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A NOTE ON THE WEIGHTED NORM INEQUALITY
FOR THE ONE-SIDED MAXIMAL OPERATOR
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(Communicated by J. Marshall Ash)
ABSTRACT. Let M; be the one-sided maximal function. In this note we obtain
some necessary and sufficient conditions in order that the weighted weak type

inequality holds for Mng . Meanwhile, some necessary or sufficient conditions
for the weighted inequality for Mg+ are given.

1. INTRODUCTION

Given a positive and locally integrable function g on the real line R, the one-sided
maximal function M} is defined by

z+h
/ Lf(W)lg(y) dy

for f € L (g9(z)dz), where g(z,x + h) = fm+h (y) dy.
Symmetrically, the left maximal function Mg~ can be defined in the obvious way.

+ —
e M) = e

Recently, weighted inequalities for the operators M, T and M have been exten-
sively studied (see [9], [6], [5], [4]). In this note we w111 characterlze the pairs of
weights (w,v) such that M (or M) is of weak type (1,q) with 1 < g. Secondly,
we will give a necessary condition on the pairs (w,v) in order that the weak type
(p, q) inequality with 0 < p < ¢ < oo holds for M (or M, ) with respect to the
measures wdx and vdz. This result shows that most weight functions do not verify
the weighted weak type (p,q) inequality when 1 < p < ¢ < co. In the case of
1 <pand 0 < g < p we will introduce a B; (p,q) (or By (p,q)) condition and prove
that this condition is sufficient for the weak type (p,q) inequality and necessary
for the strong type (p, q) inequality for the operator M, (or M, ). Finally, we will
prove analogies of Sawyer’s theorem in [10] and Verbltsky s theorem in [11]. They
characterize the weak type (p, q) inequality when 1 < p < co and 0 < ¢ < p.

Throughout this paper, w and v always are weight functions by which we mean
nonnegative measurable functions taking values in [0, oo]. For a given weight w and

measurable set E, w(E) = [, w 5 w(x) dr and xg(r) denotes the characteristic function
of E. Particularly, |E | is the Lebesgue measure of F and w((a,b)) is written by
w(a,b). For p > 1, let p’ = -£5 be its conjugate index, and we adopt the usual
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conventions for multiplication in [0, 0o], namely, oo -t =t - 00 = oo for 0 < t < oo,
0-co=00-0=0,00"'=0and 07! = 0.

Now we state our results. We just present our theorems concerning M, (;" , since
their counterparts for M~ can be obtained similarly.

Theorem 1. Suppose 1 < g < 0o. Then the weak type (1,q) inequality
(1.2) (Mw({z € R: M f(x) > A < C’/ |f(z)|v(x) dx
’ R

holds for all X > 0 and measurable f, if and only if (w,v) € A¥(1,q), that is,

(1.3) sup <w(a,—b)1/‘1 esssup (Q)) =A< 0.

a<b<c g(a,c) ze(b,e) U
Moreover, for the best constants A and C, we have A < C < 4A.
Remark 1. The good weights for the weak type (p,p) inequalities (p > 1) were
1

p
established in [6], [9] and [5]. However, in those articles the condition Af(1,1) was
represented by
(1.4) M, (E) (x) < CM for a.e. z € R.

g g(x)
Later on, in [4], we established the weak type inequalities for M, ;‘ in Orlicz classes.
In the particular case of 1 < p < ¢ < oo we obtained the A; (p, q) condition, i.e.

1/q 1/p’
w100 10(b.c)

=A< o0,
a<b<lc g(a7 C)

where o = gPlo!P'. Our A7 (1,q) condition can be considered as the limiting
case of A; (p,q) as p — 1. Furthermore, it has an extended version in the case
0 < ¢ <p=1 (cf. Theorem 4). This sort of Af(1,q) conditions for M are new in
the literature, although the parallel conditions for usual Hardy-Littlewood maximal
operator are well known.

