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SEQUENCES OF DIFFERENTIAL SYSTEMS

MAKOTO NAGATA

(Communicated by Dennis A. Hejhal)

Abstract. Our main result deals with certain properties of the sizes of a

differential system and its dual system. It represents an improvement of part
of the results in André’s G-function theory (Max-Planck-Institut, Bonn, 1989).

Let K be a number field which is a finite extension of Q.
We consider two differential systems:

(0.1) (D −A)y = 0

and the dual system of (0.1),

(0.2) (D + tA)z = 0,

where A ∈Mn(K(x)) and where D denotes the differential operator D := d
dx .

Our aim in this paper will be to consider properties of two sequences which are
defined using (0.1) and (0.2), and to then show that the size of (0.1) (cf. definition
below) and the size of (0.2) are equal to each other.

We normalize every place v of K as in [1]. We extend a non-Archimedean valua-
tion | · |v on K to a valuation on K(x) as the Gauss absolute value (cf. [1, Ch. IV]).
We also define a pseudovaluation on the set of n× l -matrices of rational functions,
Mn,l(K(x)), in the usual way; i.e., for M = (fi,j(x))i=1,... ,n

j=1,... ,l ∈Mn,l(K(x)),

|M |v := max
i=1,... ,n
j=1,... ,l

|fi,j(x)|v .

For a sequence {Fi} ⊂Mn,l(K(x)), we define the size of {Fi} as

σ({Fi}) := lim
m→∞

∑
v-∞

1

m
max
i≤m

log(max(1, |Fi|v))

and the global radius of {Fi} by

ρ({Fi}) :=
∑
v-∞

lim
m→∞

1

m
max
i≤m

log(max(1, |Fi|v)),
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where
∑
v-∞ means that v ranges over non-Archimedean valuations.

We further define two sequences {Ai} and {A∗i } ⊂Mn(K(x)) as follows:

A0 = A∗0 = I (I is the identity matrix);

and for i = 0, 1, . . . , recursively{
Ai+1 = 1

i+1 (DAi +AiA),

A∗i+1 = 1
i+1 (DA∗i −A∗i tA),

where A is as in the differential system (0.1).
Let us write simply σ(A) (resp. σ(A∗), ρ(A), ρ(A∗)) instead of σ({Ai}) (resp.

σ({A∗i }), ρ({Ai}), ρ({A∗i })).
Following André and Bombieri, we call σ(A) (resp. σ(A∗)) the size of the differ-

ential system (0.1) (resp. (0.2)) and ρ(A) (resp. ρ(A∗)) the global radius of (0.1)
(resp. (0.2)); cf. [1], [2].

Remark 1. One can see that σ(A) (resp. ρ(A)) is equal to the size (resp. the global
radius) of the ∂-module over K(x) in [1].

We now consider the relations among two sequences which are defined as follows.
Suppose that P and R are elements in the set of n× l -matrices of differentiable

functions, Mn,l(C
∞). We define two sequences {P 〈i〉} and {R〈i〉} ⊂Mn,l(C

∞) via{
P 〈0〉 = P,

R〈0〉 = R

and for i = 0, 1, . . . , recursively{
P 〈i+1〉 = 1

i+1 (DP 〈i〉 + tAP 〈i〉),

R〈i+1〉 = 1
i+1 (DR〈i〉 −AR〈i〉).

Remark 2. These sequences, {P 〈i〉} and {R〈i〉}, appear in many papers which are
the applications of Padé-type approximations to G-function and E-function theories
(cf. [1], [2], [3], [4], [5], [7], [8], etc.).

Lemma 3. For i, j, k = 0, 1, . . . , one has

(3.1)
Dk
k!

(tP 〈0〉R〈j〉) =
k∑
s=0

(
j + k − s

j

)
tP 〈s〉R〈j+k−s〉,

(3.2)
Dk
k!

(tP 〈i〉R〈0〉) =
k∑
s=0

(
i+ k − s

i

)
tP 〈i+k−s〉R〈s〉.

