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(Communicated by Eric Friedlander)

Abstract. We prove an analogue of the Bogomolov-Gieseker inequality for

rank-two bundles on varieties defined over a field of positive characteristic. We

derive from this some vanishing results for cohomology of line bundles.

1. INTRODUCTION

Let X be a smooth projective variety defined over an algebraically closed field
k of characteristic p > 0. In [M2], a Bogomolov-Gieseker type inequality for

rank-two bundles on X has been obtained under the assumption that X is

not uniruled. In the present note we shall show that a similar inequality holds

under certain stability conditions on the tangent bundle of X. As a corollary,
we obtain some vanishing results for cohomology of line bundles. We also

consider the vanishing for bundles of higher rank.

2. Main result

In what follows, we assume that all varieties are defined over an algebraically

closed field k of characteristic p > 0.
Let X be a smooth projective variety over k, and let H be an ample line

bundle on X. Let E be a vector bundle on X. Following [Ml], we say that E

is p-semistable with respect to H if, for all m > 0, the m-th iterated Frobenius
pull-back (Fm)*E is /i-semistable with respect to H. We have the following

Bogomolov-Gieseker type inequality, which is due to A. Moriwaki.

Proposition 1 ([Ml,Theorem 1]). Let X be a smooth projective variety of dimen-
sion d > 2, and let H be an ample line bundle on X. Let E be a rank-two

vector bundle on X which is p-semistable with respect to H. Then we have

{cx(E)2-4c2(E)}.Hd~2<0.

Let X, H be as above. For a vector bundle E on X, we denote by Ph(E)
the slope of E with respect to H :

cx(E).Hd~x

ßH{E) -       rkis      •
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Let Tx be the tangent bundle of X, and let

0 = ToCTxc---cT,_xcT, = Tx

be the Harder-Narasimhan filtration of Tx with respect to H. We set Ph(X) :—

Vh(Tx/Ti_x) . The following is a generalization of [L-S, 2.4.Satz].

Lemma 1. Let X be a smooth projective variety of dimension d > 1 with an

ample line bundle H. Let E be a rank-two vector bundle on X. Assume that E

is p-semistable and F*E is not p-semistable with respect to H. If M c F*E
denotes the maximal destabilizing subline bundle, then we have

M.Hd~x < i [pcx(E).Hd-x - u„(X)) .

Proof. By the radical descent theory in [G], we have an ¿fr-homomorphism

f:Tx-+End&xW(F*E)

where X^ is the scheme obtained from the base change by the Frobenius map

of k. Composing / with the inclusion M <-»• F*E and with the projection

F*E —> F*E/M, we obtain the following rf^-homomorphism

f:Tx^Hom<fx(M,F*E/M).

We claim that / ^ 0. Otherwise, there would exist a subsheaf M' c E such
that F*M' = M, contradicting the semistability of E. Hence the desired

inequality follows immediately.   D

Theorem 1. Let X be a smooth projective variety of dimension d > 2 with

an ample line bundle H. Let E be a rank-two vector bundle on X, which is

p-semistable with respect to H.

(1) If pH(X) > 0, then {cx(E)2 - 4c2(E)}.Hd~2 < 0.

(2) IfpH(X)<0,then

{cx(E)2-4c2(E)}.Hd-2<^}^.

Proof. Let m be the smallest integer such that (Fm)*E is not /i-semistable.
We claim that if Ph(X) > 0, then we have m = oo. Indeed, assume that

m < oo and let M' be the maximal destabilizing subsheaf of (Fm)*E. If we

define the Q-line bundle M := M'/pm , then

C'Wf-' <M.H<->.
Applying Lemma 1 to (Fm~x)*E, we obtain

M.Hd-x<\{cx(E).Hd~x-^y

which is a contradiction if p.h(X) > 0. Hence in case (1) we are done by

Proposition 1.
Assume that Ph(X) < 0. If we set

(2M - cx(E)).Hd~x

«--m-'
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then we have

0<a<-ï2ffi
-      pmffd

Since (2M - cx(E) - aH).Hd~x - 0, the Hodge index theorem yields

(2M - cx(E) - aH)2.Hd-2 < 0.

Therefore we have

{cx (E)2 - 4c2(E)}.Hd~2 < (2M - cx (E))2.Hd~2

< {2a(2M - cx (E)).H - a2H2}.Hd~2

= a2Hd

< pH(X)2 < pH(X)2
p2mHd   -    p2Hd

This completes the proof.   D

The above theorem implies vanishing results for the cohomology of line bun-

dles as in [M2].