Theorem 2. Let 0 < p < ¢ < 0o and (w,v) is a pair of weight functions. Suppose
the weak type (p,q) inequality

1/p
(1.5) (Mw({z € R: M f(z) > A})H1<C (/R | f(@)[Po(z) dzr)

holds for all A > 0 and measurable f. Then we have:
(i) For a.e. x € R, either w(z) =0 or v(z) = 00 if p < q.
(ii) There exists a constant B such that

(1.6) w(z) < Bu(z) a.e z€R

if p = q. Moreover, B < (2C)? for the best constants B and C in (1.6) and (1.5)
respectively.

Remark 2. Theorem 2 indicates that if v is finite a.e. (e.g. locally integrable) and
p < ¢, then the weight w must be zero a.e. But, the Al (p,q) (1 < p < ¢ < o)
always contain nontrivial pairs of weight functions, i.e. neither w(z) = 0 nor v(z) =
oo. Here we shall give an example.
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Example 1. Since g is locally integrable, there exists M > 0 such that
|E| = [{z € R: g(x) < M}| > 0.

Choose an interval (a1, a2) satisfying |(a1,a2) N E| > 0, and fix a3 < a4 < a1
arbitrary. Let w(r) = X[a4,a4)(7),v(x) = 1 for € (a1,a2) N E and v(x) = oo
elsewhere. Then (w,v) € Af(p,q) for all 1 <p < ¢ < oco.

Indeed, we only need to verify the Af (p, q) conditions for a < b < ¢ with (a,b)
(as,aq4) # @ and (b,c) N (a1,a2) # F. In these cases, it is obvious that g(b, ¢)
g(z)

glas, a1),w(a,b) < as —as,o(b,¢) < MP (ag —ay)(p > 1) and €SS SUP ¢ (p,c) Ugm)

INTV D

M(p =1). Then the conclusion follows easily.

Definition 1. Suppose 1 < p < oo and 0 < g < p. We say that a pair of weight
functions (w,v) € By (p,q) if

RS
VY5 (b, e )1/P
(1.7) Z wlag, b)) olb;. ;) <B<oo (whenp>1),
- 9(aj,¢;)
/ RS
- p)L/a
(1.8) Z wiag,by) 1 ess sup <M> <B<oo (whenp=1)
j g(a’j7 c]) z€(bj,cj) 'U(:L')
for all sequences {(aj,c;)} of pairwise disjoint intervals and b; € (a;,c;). Where
0= 0gup = g?'v'?" and 1= % - 11—). We shall keep these notations throughout
this paper.

Theorem 3. Suppose 1 < p < 00, 0 < ¢ < p and (w,v) is a pair of weight
functions. If (w,v) € B; (p,q), then the weak type (p,q) inequality (1.5) holds for
all X > 0 and measurable f. Moreover, for the best constants B in Definition 1 and
C in (1.5) we have C < 221/ B,

On the other hand, if the strong type (p,q) inequality

wo ([ s ) Moo ([ 1r@poa) "

holds for all measurable f, then(w,v) € B (p,q) with B < C.

Remark 3. We will give some examples of B;‘ (p, q) functions, which shows that the
B (p, q) condition is not sufficient for the strong type inequality.

Example 2. Suppose (u,v) € A7 (p,p)(p > 1). Choose € R with u(Q) < ooc.
Let w = uxq. Then (w,v) € B (p,q) for all 0 < ¢ < p.

Example 3. Choose Q2 C R bounded. Let w = g, and v = g on 2 and oo elsewhere.
Then (w,v) € Bf (p, q) for all 1 < ¢ < p. Particularly, setting g = 1 and Q = [0,1],
we obtain a simple example which satisfies B/ (p, 1) (therefore the weak type (p,1)
inequality), but the function f = xq causes the strong type (p, 1) inequality to fail.

