trivial function / on C is A-PD

integrable and (A-PR) Ja f — (A-PD) ja f. It is easy to show that if a trivial
function / on C is A-PD integrable and f\c is continuous, then / is A-PR

integrable and (A-PD) ¿ f = (A-PR) ¿f. Indeed, let F(x) = (A-PD) /* / and

C7(x) = (A-PR)/^/. By the above theorem, G is the indefinite A-PD integral

and G^_PD(x) = f(x) for x e C\D. Since ^'.PD(x) = f(x) n.e. on C\D, we
have (F - G)'x PD = 0 n.e. on C\D. This implies that F - G = constant.
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