Corollary 1. Let X be a smooth projective variety of dimension d > 2 with an

ample line bundle H. Let L be a nef line bundle on X. Assume that either

(1) pH(X) > 0 and L2.Hd~2 > 0, or

(2) pH(X) < 0 and

jl   frd-2 ^  ßH(X)2

LH     > -pHlä-

Then we have Hx(X,L~x) = 0.

Proof. If HX(X, L~x) ¿ 0, then we obtain a non-split extension

0^&x^E^L-+0.

If we show that E is /i-semistable with respect to H, then we obtain a contra-
diction by Theorem 1, since we have {cx(E)2 - 4c2(E)}.Hd~2 = L2.Hd~2. To

show the /i-semistability of E, assume that there exist a subline bundle M «-► E
with
(2M - L).Hd~l > 0 and an exact sequence

0 -» M -» E -* Jz(L -M)-+0

where Z is a codimension-two subscheme. The composition map M <-* E -* L
is not zero, since otherwise we would obtain a nontrivial map M -> 0'x , which
is impossible. Hence there exists an effective divisor D which is linearly equiv-
alent to L - M and satisfies (L - 2D).Hd~x > 0. Then, by the Hodge in-
dex theorem, we have (L - 2D).D.Hd~2 > 0. On the other hand, we have

Z.Hd~2 = c2(E(-M)).Hd~2 = (D- L).D.Hd-2 > 0. It follows that D = 0 or,

equivalently, L = M, hence the original sequence must split. This contradic-
tion proves that E is /¿-semistable.   D

We say that Tx is nef if the tautological line bundle cf(\) on P(7>) is nef.

For example, Tx is nef if it is globally generated.
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Corollary 2. Let X be a smooth projective variety of dimension d > 2 with

nef tangent bundle Tx. If L is a nef and big line bundle on X, then we have
Hx(X,L~x) = 0.

Proof. Let Q be a quotient bundle of Tx . It can be easily seen that if Tx is
nef, then cx(Q).Hd~x > 0 for every ample line bundle H. In particular, we

have Ph(X) > 0. Hence the claim follows from Corollary 1.   D

Corollary 3. Let X be a Fano variety of dimension d > 2 such that Tx is
p-semistable with respect to -Kx ■ Then we have HX(X, mKx) = 0 for all
m>0.

3. Vanishing for bundles of higher rank

Let X be a smooth projective variety. A vector bundle £ on I is said to
be cohomologically p-ample if, for every coherent sheaf ^ on I, there exists

an integer wo = mo(^) such that for all m > mo and all i > 0 we have
H'(X, &~ <g> (Fm)*E) = 0. It is known that every cohomologically p-ample

vector bundle is ample. A line bundle is cohomologically p-ample if and only
if it is ample (cf. [K]).

Proposition 2. Let X be a smooth projective variety of dimension d > 1 with an

ample line bundle H. Let E be a vector bundle on X which is cohomologically
p-ample and p-semistable with respect to H. Assume that either

(1) pH(X)>0,or

(2) pH(X) < 0 and pH(E) > -pH(X).

Then we have Hx(X,Ey) = Q.

Proof. We define

Bx := Im (d : Ftc?x - F,Cixx)

where d is the differential map. Let cfx -» F*<?x be the natural map which

sends / to fp . Then we have the exact sequence

( * ) 0 -h. cfx -> F*#x -^Bx^O.

By assumption, it is easy to see that Ph(X) > pH((Fm)*Ey) for all m > 0.

It follows that H°(X, (Fm)*Ev e Q>x) = Hom(Tx, (Fm)*Ev) = 0, hence we

have H°(X, (Fm)*Ev <s> Bx) = 0. Tensoring (*) with (Fm)*Ey and tak-

ing cohomology, we obtain injections HX(X, Ey) «-» HX(X, (Fm)*Ev) for all

m > 0. On the other hand, since E is cohomologically p-ample, we have
HX(X, (Fm)*Ev) = Hd~x(X, (Fm)*E ® cox) = 0 for sufficiently large m.

Therefore, by descending induction on m , we obtain Hx (X, isv) = 0.   D

If the exact sequence (*) splits, then X is called Frobenius split. It has been
proved that Schubert varieties are Frobenius split ([M-R]). We have a stronger
vanishing result for varieties which are Frobenius split.

Proposition 3. Assume that X is Frobenius split and E is a cohomologically p-
ample vector bundle on X. Then we have H'(X, £"v) = 0 for i <d = dimX.

Proof. Since the exact sequence

0 -♦ (Fm)*Ev - (Fm)*Ev 9 F,t?x -» (Fm)*Ey ®BX^0
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splits, we obtain injections Hl(X, (Fm)*Ey) «-* Hl(X, (Fm+X)*EV) for all m

and i. Then a similar argument as in Proposition 2 completes the proof.   D
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