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ON A QUESTION OF MAKAR-LIMANOV

ZINOVY REICHSTEIN

(Communicated by Ken Goodearl)

ABSTRACT. Let K be an uncountable field, let K C F be a field extension,
and let A be an associative K-algebra. We show that if FF ®x A contains a
non-commutative free algebra, then so does A.

Throughout this note K will be a field and Ky will be the prime subfield of
K. Let A be an associative K-algebra. By this we mean, in particular, that K
is contained in the center of A and 1x = 14. We would like to know whether
or not A contains (a) a free semi-group and (b) a free Kyp-algebra. Both of these
free objects are presumed to be non-commutative on two generators. For a more
detailed discussion of free subobjects of associative algebras we refer the reader to
[L1], [L2], [LM] and [K].

The following result was conjectured by Makar-Limanov.

Conjecture 1. Let D be a skew field, let K be a subfield of its center, and let F
be a field extension of K. If F @k D contains a free Kg-algebra, then so does D.

In this note we prove this conjecture under the additional assumption that K is
an uncountable field. Our main result is the following theorem.

Theorem 1. Let K be an uncountable field, A an associative K-algebra, and F' a
field extension of K. Denote the common prime field of K and F' by K.

(a) If F @k A contains a copy of the free semi-group, then so does A.

(b) If F @k A contains a copy of the free Ko-algebra, then so does A.

We remark that by [LM, Lemma 1] elements x,y € A generate a free subalgebra
over K if and only if they generate a free subalgebra over K. Note that since we
are assuming 14 = 1k, the argument of [LM, Lemma 1] goes through even if A is
not a domain.

Our proof of Theorem 1 is based on a general position argument. The condition
that a pair of elements generates a free object in A is given by a countable number
of polynomial inequalities; see Lemmas 2 and 3. Thus over an uncountable field
the set of all such pairs behaves very much like an open set in the Zariski topology.
In particular, we can prove the existence of a K-point by exhibiting an F-point.

We now make these ideas precise.

Lemma 1. Let K be an uncountable field and let X1, Xo, ... be a countable number
of Zariski closed subsets of K™. If J;=; X; = K™, then X; = K™ for some i > 1.
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Proof. We proceed by induction on n. If n = 0, there is nothing to prove. Let
n > 1 be the smallest dimension where the lemma fails. Choose Zariski closed
subsets X; # K™ such that U;’il X; = K™. Note that each X; contains at most a
finite number of hyperplanes. Since K is uncountable, we can choose a hyperplane
H which is not contained in X; for any i > 1. Let Y; = X;NH. Then H = {J;2, .
By our choice of H, Y; # H for any i > 1. Since each Y; is closed in H ~ K"~ !,
this contradicts the minimality of n. O

Let A be an associative K-algebra and let F' be a field extension of K. If z € F/
and a € A we shall write za € FR g A instead of z®a. Let ay,... ,a,,b1,... ,bs € A.
For ¢ = (21,...,2,) € F" and y = (y1,...,ys) € F* let a, = >_._; x;a; and
by = 25:1 y;b; be elements of F @k A. In the sequel we shall denote the free
associative K-algebra in two variables by K{z, w}.

Lemma 2. Let f € K{z,w} be a polynomial in two variables. Then the pairs
(z,y), such that f(ag,by) = 0, form a Zariski closed subset of F"** defined over
K.

Proof. Denote the degree of f by d. Let V be the K-vector subspace of A spanned
by all monomials of degree < din ay,...,a,,b1,...,bs. Let ey,... e, be a K-basis

for V. Then we can write
n

f(amaby) = Zpl(xay)el I
i=1
where each p; is a (commutative) polynomial in r + s variables with coefficients in
K. Thus f(as,by) =0 if and only if p;(z,y) =0 for every i =1,... ,n. |

Lemma 3. Let fi,..., fm € K{z,w} be polynomials in two variables. Then the
pairs (z,y), such that fi(az,by),. .., fm(ag,by) are F-linearly dependent, form a
Zariski closed subset of F™+* defined over K.

