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ABSTRACT. We prove the non-existence of Levi flat compact real hypersur-
faces without boundary in CP™,n > 1, with non-negative totally real Ricci
curvature.

1. INTRODUCTION

Let C'P™ be the n-dimensional complex projective space with complex structure
J and Kaehler metric g. It is well known (cf. A. Bejancu [1], p. 21) that a real
hypersurface M of CP" is a CR-submanifold of CP". More precisely, the CR-
structure on M is defined as follows. Denote by T'M* the normal bundle of M
and consider the totally real distribution RM = J(TM=) on M. Then the com-
plementary orthogonal distribution HM to RM in TM is of rank 2(n — 1) and
it is invariant under J, that is, J(HM) = HM. That is why HM is called the
holomorphic distribution on M. For any € M denote by (HM), the fibre of HM
over x and define the complex vector space

HXYO (M) ={W, = X, —iJ.(X,): X, € (HM),}.
Consider the complexified tangent bundle T°M = TM ® C' of M and note that

HO0) = | HE()
reM

is an involutive complex vector subbundle of T°M such that
HYO(M)n HLO(M) = {0}.
Hence HY?(M) defines a CR-structure on M (cf. A. Boggess [3], p. 121). Besides,

we have HM = H"°(M) @ HL-O(M).
Though H'%(M) is involutive, it is not necessary that HM be integrable. Thus
M. Okumura [6] and Y. Maeda [5] found different geometric characterizations of a

class of real hypersurfaces of C P™ with non-integrable H M.

Received by the editors October 12, 1993 and, in revised form, July 19, 1994.

1991 Mathematics Subject Classification. Primary 53C40, 53C55; Secondary 53C12, 53C42,
53C16.

Key words and phrases. Real hypersurface, CR-submanifold, complex projective space, Levi
flat, totally real Ricci curvature, holomorphic distribution.

©1996 American Mathematical Society

269



270 AUREL BEJANCU AND SHARIEF DESHMUKH

For any = € M consider a unit vector N, € T, M+ and let &, = —Jz(N,). Then
following A. Boggess [3], define the Levi form at the point z as the map

Ly: Hml’O(M) — R, Lo(Wy) = —g:([X, JX]z, &),

where X is the H M-vector field extension of X, = %(Wm +W,). We say that M is
a Levi flat CR-submanifold if L, vanishes for any x € M. Taking into account that
&: € (RM),, from the definition of L, it follows that in case HM is integrable,
M is Levi flat. The converse of this assertion is a consequence of Theorem 1 in
A. Boggess [3], p. 158. Hence M is Levi flat iff HM is integrable.

Next, suppose M is an orientable real hypersurface in CP™. Then there exists a
globally defined unit normal vector field N on M. Thus the totally real distribution
RM is globally spanned by £ = —JN. The Ricci curvature of M in the direction ¢ is
called the totally real Ricci curvature and it is denoted by Ric(€,£). Our paper has
the origin in the remark that the totally real Ricci curvature of K-contact manifold
is a positive number (cf. D. Blair [2], p. 65) and that HM is not integrable. So it
is natural to ask whether HM is not integrable in general for a real hypersurface
of C'P™ with non-negative totally real Ricci curvature. In this respect we prove the
following result.

Theorem. Let M be a compact orientable real hypersurface without boundary of
CP™ n > 1, such that Ric(&, &) > 0 everywhere on M. Then HM is not integrable
on M.

The authors would like to express their sincere gratitude to the referee for many
valuable suggestions to improve the paper.

2. PRELIMINARIES

Let M be an orientable real hypersurface of CP™. Denote by V and V the
Levi Civita connection on M and C'P"™ respectively. Then we have the well-known
formulae

(2.1) VxY =VxY +g(AX,Y)N,

(2.2) VxN = -AX,

for any X,Y € X(M), where X(M) is the Lie algebra of smooth vector fields on
M, N is the unit normal vector field to M and A is the shape operator of M. Let
7 be the 1-form dual to £, that is, n(X) = g(X,&) for any X € X(M). Then we
have JX = JPX 4 n(X)N, where P is the projection morphism of TM on HM.

On using (2.1) and (2.2) and taking into account that J is parallel with respect to
V one obtains

(2.3) Vxé&=JPAX, VX €X(M).