For ¢ > 1, an example follows from the corresponding example given by Muck-
enhoupt in the case p = ¢ = 2 (see [7], p. 218).
Example 4. Set ¢ = 1. Let w(z) = zlog(—x) on [—3,0) and 0 elsewhere, and
v(z) = 22 (log(—x))* on [~3,0) and oo elsewhere. Then (w,v) € B, (3,2), but the
function f(z) = —X[_%)O)(x)/(x log?(—x)) violates the strong type (3,2) inequality.
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Definition 2. Suppose 1 < p < oo and 0 < g < p. For every (a,b) C R, let

w(a, b)/Po (b, c)t/¥’
Pla,b) =SUD
c>b g(a7c>

Pa,b) = SUP LICLIIW sup (@) (p=1).

c>b g(a,c) z€(b,c) ’U(ZE)

Define @({E) = ép)q)w,v(w> = Sup{p(a,b)X(a,b) (:I">}

(p>1),

Theorem 4. Suppose 1 < p < 00 and 0 < g < p. The following statements are
equivalent.

(i) The weak type inequality (1.5) holds.

(ii) There exists a constant B > 0 such that for every sequence {(a;,b;)} of
pairwise disjoint (aj,b;) and c; > b; arbitrary, the inequality

» ) 1/p
9(aj,¢;)
w | J(a;,b5) <B Z(W) vy
J . a

or

1/q ( )

glaj, c;
o (Uanby| <BY - (p=1)
: ; esssupwe(bj,cj)(%)

holds.

(iii) The function ®(z) defined in Definition 2 is in L™ (w), i.e.

19l e,00 = 5D Xan({]@()| > APY" < 0.
A>0

Moreover, for the best constants B and C' we have
277 @ oo, < B < C < (@7 0w + 49V

In spite of Theorem 4, Theorem 3 is still worthwhile, because the B; (p,q) con-
dition is more convenient in applications. For instance, it is not easy to test Exam-
ples 3 and 4 by condition (ii) or (iii).

Remark 4. The equivalence between (i) and (ii) holds even for arbitrary 0 < ¢ < oo,
and this is a Sawyer’s type characterization for the one-sided maximal function (cf.
[10]). The condition (iii) is a Verbitsky’s type condition (cf. [11]). However, the
case of p =1 is new and the proof is new.

2. PROOFS OF THE THEOREMS

Proof of Theorem 1. Necessity. The argument is based on the following elementary
fact about the weak type (p, q) inequality (1.5).

For every a < b < ¢ and measurable set S C (b, ¢), it follows from the weak type
inequality (1.5) easily that

(2.1) 9(5) w(a,b)? < Cv(8)/?,

on setting f(z) = xs(x).
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Given —oc0 < a < b < ¢ < oo, without loss of generality, we may assume
0 < esssup,e(p) (%) < 00. Then 0 < oy, b,e) = a = essinfrep,e)(§) < 0o. Let
A > a. It is obvious that

[Sy| = er (b,c): V(@) <)\H > 0.

It follows from the inequality (2.1) that

w(a,b)/? _ L u(Sy)
<C < CA
g(a,c) 9(Sx)
Letting A — «, we get
w(a,b)/
2.2 ——— < Ca.
(2.2) gaa =

Sufficiency. We may assume that f > 0 is bounded and has compact support.
Let A > 0 and Qy = {z: M f(z) > A}. It is well known that (see [6]) Q\ =
U;(aj,b;) where the intervals (a;, ;) are bounded pairwise disjoint and

(2.3) S b / f(x)g(x)dz for every x € [aj,b;).

Following the idea used in [5], we set x =a; and x € (aj, bj) such that

/I,:f(l") df*—/ fla (k=1,2,...).

Then {xf}k is increasing, limy_, xj =b; and

k+2
(2.0 re e [ gt d
) < z)g(z) dz.
oG ) Josen

Then we have
_ k k+1
=)D Nuw(af, 2]

J k=0
k+1 zht2

<y y ! ;f’ kj-f-2) (/w fg) (by (2.4))

7 k= 0 9(z], 75
k+1)

g 2\ 4

q J’ Wiy, Ty ) 9 J

oy SR e (9) (/1 )
z; z; T ;

JkOgJ’J ze

<(4A)? ZZ (/ v) (by A;(l,q) condition (1.3))

7 k=0

< <4A / F(@)o() da:)

This completes the proof of Theorem 1. O

Remark 5. The necessity of Theorem 1 is still true when 0 < ¢ < 1. An immediate
consequence is this: if the weak type (1, ¢) inequality holds for M, g"’ with respect to
(w,v) and esssup(, (%) = 0o, then w(x) = 0 a.e. x € (—00,a).
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Proof of Theorem 2. The result is derived from the following propositions.

