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Abstract. It is proved that every compact Lorentz manifold admitting a time-

like conformai Killing vector field is geodesically complete. So, a recent result

by Kamishima in J. Differential Geometry [37 (1993), 569-601] is widely ex-

tended.

Recently, it has been proved in [2] that a compact Lorentz manifold of con-

stant curvature admitting a timelike Killing vector field is (geodesically) com-

plete. It is natural to think about the importance of the assumption on the

curvature in this result. Moreover, we could ask ourselves if there is a more

general condition than the existence of a timelike Killing vector field. The an-

swers to these questions are given in the following

Theorem. Let (M, g) be a compact Lorentz manifold which admits a timelike

conformai Killing vector field K. Then (M, g) is geodesically complete.

Proof. We are going to see that any geodesic y : [0, è[-> M, 0 < b < oo,

is extendible beyond b. It suffices to show that the vector field / remains

in a compact subset of the tangent bundle. As g(y', /) is a constant C, it

is enough to see that the projection onto the subbundle Span{A^} maps y'

into a compact subset of Span{A^} (here Span{AT} denotes the line bundle

{À • KP\A £ R, p £ M}). As K is timelike, the compactness of M implies that

Inf \g(K, A')! > 0. Thus, we have only to check that g(K, y') is bounded.
Taking into account the fact that Lng = o • g for some function o , we obtain

that

j-(g(K, y') = ^C-ooy,

so (d/dt)g(K, y') and, as a consequence g(K, y') is bounded on [0, b[.
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Remarks. ( 1 ) The assumptions of this result can be weakened. An almost sim-

ilar proof works if we are given a compact semi-Riemannian manifold with so

many timelike (resp. spacelike) pointwise independent conformai Killing vector

fields as the index (resp. the coindex) of the semi-Riemannian metric.

(2) Under the assumptions of our Theorem, if (M, g) is also of constant

curvature k , then k < 0. This fact follows directly from the completeness of g

and Theorem 11.1.7 in [4] (giving an alternative proof to one of the assertions

in Theorem A in [2]).
(3) It is a main problem concerning semi-Riemannian manifolds whether

compactness of a semi-Riemannian manifold with any extra assumption im-

plies (geodesic) completeness. It should be emphasized that simply the existence

of a nontrivial Killing vector field does not imply the completeness of a com-

pact Lorentz manifold (recall Clifton-Pohl torus). Even more, completeness is

not obtained if there exists a causal Killing vector field. As a counterexample,

consider the following Lorentz metric on E2

g - (1 - cos27txi)(äfx2 - dx\) + (1 + cos2nxx)(dxx ®dx2 + dx2 ®dxx).

Although d/dx2 is a causal Killing vector field of g , this metric is incomplete

and yields, in a natural way, a Lorentz torus as required (see [3] for details).

(4) The next results allow us to obtain completeness of a compact Lorentz

manifold, with extra assumptions involving curvature:

(A) If a compact Lorentz manifold has zero curvature, then it is geodesically

complete [1].
(B) Let M be a Lorentz ^-manifold of constant negative curvature. Suppose

that the universal covering space M of M admits a nontrivial complete Killing

vector field and the developing map is infective. If M is compact, then M is

geodesically complete ([2], Theorem D, see also Theorem E).

As a nice consequence of our Theorem combined with the result (A) we have

the corollary:
(C) A Lorentz n(> 2)-torus which is globally conformai to aflat Lorentz torus

is geodesically complete.
(5) A natural question is to study which manifolds lie under the assumptions

in our Theorem. The referee pointed out to us the following discussion. Let

(M, g) be a compact Lorentz manifold with a timelike conformai Killing vector

field K. As g(K, K) ^0, a Riemannian metric g' is defined to be

«A.,) = -(*A.*-2«A$%-K))l,l*.Kl.

It is noted that the one-parameter group generated by K preserves the Rieman-

nian metric g'. Since the isometry group Iso(M, g') is compact, there is a

circle Sx whose Killing vector field K' is sufficiently close to K. Thus K' is

timelike with respect to g. So M is a Lorentz manifold for which Sx acts

on M without fixed points. In dimension three, topologically M is a Seifert

manifold. When Sx happens to act freely, M is a principal circle bundle over a

compact Riemannian manifold N whose Riemannian metric is induced by g .

So the curvature of g controls the topology of N (compare with [2]). There-

fore, it is unavoidable for the hypothesis to restrict those Lorentz manifolds

into a special class.
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