Consider CP™ as a complex space form of the constant holomorphic sectional
curvature ¢ = 4. Then using the formulae of curvature tensor field of C'P™ (cf.
Kobayashi-Nomizu [5], p. 167), the equations of Gauss and Codazzi for the immer-
sion of M in CP™ become

(24)  g(R(X,Y)Z,W)
=g9(Y,Z2)g(X, W) —g(X, Z)g(Y,W) + g(Z, Y )g(J X, W)
—9(Z,IX)g(JY,W) + 29(X, JY)g(JZ, W)
+ g(AY, Z)g(AX, W) — g(AX, Z)g(AY, W)
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and
(2.5) (VxA)(Y) = (Vy A)(X) = g(X,§)JY — g(Y,§) X + 29(X, JY)E,

respectively, for any X,Y, Z, W € X(M), where R is the curvature tensor corre-
sponding to V.

Finally denote by F(M) the algebra of smooth functions on M and by I'(HM)
and T'(RM) the F(M)-modules of smooth vector fields on M which belong to HM
and RM respectively. We may always consider a local orthonormal field of frames
{E1,...,En_1,JE1,...,JE,_1,£} on a coordinate neighborhood U C M, where
{Ei,JE;} CT(HM),i € {1,...,n — 1}. Such a frame field is said to be a local
CR-frame field on M.

3. PROOF OF THE THEOREM

First we prove

Lemma. Let M be a compact orientable real hypersurface without boundary of
CP"™. Suppose Ric(£,€) > 0 everywhere on M and HM s an integrable distribution
on M. Then we have

(i) Ric(¢,€) =0,

(il) Vx&£=0,vX e T(HM),

(i) VxY e T(HM),VX,Y e T(HM),

(iv) AX eT(RM),vX eT'(HM),

(v) [[A[? = 2(n — 1) + g(Ag, €)%
Proof. Choose a local CR-frame field {E;, JE;,£} on M. Then taking into ac-
count that A and J are symmetric and antisymmetric with respect to g, that is,
g(AX)Y) = g(X,AY) and ¢g(JX,Y) = —g(X,JY) holds for X,Y € X(M), and
using (2.3) obtain

(3.1) on =divE = 0.

On the other hand, by direct calculations, using the integrability of HM obtain
dn(X,Y) =0 and dn(¢, X) = g(Ve&, X), for any X, Y € T'(HM). Hence locally on
U we have

n—1

(3:2) ldnl|* =2 {g(Ve&, Ei)* + 9(Ve&, TE:)*} = 2| Vel|*.

i=1

Since for each x € M, we have a coordinate neighborhood U and a local CR-frame
field {E;, JE;,£} on U, (3.2) holds for each © € M and hence globally on M.
Next, we recall that on any compact orientable Riemannian manifold M without
boundary we have (cf. K. Yano [7], p. 41)

1
/ {Ric(X,X) - §Hdoc|\2 + VX2 - (5a)2} dv =0,
M

where « is a 1-form dual to X on M. Replace X by £ and « by 7 in the above
integral formula and use (3.1) to obtain

(3.3) / {Ric@,s) ~ Lam? + ||vs|2} dv = 0.
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Since on each coordinate neighborhood U, we have

n—1

IVEI® =Y UIVEL® + IVamll*} + Ve,

i=1

on account of (3.2) we thus find

(3-4) Ivel® - \dnll2 Z{I

on each U and consequently on M. As Ric(&,&) > 0, it follows that the integrand in
(3.3) is non-negative. Hence we must have Ric(¢,£) = 0 and || VE||? — §|dn||? = 0.
The second equation together with (3.4) gives Vg,& = Vg, = 0 for each local
CR-frame field {E;, JE;,£} and consequently we obtain (i) and (ii). Taking into
account that V is a Riemannian connection from (ii) we infer (iii). Moreover (iv)
follows from (ii) on using (2.3). Finally using (iv), from (2.4) obtain

9(R(E;, )& E;) =1 — g(AE, E;)?
and
9(R(JE;, €&, JE;) = 1 — g(AL, JE;)*.

Hence (i) gives

0 = Ric(,§) = Z{g (Bi,€)& E;) + g(R(JE;, )€, JE)}

2n — 1) Z{gAﬁE 2+ g(AE, TE:)?}

=2(n—1) - {||Ag||2 9(Ag, €)%},

on any coordinate neighborhood U, which gives (v). This completes the proof of
the Lemma. O

Remark. The assertions (i)—(iv) of the Lemma hold in a more general setting,
namely, in case the complex projective space is replaced by an arbitrary Kaehler
manifold.