Proposition 1. Suppose weak type (p,q) inequality (1.5) holds for given 0 < p,
q < oo. If w is not locally integrable, then there exists a € [—00, 0] such that w is
locally integrable on (—oo,a) and v(x) = o0 a.e. x € (a,00). On the other hand, if
v(z) =0 on S with |S| > 0, then there exists b € [—00, 00] such that w(x) =0 a.e.
x € (—00,b) and v(z) > 0 a.e. x € (b,00).

Proposition 2. Under the same conditions as those in Theorem 2, suppose v(x) >
0 a.e. and w(x) is locally integrable on an interval (a,b). Then we have

(i) For a.e. x € (a,b), either w(z) =0 or v(x) =0 if p < q.

(i) w(z) < (2C)Pv(x) a.e. x € (a,b) if p = q. (Where C is the best constant in

(1.6).)
Proof of Proposition 1. Let
E = {z € R: there exists § > 0 such that w(z — 6,z + §) < 0o}

and put a = inf{ R\ E}. It is obvious that w is locally integrable on (—oo,a).

Meanwhile, for a < ¢ < d and measurable S C (c,d) arbitrary, there exists
e € R\E with a < e < c. It follows from the definition of R\E that w(e—§,¢) = oo
for any ¢ > 0. Hence the inequality (2.1) shows that v(S) = oo, which implies
v(z) = 00 a.e. T € (a,00), since S C (¢,d) and (¢,d) C (a,00) are arbitrary.

In order to prove the rest, we set E = {x € R: v(z) = 0}. Let
b= esssup(I(z)x3(2))

where I(z) = z. For every z < b, we have |E N (z,b)| > 0. Then the inequality
(2.1) implies w(x1,z) = 0 for all x; < z. The required conclusion follows. O

Proof of Proposition 2. In order to produce a contradiction to (i) we assume that
there exists a constant M > 0 such that

B = er (a,b): w(z) > %,v(x) <M}‘ > 0.

Write vg(z) = v(x)xg(x), then vy is locally integrable. Choose zg € E being a
Lebesgue point of g(z), w(z),vg(x) and a point of density of E.

Since xg is a point of density of E, for every positive integer n, there exists a
h,, > 0 such that
1 - |E N (xg = hn,xo + hy)|

1- =
n 2h,

and h,, — 0 as n — oo. For these h,, we have

<1

1 <|Eﬂ (o — hn,x0)| n |E N (zo,z0 + hn)|

1—
n 2h, 2hy,
<l n |E N (zg, z0 + hn)|,
-2 2h,,
therefore
1 1 |Eﬂ($0,$0+hn)|
2.5 - — = .
(2:5) 2 n < 2h,
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Let S = E N (zg,x0 + h). It follows from (2.1) that

g(EN (zo,z0 + hn))
9(zo — hn, o + hp)

w(zo — hnp, xo)l/q < Cvg(xo,x0 + hn)l/”.

By use of (2.5) we have

(1 1) ( 2h,, g(E N (x0, 70 + hy)) <w($0 _hn%))l/q

2 n) g(xo— hn, 2o + hn) |EN (20,20 + hn)l h.,

< Chl/r=1/a (UE(%JSO + hn))l/p

Inequality (2.5) shows that the sequence {F N (x, zg+ hy,)} shrinks to zg nicely
(see [8], p. 140). On taking n — oo, it follows from the Lebesgue differential
theorem, more precisely its slightly generalized version (see [8], p. 141), that

—w(zg) < 0.