Proof. Let d be the maximum of the degrees of fi,..., fn and let e1,... ,e, be
a basis of the K-vector subspace of A spanned by all monomials of degree < d in
ai,...,ar,b1,...,bs. Then for i =1,...,m we can write

fi(araby) = Zpij(xvy)ej P
j=1

where each p;; is a (commutative) polynomial in r+s variables defined over K. Thus
fi(az,by), ..., fm(asz, by) are F-linearly dependent if and only if the m x n matrix
(pij(z,y)) has rank < m—1. This is equivalent to the vanishing of all m x m minors
of this matrix. Each minor is a (commutative) polynomial in z1,... ,Zp, Y1,.-. ,Ys
defined over K. |

We are now ready to finish the proof of Theorem 1.

Proof of Theorem 1. (a) Suppose the elements

r S
Ay = E u;a; and b, = E v;b;
i=1 j=1

generate a free semi-group in F ®x A for some v = (u1,...,u,) € F", v =
(v1y...,vs) € F* and a;,b; € A. We shall write a, = Y ;_, z;a; € F @k A and
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by =351 Yjbj € F @k Awhere x = (z1,... ,2,) € F" and y = (y1,... ,ys) € F°
as before. Note that if z € K", then a, € A. Similarly if y € K, then b, € A.

Let M, N be distinct monomials in two variables. Denote by X, n the set of all
pairs (z,y) € F"" such that M(ay,by) = N(agz,by). As usual, the set of K-points
of XM7N will be denoted by XM7N(K). That is, XM)N(K) e XM,N NK"ts.

By Lemma 2, X v is a closed subset of F"** defined over K. We want to show
that a, and b, generate a free semi-group for some (z,y) € K""5. Assume the
contrary: for every (z,y) € K"** there exists a pair of distinct monomials M, N
so that M(ag,by) = N(az,by). In other words, K""* is the union of Xy y(K) as
M, N range over the (countable) set of pairs of distinct monomials in two variables.
By Lemma 1, Xy, n,(K) = K"* for some distinct monomials M, and Ny. Since
K"% is Zariski dense in F""* this implies Xy, v, = F"75. In other words,
(ag,by) satisty Mo(az,by) = No(asz,by) for every (z,y) € F""5. This contradicts
our assumption that a, and b, generate a free semi-group in F' ® A.

(b) We use a similar argument, with Lemma 2 replaced by Lemma 3. Suppose

the elements , .
Ay = Zuiai and b, = Z v;b;
i=1 j=1

generate a free Ky-subalgebra of F @k A for some u = (u1,...,u,) € F", v =
(vi,...,vs) € F* and a;,b; € A. As we remarked after the statement of Theorem
1, these elements also generate a free F-subalgebra.

We shall use the symbols a, and b, as above. For d > 1 let Xy € Fmts be
the set of all pairs (z,y) such that the monomials in a,,b, of degree < d are F-
linearly dependent. By Lemma 3, X, is a closed subset of F™*¢ defined over K.
We want to show that a, and b, generate a free K-algebra for some (z,y) € K"*.
Assume the contrary: for every (z,y) € K"* the elements a, and b, satisfy some
non-zero polynomial in two variables. If the degree of this polynomial is d, then
(agz,by) € Xg4. In other words, K"*5 is the union of X4(K) as d ranges over the
positive integers. By Lemma 1, X,,(K) = K"** for some integer n. Since K"*¢ is
Zariski dense in F"** this implies X,, = F" 1. That is, for every (z,y) € F"T* the
elements a, and b, satisfy some polynomial of degree n over F'. This contradicts
our assumption that a, and b, generate a free subalgebra of F ®p A. |

ACKNOWLEDGMENT

The author would like to thank G. Bergman and L. Makar-Limanov for bringing
Conjecture 1 to his attention and N. Vonessen for helpful comments.

REFERENCES

[L1] L. Makar-Limanov, On free subsemigroups of skew fields, Proc. Amer. Math. Soc. 91 (1984),
189-191. MR 85j:16022

, On free subobjects of skew fields, Methods in Ring Theory (F. van Oystaeyen,
ed.), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., vol. 233, Reidel, Dordrecht, 1984, pp.
281-285. CMP 17:06

[LM] L. Makar-Limanov and P. Malcolmson, Free subalgebras of enveloping fields, Proc. Amer.
Math. Soc. 111 (1991), 315-322. MR 91£:16023

K] A. A.Klein, Free subsemigroups of domains, Proc. Amer. Math. Soc. 116 (1992), 339-341.
MR 92m:16045

(L2]

DEPARTMENT OF MATHEMATICS, OREGON STATE UNIVERSITY, CORVALLIS, OREGON 97331
E-mail address: zinovy@math.orst.edu



