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ABSTRACT. In this paper we present an example of an anticonformal automor-
phism whose square has prime order and is not embeddable. We prove that
every embeddable automorphism of odd order of a compact Riemann surface is
the square of an orientation-reversing self-homeomorphism. Finally we study
whether a conformal involution is the square of an orientation-reversing auto-
morphism.

A smooth surface embedded in R? inherits a conformal structure from R3. A
Riemann surface is embeddable if it is conformally equivalent to a smooth sur-
face which is embedded in R3. It has been shown that every Riemann surface is
embeddable (see [G] and [R1]). If X is a Riemann surface and f is a conformal
automorphism of X, we say that f is embeddable when there is a conformal em-
bedding d : X — R3 such that dfd~! is the restriction of a rotation. R. A. Riiedy
[R2] has given necessary and sufficient conditions for an automorphism to be em-
beddable. In [Z1], using [R2], it is claimed that an automorphism of prime order
of a compact Riemann surface is embeddable if it is the square of an anticonformal
automorphism. In this paper we present an example of an anticonformal automor-
phism whose square has prime order and is not embeddable. Therefore Theorem
1 of [Z1] is not valid. Theorem 1 has been used in [Z2] and [Z3], leading to some
mistakes which were later corrected in [BC] and [Y]. We also give an alternative
proof of Theorem 2 of [Z1] asserting that every embeddable automorphism of odd
order of a compact Riemann surface is the square of an orientation-reversing self-
homeomorphism. Finally we study whether a conformal involution is the square of
an orientation-reversing automorphism.

Let f be a conformal automorphism of prime order of a Riemann surface X and
Fix(f) be the fixed point set of f. Given a point p € Fix(f), there exists a chart
(U,¢) on X such that ¢(p) = 0 and ¢fp~1(2) = zexpia. Now a = aff,p) is
unique up to a multiple of 27, and it is independent of the choice of the chart. We
normalize « by requiring —7 < a < 7.

The following remark will be very useful.

Remark 1. If the genus n of X satisfies n > 1, then there is a surface fuchsian
group A uniformizing X and a fuchsian group A containing A such that X/f can
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be uniformized as orbifold by A. If f has order r, then there is a monodromy
epimorphism w : A — Z, = A/A.

Assume that r is prime; then the group A has signature (¢';[r,r,...% ... 7]).
Let x1,..., x5 be the elliptic elements of a canonical generator system of A. The
fixed point of the elliptic transformation x; projects by D — X = D/A on a fixed
point of f that we shall call p;, i =1,...,s. Then a(f,p;) = a(f,p;) (respectively
a(f,pi) = —a(f,p;)) if and only if w(z;) = w(x;) (resp. w(z;) = —w(z;)). A
similar remark applies in the cases n = 0 and n = 1, replacing the fuchsian groups
by spherical or euclidean crystallographic groups.

Example. Let I’ be an NEC (non-euclidean crystallographic) group with signature
(see [M])

(L; =, 5,5),{-1}),
which means that I" acts as a discrete group of conformal and anticonformal trans-
formations of the complex disc D and D/T is a nonorientable 2-orbifold of genus
1 with two conic points having isotropy group of order five. The group I' has a
canonical presentation of the form
(d, 21, z0; 25 = 25 = 1, d*v129 = 1).

Let 6 : T' — Zjo be the epimorphism given by 6(d) = 1,0(z1) = 2, and 6(z2) = 6.
The Riemann surface X = D/ Ker 6 has an anticonformal automorphism g of order
10 such that g acts as 6=1(1) on D/ Ker §. The conformal automorphism f = g2
has four fixed points, and the orbifold X/f is uniformized by 6=1({2)). Hence
the monodromy epimorphism for the branched covering X — X/ f is given by the
restriction of § to 71({2)). A canonical presentation of §71((2)) is

(21,22, (x5 1) (27 ) E 2122 (2 ) 2 )?

= ]_7
o} =a3 = ((237)")° = ((221)9)* = 1).
Since 6(x1) # O(z2) and 6(x1) # —0(x2), if p1 and ps are the projections by
D — X = D/Ker 6 of the fixed points of z1 and x2 respectively, then |a(f,p1)| #

|a(f,p2)|. Thus by [R2] the automorphism f is not embeddable.
The following theorem is a consequence from [R2].

Theorem 1. Let X be a compact Riemann surface with an anticonformal auto-
morphism g of order 2r with r prime. Then f = g2 is embeddable if and only if

la(f,p)l = la(f,q)| for any two fized points of f,p, and q.

Proof. Let g be an anticonformal automorphism g of order 2r with r prime. Since
r is prime, then Fix(f) = Fix((f)). If p is a fixed point of f, then g(p) is also fixed
by f, so f has an even number of fixed points. Assume that p is a fixed point of f.
If (U, $) is a chart on X such that ¢(p) = 0 and ¢f¢p~!(z) = zexpia and c is the
conjugation in C, then (g(U), 1 = c¢g~!) is a chart on X such that ¢(g(p)) = 0 and
Y[~ H(z) = zexpi(—a). Hence a(f,p) = —a(f,g(p)) or a(f,p) = a(f,g(p)) = .
Thus the only condition of the Theorem of [R2] that f must satisfy in order to be
embeddable is |a(f, p)| = |a(f, )| for any two fixed points p and q.