This contradicts the fact that w(zo) > 4.
Now we prove (ii). For contradiction we suppose

|S] = {z € (a,b): w(z) > (2C)Pv(z)}| > 0.

Write vs(z) = v(z)xs(x). Choose xyp € S in the same way as that in the proof
of (i). Then the same argument as above shows

—w(2)YP < Cu(xo)'/P.
This contradicts the fact that (2C)Pv(xg) < w(xo). O

Remark 6. Tt follows from Proposition 1 that we may assume that w(z) is locally
integrable on R and v(x) > 0 a.e. € R in advance, when we study the weak type
or strong type inequality for the one-sided maximal operator.

Proof of Theorem 3. In order to prove the first part, without loss of generality we
may assume that f > 0 is bounded and has compact support. For A > 0, let
O, (aj,b;) and (xf,xf“) be the same as those in the proof of the sufficiency of
Theorem 1. Then we can write

) =303 Nutab,at)

j k=0
(2.6) _ZZ)‘q 22, 2+ _i_zz)\q 224D g 2k42)
Jj k=0 i k=0

=I+1I, say.
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Suppose p > 1. We shall only estimate term I in (2.6), and the rest is similar.
(2.7)

2 2Ky (a2 N9
WG T )
I <49 ZZ 22k 2R <~/m2,k+1 f9> (by (2.4))

jkOg R

22k g2k 2ht2 a/p
J ’
< q J N A D 2k+1 ,.2k+2y\q/p
497y E 2@, 2 2)q \ Joones fPv oy, 2 )
J

jkOqJ’J

(by Holder’s inequality)

Zi ( 2k x2k+1>1/q0( ?k+17$?k+2)1/p, P
—~ = g($?k7w§k+2>
p2h+2 p/a
Z Z / (by Hélder’s inequality again)
2k+1
Jj k=0
p2h+2 a/p
<amr (X[,
Jj k=0
Thus we get

1/p
(AMw(Qy)9 < 2P 4B </ rpv) .
R

With a few obvious changes (cf. the proof of the sufficiency of Theorem 1) the
foregoing procedure is still available for the case of p = 1. The first part of Theo-
rem 3 is proved.

Now we prove the rest of Theorem 3. Let p > 1. Given {(a;,c;)} pairwise
disjoint and b; € (a;,c;), we may assume 0 < o(bj,¢;) < oo for all j. Indeed, if
o(bj, cj) = oo for some j, which means fR(%X(bj,cj))p,U dx = oo, then there exists
f such that [, |f(zx)|Pv(z)dr and fbcjj fg = oo, which implies M f(z) = oo on
(—00,bj). Therefore the strong type (p,¢) inequality holds only if w(z) = 0 a.e.
x € (—00,b;), and we have w(a;,b;) = 0. Let

wla: b)Y (bs. e )1/d r/p )\ P /P
fi(z) = < (a.5,) URE) ) <&> X(bj70j)(x)

g9(aj, c;) v(z)

and fn(z) = Zjvzl fj(x) for given natural number N. Observe that

1 i
(2.8) M f(x) > 7/ fg forevery f >0 and x € (aj,b;).
g 9(aj, c;) Ju,
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We have
N o as(h o0\
sz<w(ajabj) o(bj, ¢) ) :CP/fN(;z)pv(:r)dx
R

g9(aj, c;)

j=1

p/q
[ 15 tn(erate) o)
R
N cj q p/q
> (Z lfbj ng‘| w(aj,bj)) (by (2.8)).

w(ay,by) | ((wlaz,b;)/%0(by, ;)T T/pa - ‘1
glaj,c;)4 {( g(aj,c;) ) s J>] }

>
’ Tp/q
w aj,bj 1/q0' bj,Cj 1/p
Z(( )10 (b ¢;) )} .

v
N

p/q

9(a;,c;)
This is
N N 1/r
3 (w(ajabj)l/qU(prj)l/p ) <C
= 9(aj, ¢;) -

Letting N — oo, we get (w,v) € B (p,q) with B < C.
Suppose p = 1. Keeping Remark 5 in mind, we assume

