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ABSTRACT. Let 0 < p,q,7 € Rip+2r < (1 + 2r)q, and 1 < ¢q. Furuta
(1987) proved that if bounded linear operators A, B € B(H) on a Hilbert
space H (dim(H) > 2) satisfy 0 < B < A, then (A"BPA")Y/2 < Ap+2r)/q,
In this paper, we prove that the range p + 2r < (1 + 2r)q and 1 < g is best
possible with respect to the Furuta inequality, that is, if (1 4+ 2r)q < p + 2r
or 0 < q < 1, then there exist A, B € B(R?) which satisfy 0 < B < A but
(ATBP AT/ & A0H2r)/a,

Let A, B be bounded linear operators on a Hilbert space H with dim(H) > 2.
Furuta ([1]) proved the following interesting inequality.

Proposition 1 ([1]). Let 0 <p,q,r € R and A, B € B(H) satisfy 0 < B< A. If

(1) p+2r<(1+2r)g and 1<gq,
then
(2) (ATBP ATV < Alpt2n)/a,

This inequality (2) is an extension of the Lowner-Heinz inequality ([2], [3]), and
many applications have been developed recently.

Proposition 2 ([2], [3]). Let A, B € B(H) satisfy 0 < B< A. If 0 <p < 1, then
BP < AP,

Furuta calculated many matrices, so the range (1) has been regarded as best
possible. In this paper, we prove that the range (1) is indeed best with respect to
the Furuta inequality, that is, if (1 + 2r)g < p+ 2r or 0 < g < 1, then there exist
A, B € B(R?) which satisfy 0 < B < A but (A" BPA")'/9 £ AP+21)/a,

We prove the following theorem to show the best possibility of the range (1).

Theorem. Let 0 < p,q,r € R. If (14+2r)g <p+2r or 0 < q <1, then there exist
A, B € B(R?) with 0 < B < A which do not satisfy the inequality

(2) (AerAr)l/q < Alp+2r)/a.

Proof. We will consider

B a ela—b—19)
3) A_< ela—b—20) b+e+6 )
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and
1 0
) B‘(o b)
where
(5) O<b<l<a, 0<eg 0<é, e(1-0)<6b(a—1+e¢).

Since 0 < B < A is easy, we must prove that A and B do not satisfy the
inequality (2) for some a,b,e,6. We will define ¢ as a function of ¢ and prove that
A and B do not satisfy the inequality (2) by letting ¢ — +0.

Let
y=a—-b+e—-9
and
b (T
A\ VE —va-b=3
Then U is unitary and
U*AU—Cng bi&)'

Assume A, B satisfy (2). Then
(U*ATUU*B;DUU*ATU)I/Q < (]*14(17-i-2r)/q(]7

hence
(6) y/a @1 ﬁ?))l/q < <(a +e)rran/a 0 )
3 As 0 (b4 6)Pt2r)/a

where

Ay =(a+e)?(a—b—6+ebP),

Ay =(b+6)* (e +bP(a — b —6)),

As=(a+¢)"(b+06)" (1 —-b")\/e(a—b—9).
Let

= (1 4
and
Ve (A A
VAL = Ay +2e1 e VA - Az +er

where

261 = _Al —+ AQ —+ \/(Al — A2)2 =+ 4A§
Then V' is unitary and

VDV = <A1+81 ’ )

0 A2 — €1
Hence, by (6),

v/ (Ay +e1)t/e 0 < 1 B1 Bs
0 (Ag —e)V/9) = Ay — Ay + 251 \Bs Bo
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where

By =(a+&)PT2/9(A; — Ay +&1) + (b4 6)PT2)/ g

By =(a +¢&)PT2/ag) 1 (b4 6)PH2/9(A; — Ay +€1),

Bz =((a +¢&)Pr20/4 _ (p 4 §)PT27/9) /e, (A} — Ay + &1).
Hence

= (A — Ag +2e)){(a +&)PF2V/a (b 4 §)PHI/U( A — Ay + &1 + 1)y
— (a4 )P/ ayla(A] — Ag 4 1) (Ag — 1)1
— (b+6)PH2/an1 g (Ay — 1)1 a

— (a4 )P/ aytag (A) + 1)1

— (b4 &)PH2/a V(A — Ay + 1) (A) + 1)1

+ (AL — Ay te1 +e1)(Ar +e1)V (A — 1))

= (A1 — Ay + 260){(A1 — A + 1) ((a 4 &) P2/ 0510 _ (A) 4 1)M9)
x ((b+ 5)(p+2r)/471/q —(Ay — 51)1/q)
+er((a+e)PrEayl/e — (4 —eq)V9)
X (b4 8)FFEN/ay 1T — (Ay 4 £1)!/7)}.

Since 0 < A; — As + 2e1, we have the following key inequality

e1((a + 5)(p+2r)/q71/q — (4 — 51)1/11)((/11 + 51)1/11 —(b+ 5)(p+2r)/q71/q)
(7) < (Al — Ay + 61)((@ + E)(p+2r)/q,yl/q — (Al + 61)1/q)
x ((b+ 8)P+2/anlla _ (A, — )/,

Now we estimate each term of the inequality (7) as far as order of € and 6. o
means o(e) or o(6), i.e., 2,5 — 0 (g,6 — +0).