The following theorem was proved by R. Zarrow in [Z1]. Here we give an alter-
native proof. O

Theorem 2. Let X be a Riemann surface and f be an embeddable conformal au-
tomorphism of odd order of X. Then f is the square of an orientation-reversing
self-homeomorphism of X.
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Proof. Suppose that f is an embeddable conformal automorphism of odd order r.
By the Theorem of [R2] the points of Fix(f) can be distributed in pairs (p;, p})
such that a(f,p;) = —a(f,p}). Assume that X has genus n > 1 (the cases n =0
or n = 1 are treated similarly, replacing the hyperbolic crystallographic groups by
euclidean or spherical crystallographic groups). Let A be the group that uniformizes

the orbifold X/f and x1,...,zs,2],...,2. be the elliptic elements of a canonical
presentation of A. Let w : A — Z, be the monodromy epimorphism of the covering
X — X/f which satisfies w(z;) = —w(z}) for ¢ = 1,...,s by hypothesis (see

Remark 1). Let n* be the genus of A. Let I' be an NEC (euclidean or spherical
crystallographic) group with signature:

(n's 4505 (=) F (),

where (n', k) = (n*/2,1) if n* is even and (n’, k) = ((n* — 1)/2,2) if n* is odd.

Let (a1,b1,...,an, byt oo 2% c1yin Cpyen, .. e (@) = - = ()" =
Le? =1, eiciei_l =c, i =1,....ka1,b1] ... [an, b/ ]z} - - 2¥e; - e, = 1) be
a canonical presentation of I'. Let j : Z, — Zs, be the inclusion given by the
multiplication by 2. Let § : ' — Zs, be the epimorphism defined by 6(a;) =
O(b1) = -+ =0(an) =0(bp) =0,0(c;) =ri=1,...,k 0(er) = j(— D0 w(zs)),
Ole;) = 0,1 =2,...,k and 0(zf) = j(w(x;)), @ = 1,...,s. Then the surface
X’ = D/ Ker 6 has an anticonformal automorphism ¢’ such that ¢g’?> and f have the
same order and the same valencies on the branched points of the natural projections
X' — X'/g"* and X — X/f. By the Equivalence Theorem in Section 11 of [N], g
and f are topologically equivalent, i.e. there is a homeomorphism h : X — X’ such
that f = h=1¢g’2h. Thus g = h~1'¢’h is the orientation-reversing homeomorphism
that we are looking for.

By [R2] every conformal involution of a Riemann surface is embeddable. The
following result shows that not every conformal involution is the square of an
orientation-reversing self-homeomorphism. O

Theorem 3. Let X be a Riemann surface of genus n and f be a conformal (embed-
dable) involution of X with 2s fixed points. Then f is the square of an orientation-
reversing self-homeomorphism if and only if n + s = 1 mod 4.

Proof. Assume that f is the square of an orientation-reversing self-homeo-
morphism g of X. There is a Riemann surface X’ and an anticonformal automor-
phism ¢’ such that there is a homeomorphism h : X — X' satisfying ¢’ = hgh™!
(see for instance [GM]). Assume that X has genus n > 1, and let I be the NEC
group that uniformizes the orbifold X’/¢’ (see [S]). Since the order of ¢’ is 4, the
orbifold X’/¢’" has no boundary (see [BC] or [Y]). Then the group I' has signature

(n*,—,12,...% ..., 2], {-}).
Assume that
(diy.ooydpe, @l xts (@) = = (@)? =1,d3,...,d>2}---2f =1)
is a canonical presentation of I', and let 6 : I' — Z,4 be the monodromy epimorphism
of the covering X’ — X'/g’. Since X/f is orientable, then 6(d;) = 1 or 3 and
0(d3) =2,j=1,....,n" As O(z}) =2,i=1,...,s, and 0(d3,...,dp.x} ---2%) = 0,
then n* 4+ s must be even. Thus by the Riemann-Hurwitz formula we have that

n+ s =1mod 4. (When the genus g of X satisfies n < 1, the proof is the same,
taking for I the corresponding euclidean or spherical crystallographic group.)
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Suppose that f is a conformal involution of X. Assume that X has genusn > 1
(the cases n = 0 or n = 1 are treated similarly, replacing the hyperbolic crys-
tallographic groups by euclidean or spherical crystallographic groups). Let A be
the group that uniformizes the orbifold X/f and w1,...,xs, 2}, ..., 2} be the el-
liptic elements of a canonical presentation of A. Assume that A has genus m in
its signature. Let w : A — Zy be the monodromy epimorphism of the covering
L:X — X/f. Let T be a NEC (euclidean or spherical crystallographic) group
with signature

(m+1;—02,..5...,2;;{-})
and

(dl,...,dm+1,x’{,...,xz;(x*{)2 =... = (96*5‘)2 =1,

2 2 * *
di,....dy 2] -x5 =1)

m

be a canonical presentation of I'. By the Riemann-Hurwitz formula the condition
n+s =1 mod 4 is equivalent to m+ s =1 mod 2. Then we can define 0 : I" — Zy4
by 0(dy) = -+ = 0(dmy1) = 1 and 6(zF) = 2, ¢ = 1,...,s. Hence the surface
X' = D/ Ker  has an anticonformal automorphism ¢’ such that g’? is topologically
equivalent to f (see the Equivalence Theorem in Section 11 of [N]), i.e. there is a
homeomorphism h : X — X’ such that f = h~'¢’?h. Thus g = h~'g’h is the
orientation-reversing self-homeomorphism that we need. O

Remark 2. There exist Riemann surfaces admitting a conformal automorphism
which is the square of an orientation-reversing self-homeomorphism but not the
square of an anticonformal automorphism. The construction of such examples is
easy using maximal NEC groups (see [BCF]).
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