0 < fBj = esssup, cj)(g) < oo for every j.
RERRYY

Given A > 1, set E; = {x € (bj,¢): % > %} Then v(E;) < oo and |E;| > 0

which implies v(E;) > 0 (cf. Remark 6 we may assume v(z) > 0 a.e.). Put

o ((wlag b)Y N X, (@)
fj(@_( 9(aj, ¢;) ﬂj) v(E;)

and fn(z) = Zjvzl fj(x). Then

fn(x)v(z) de = iv: <Mﬁj>r

R =

and
q

b Ing 1" o wlag,by) | wlag, b))t N\ g(E))
lg(aj,cj)] w(aj’bj)_g(ajacj)q ( 9(aj, c;) J) v(E;)

= (5) l<w§<b)>/ﬁ) g(affcnrw(aj’b”
(since 9(E;) > % (Ej)>

(N (wlag, b)Y N 11
=) Ciaar) (es=3)
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The argument similar to that used above shows

1/r
N a]7 /q "
5] o
j=1 YRR}
Then we obtain (w,v) € Bf(1,q) with B < C. This completes the proof of
Theorem 3. |

Proof of Theorem 4. We shall prove the theorem only in the case p > 1, since the
necessary modifications for the case p = 1 are indicated in the proof of Theorems 1
and 3.

(i) = (ii) Similarly to the proof of Theorem 3, the condition o(a,b) = oo together
with the weak type inequality (1.5) implies that w(z) = 0 for a.e. x € (—o00,b).
Therefore we may assume that 0 < o(b;,¢;) < oo for all j. Let

-y, )

J

It follows from (2.8) that M, f(x) > 1 on (J(a;,b;) and the weak type inequality
(1.5) yields

w(U(a’J?b] p/q<c/ fPU_CZ( baj,cjl/p )p

(bj, ¢;)
This is (ii) with B < C.

(ii) = (iii) For A > 0, write Ey = {®(x) > A}. For each z € E) there exist
a; < by < c¢; such that x € (ag,b;) and w(a bzll(;i"c(ij’c’”)l/p > \. Then for
arbitrary compact set K C Ey, from {(a., b;)}.cx we can choose a finite subfamily
of open intervals {I;}, which still covers K. By use of the covering lemma in [3]
(Lemma 4.4, p. 25), one can select a finite subsequence {(a;,b;)} from {I;} so that
{(a;,b)} are pairwise disjoint and w(lJ; I;) < 23_; w(a;,b;). For the set {(a;,b;)},
we have

p/q
w Lj)(%bj) <szj:<%) (by (ii))

<BPXTP Z w(aj, b))
J

Thus we get

(K)<w<UIi><22 w(aj,b;) < 2B"A",

which implies ||® || 000 < 2V/"B.

(iii) = (i) Let f, Q and {(z* 7, ;“'1)} be the same as those in the proof of
Theorem 1. In addition, we may assume || g JPv=1. Write
w() =w( N {D(z) > AY7}) + w(Q N{®(z) < A"})

(2.9)
=I+1I, say.
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For item I in (2.9) we have

(2.10) I<w({®(x) > A7) < @7 o0 A7
To estimate II in (2.9), we consider (acgC , x;“'l) having non-empty intersection with

{®(x) < X/7}. Tt follows from (2.4) and Holder’s inequality that

w(w’?,x?“)””a(w?“,x?”)l/”/ /”31'
x

J
k k+2

w(zk, x?"’l)l/p)\ <4
g(xj7$j )

(2.11)

k2 1/p
<o ([
bt
since (x?xlﬁl) N{®(z) < A"} # @. Raising (2.11) to the power of p and then

J
summing it over j and k, we have

(2.12) IT < 4P)\77,
Combining (2.10) and (2.12), we obtain (1.5) with C' < (||®|” ,, ,, + 47)'/9. The
proof of Theorem 4 is complete. O
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