Then
2r bP -1
_2r _
A1 =a""(a b)<1+<a+ _b)6—|— _b6—|—0),

1 2r 1
p— p+2T _— e ——— - — T
Ay =b (a b)<1+bp(a—b)g+<b a_b>6+o),

2r 2r 1
2 _ 2rp2r _ _ 1p\2 = - _
A =a""b""(a — b)(1 b)£<1+a8+<b a_b>6+0>,

! 142
€1 —§(A1—A2) <—1+ 1+m>

:M (1_|_ 9)

a2r _ bp+2r €
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(b+ 5)(P+2T)/q71/q =(a — b)l/qb(p-i-?r)/q

1 1 (/p+2r 1
14— et - - 5
X( +Q(a—b)€+Q< b a—b) +0>’

(Ay — 1)V =(a — b)Y/ apP+2r)/a
« (14 2a*" — a®"bP — b*" N CLNE T PO
q(a —b)(a?" — bp‘”r)E g\ b a—b o)
(b+ 6)PF2)/a1a _ (Ay —g))1/4

—(1=)(a* —-b*") pb o
— (q — p\apr2n /e [ = ps o
(a=b) c q(a — b)(a?" — bp+2r) + qgbe + e)’

Ay — Ay + &1 = (a—b)(a® — bPT2) (1 + g) )
(a4 &)+ ayt/a (A, — )9 = (q — b)/9(qP+2r)/a _ po+2r)/a) (1 4 g) 7
(A1 + )9 — (b+ 8)PH2N/a1/a — (q — p)L/a(g2r/a _ pp+2r)/a) (1 4 g) 7
and
(a + E)(p+2r)/1171/11 — (A + El)l/q =(a— b)l/qa2T/q(ap/q —1) (1 + g) )
Then, by (7),
a2 b2 (1 — bP)2(aPH2r)/a _ pok2n) /) (g2r/a 20 a) (1 + 3)
€
®) < @/ P2/ — b)(a® — BT (aP/1 — 1)
_ _hp 2r _ p2r
( (1= bP)(a® — b*") p§+0>.

gla—b)(a® —brF2) " gbe e
We remark that

... 0 .. 1-0 1-0b
liminf — > lim inf = ,
e,6—4+0€ egbé—4+0a—1+¢ a—1

and the minimum of the right term of inequality (8) in which ¢,6 — +0 will be
realized if g = i—:ll’.
Define
1-0
a—1

E.

Then, by letting ¢ — +0, (8) becomes
q(1—a™H)(1 = P)2(1 — aP2/app+2r/ayq — g=2r/ap2r/a)
< @?rla=D/app+2r)/a=2r=1(1 _ ¢=2rpp+2ry(1 — =P/9)
x {p(1 = b)(1 —a~'b)(1 — a2 pPT2r)
—b(1—")(1—a " H(1 —a b))}
If 0 < ¢ < 1, by letting a — co, we have
0<q(l—-0b")?<0.

This is a contradiction.
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Also if (1 4+ 2r)g < p+ 2r, by letting b — +0, we have
0<q(l—at)<0.

This is a contradiction. |

APPENDIX

There are more simple examples A, B € B(C?) in case of (1 + 2r)q < p + 2r.
First of all, we make the following remark:
Let a,b,d,0 € R satisfy 0 < a + b, ab = d?, and

a de "
5= (dew b )

SP = (a+Db)P~1S for 0 < p.

Then

As a matter of fact, if we put a unitary

U— 1 de=" b
- /7b2+d2 b _deie )

then we have

" _(fa+b O
s (1509,

and so

(a+b)? 0

jZ— * prr* _—
S—U(USU)U—U< 0o

) U* = (a+bP LS.

Now we explain simple examples A and B. Let 0 < ¢ < 1,0 € R,

e 2 2,/c(1 — c)e??
-\ 2y/c(1 —c)e™ 4c ’

1 0
5= (3 0)
Then we have 0 < B < A. We prove that A and B do not satisfy (2). Let

Vo (J?eie _\/ée_w> |

and

Then V is unitary and

VAV — <2+2c O).

0 2c
Note that (2) holds for A and B if and only if
(V*AV)"V*BPV(V*AV)")V9 < (V= AV) P2/,
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By the preceding remark, the latter is rephrased as

( @+207(1—c)  —(2+20)7(2) /el - c)e_i9> Y
—(242¢)"(2¢)"y/c(1 — c)e'? (2¢)?"c
_s ( (24 2¢)* (1 —¢) . —(2+2¢)"(2¢)"/c(1 — c)e_w)
—(242¢)"(2¢)"/c(1 — c)e®? (2¢)%"c
< ((2 + 20)0(17—0-27“)/4 (2c>(p(l%)/q)
where

§=((2420)% (1 —¢)+ (20)¥ )L,

Hence
0 < ((2 +20)PH2/0 _ §(2 4+ 2¢)2" (1 —¢)  6(2+2¢)"(2¢)"\/c(1 — c)e_m)
- 8(2 4 2¢)"(2¢)"\/c(1 — c)e?? (2¢)(P+2r)/a — §(2¢)%"c

By taking the determinant of the right matrix,
0 <((242¢)PT27/0 _ §(2 +2¢)%"(1 — ¢))((2¢)PT27/0 — §(2¢)%"¢)
— 632+ 20)*(2¢)*"¢c(1 — ¢).

Hence
8(2 4 2¢)PF20/9(26) ¢ 4 §(2 4 2¢) (2¢)PH2/9(1 — ¢)
< (24 2¢)PF2)/a(90)PH2) /4
and
5(2+ 20)(p+2r)/q22r +6(2+ 20)2T2(p+2r)/qc(p+2r)/q—2r—1 (1-c¢)
<(2+ 20)(p+2T)/q2(p+2r)/qc(p+2T)/q—2T—1'
Since
0<2F2 oy

q
by letting ¢ — +0, we have
0 < (22r>1/q—12(p+2T)/q22r S 0

This is a contradiction.
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