Proof. We prove the identity (3.1) for any j by induction on k. For any j = 0, 1, . . . ,
the identity (3.1) is clear for k = 0. Assume then that (3.1) is true for any j for a
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given k ≥ 0. We prove it for k + 1. For any j = 0, 1, . . . ,

Dk+1(tP 〈0〉R〈j〉) = D(Dk(tP 〈0〉R〈j〉)) = k!
k∑
s=0

(
j + k − s

j

)
D(tP 〈s〉R〈j+k−s〉)

=
k∑
s=0

k!

(
j + k − s

j

)
(s+ 1) tP 〈s+1〉R〈j+k−s〉

+
k∑
s=0

k!

(
j + k − s

j

)
(j + k − s+ 1) tP 〈s〉R〈j+k−s+1〉

=
k+1∑
s=1

k!(j + k − s+ 1)!

(k − s+ 1)!j!
s tP 〈s〉R〈j+k−s+1〉

+
k∑
s=0

k!(j + k − s+ 1)!

(k − s)!j!
tP 〈s〉R〈j+k+1−s〉

= (k + 1)!
k+1∑
s=0

(
j + k + 1− s

j

)
tP 〈s〉R〈j+k+1−s〉.

Identity (3.2) is obtained by a similar argument. �

Theorem 4. For m = 0, 1, . . . , we have

(4.1) tP 〈m〉R〈0〉 =
m∑
i=0

(−1)m−i
Di
i!

(tP 〈0〉R〈m−i〉),

(4.2) tP 〈0〉R〈m〉 =
m∑
i=0

(−1)m−i
Di
i!

(tP 〈m−i〉R〈0〉).

Proof. We prove only (4.1). The argument for (4.2) is similar.

At first, one finds the equation

m−1∑
i=0

tP 〈i〉R〈m−i〉
m−1∑
j=i

(−1)m−j
(
m− i
j − i

)

=
m−1∑
i=0

(−1)m−i
i∑

s=0

(
m− s
i− s

)
tP 〈s〉R〈m−s〉

(4.3)
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by elementary calculations. We then have

Dm
m!

(tP 〈0〉R〈0〉) = tP 〈m〉R〈0〉 +
m−1∑
i=0

tP 〈i〉R〈m−i〉 ( by Lemma 3 )

= tP 〈m〉R〈0〉 −
m−1∑
i=0

tP 〈i〉R〈m−i〉(
m−i−1∑
j=0

(
m− i
j

)
(−1)m−i−j)

= tP 〈m〉R〈0〉 −
m−1∑
i=0

tP 〈i〉R〈m−i〉
m−1∑
j=i

(−1)m−j
(
m− i
j − i

)

= tP 〈m〉R〈0〉 −
m−1∑
i=0

(−1)m−i
i∑

s=0

(
m− s
i− s

)
tP 〈s〉R〈m−s〉 (by (4.3) )

= tP 〈m〉R〈0〉 −
m−1∑
i=0

(−1)m−i
Di
i!

(tP 〈0〉R〈m−i〉)

by the replacement of k and j in the identity (3.1) with i and m − i. But this is
equivalent to (4.1). �
Corollary 5. For m = 0, 1, . . . , one has

(5.1) Am =
m∑
i=0

(−1)m−i
Di
i!

tA∗m−i,

(5.2) tA∗m =
m∑
i=0

(−1)m−i
Di
i!
Am−i.

Proof. Simply replace both of P and R in Theorem 4 by I. �
The following statement is the improvement of André’s result [1, Ch. IV, §5.5].

Corollary 6. For the differential systems (0.1) and (0.2), we have

(6.1) σ(A) = σ(A∗),

(6.2) ρ(A) = ρ(A∗).

Proof. Suppose that v is non-Archimedean. From the definition of the pseudoval-
uation on Mn(K(x)), it is clear that | tA∗m |v = |A∗m|v. By the identity (5.1), we
have

|Am|v ≤ max
0≤i≤m

|D
i

i!
A∗m−i|v ≤ max

0≤i≤m
|A∗i |v;

that is,
σ(A) ≤ σ(A∗).

Similarly, by (5.2), we find
σ(A) ≥ σ(A∗).

Therefore
σ(A) = σ(A∗).

Identity (6.2) is proved by a similar argument. �
Remark 7. Equation (6.2) is derived using a different method in [1, Ch. IV, §3.3,
Lemma 2].
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