Now we proceed with the proof of the Theorem. Suppose HM is integrable.
Then using (iv) and (2.1) and taking into account that J is parallel with respect to
V obtain

(3.5) VxJY = JVxY, VX,Y € D(HM).
Thus on a coordinate neighborhood U, (iii) and (3.5) imply
n—1 n—1
(3.6) Ve,E;=> {aiwEr+biJE}, Ve JE = {aijwJEy — bijrEx},
k=1 k=1
and
(3.7)
n—1 n—1

VigE; = Z{CijkEk +dij JER}, Vg, JE; = Z{CiijEk — dijpEr},
k=1 k=1
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where {aij, bijk, Cijk, diji } are smooth functions on U satisfying
(3.8) aijk + aikj =0, Ciji + Cikg =0, bije = big,  dijr = dik;-

As V¢£ is orthogonal to &, there exist smooth functions {a;, b;},7 € {1,...,n — 1},
such that
n—1
(3.9) Veé = {axEx + brJEx}.
k=1
Finally using (ii) and (3.9) and taking into account that V is a Riemannian
connection, obtain

n—1

(3.10) VeE; = {ainEx+biJEp} —aif,  Vg&=0,
k=1

and
n—1

(3.11) VeJE; = f{ewnBr+duJEx} — b€, Vgt =0,
k=1

where {aik, bik, cir, di,} are smooth_functions on U. Now using (2.1), (2.2) and
(3.9) and taking into account that V is a Riemannian connection we infer that

a; = —g(A§, JE;) and b = g(AE, E).
Thus on account of (iv), we have

n—1

(3.12) AE; =bi§, AJE;=—a&, A= {bpEx —axJEi} + c,
k=1

where ¢ is a smooth function on U. Then (v) in the Lemma and the last equation
in (3.12) imply

n—1
(3.13) > {(ar)? + (06)*} = 2(n - 1).
k=1

Further, take X = E; and Y = £ in (2.5), use (3.6), (3.9), (3.10) and (3.12) and
equate the components with respect to the holomorphic frame {Ey, JEy} of I'(HM)
to obtain

(3.14)
Ei(ar) = a;ap — biby + 6; + Z;—le{bjbijk — QjQijk }s
Ei(bk) = a;br, + bjar — Z}:ll{bjaijk + ajbijk}, i,k e {1, e, — 1}

In a similar way, take X = JE; and Y = £ in (2.5) and use (3.7), (3.9), (3.11) and
(3.12) to infer

(3 15) JE'i(bk) = b;by, — a;ar + i — Z?;ll{bjcijk + a; dijk},
JE;(ar) = a;bi + bay, + Z;—l:_ll{bj dijr — ajcijk}.

From (3.14) and (3.15) on using (3.8) it is easy to obtain

(3.16) %Ez (i{(ak)2 + (bk)2}> =aqa; (1 + Z_:{(ak)2 + (bk)2}>
k=1 k=1
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and
(3.17) %JEi ;{(ak)2+(bk)2} =b; 1+;{(ak)2+(bk)2} ,

respectively. On using (3.13) in (3.16) and (3.17) obtain a; = 0 and b; = 0 for any
i €{l,...,n—1}. Thus we get a contradiction to (3.13) and this completes the
proof of the theorem. As a direct consequence of the Theorem we have

Corollary. Let M be a Levi flat compact real hypersurface without boundary of
CP™ n > 1. Then there exists an open subset U of M such that the totally real
Ricci curvature of M is negative everywhere on U.

REFERENCES

1. A Bejancu, Geometry of CR-submanifolds, Reidel, Dordrecht, 1986.

2. D. E. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Math., vol. 509,
Springer-Verlag, Berlin, 1976. MR 57:7444

3. A. Boggess, CR manifolds and the tangential Cauchy-Riemann complexr, CRC Press, Boca
Raton, FL, 1991.

4. S. Kobayashi and K. Nomizu, Foundations of differential geometry, I1 Interscience, New York,
1969. MR 38:6501

5. Y. Maeda, On real hypersurfaces of a complex projective space J. Math. Soc. Japan 28 (1976),
529-540. MR 53:11543

6. M. Okumura, On some real hypersurfaces of a complex projective space, Trans. Amer. Math.
Soc. 212 (1975), 355-364. MR 51:13956

7. K. Yano, Integral formulas in Riemannian geometry, Dekker, New York, 1970. MR 44:2174

DEPARTMENT OF MATHEMATICS, TECHNICAL UNIVERSITY, GH. AsAcHI, Iasi, C.P. 17, TASI 1,
6600 IAs1, ROMANIA
E-mail address: reluGuaic.ro

DEPARTMENT OF MATHEMATICS, KING SAUD UNIVERSITY, P.O. Box 2455, Rivapu 11451,
SAUDI ARABIA



