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SELF-SIMILAR SETS IN COMPLETE METRIC SPACES
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ABSTRACT. We develop a theory for Hausdorff dimension and measure of self-
similar sets in complete metric spaces. This theory differs significantly from
the well-known one for Euclidean spaces. The open set condition no longer
implies equality of Hausdorff and similarity dimension of self-similar sets and
that K has nonzero Hausdorff measure in this dimension. We investigate the
relationship between such properties in the general case.

0. INTRODUCTION

In the study of fractal geometry, simple examples arise in the following manner:
Given N contracting similitudes f;, ¢ = 1,..., N, on a complete metric space X
there exists a unique nonempty compact K such that K = Ufil fi(K), a so-called
self-similar fractal. The first observation in Euclidean spaces X = R? is that the
similarity dimension « and the Hausdorff dimension of K (all terms are made precise
in §1) coincide if the “pieces” f;(K) are pairwise disjoint. This result remains true if
the pieces have only “small overlap”, sometimes called “just touching”. To describe
this separation property Hutchinson gave the following definition. The open set
condition (OSC) is fulfilled if and only if there is a nonempty open set G such that
the sets f;(G) are disjoint and contained in G. Since the intersection of G and K
may be empty, this condition is in general too weak to imply results concerning
the dimension of the fractal. So Lalley strengthened the definition as follows: The
strong open set condition (SOSC) holds if and only if furthermore G N K # &.

The following chain of implications holds in the Euclidean case and is best pos-
sible (cf. [6])

SOSC « 0SC & HY(K) > 0= dim K = o

(by H* we mean Hausdorff measure, by dim Hausdorff dimension).

This paper treats the general (non-Euclidean) case. We will see that the situation
changes dramatically: The OSC ceases to be appropriate in this context, since it
does not even imply dim K = a (Example 3.1). The SOSC remains necessary for
H*(K) > 0 and sufficient only for dim X' = « (Theorem 2.6 and Example 3.2).
The last example disproves a result in a paper of Stella ([7]), who claimed the
equivalence of SOSC and H*(K) > 0. His paper relied on the (false) statement
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that K is a so-called S-space and on the correct observation (Theorem 2.4) that for
B-spaces the SOSC implies H*(K) > 0.

In [1] Bandt and Graf gave an algebraic characterization of H*(K) > 0 for
Euclidean spaces. Based on this paper we derived in [6] another necessary and
sufficient condition ((iv) in (4.1)) for H*(K) > 0 in these spaces. We show here
in the general setting that this condition implies the SOSC (Theorem 2.1) and
that K is a f-space (Lemma 2.7), hence H*(K) > 0 (Corollary 2.8). The reverse
implication is derived in Theorem 2.9.

1. NOTATION AND DEFINITIONS

We consider a topological space X with complete metric d. The Hausdorff metric
on closed subsets of X is also denoted by d. We set D(F, K) = inf{d(x,y) : €
F,y € K} for subsets F and K of X. A¢ denotes the complement of A, A the
closure. U(g,x) is the open e-neighborhood of z and U (e, F) = | J{U (e, x) : € F'}.
The Hausdorff measure of dimension « is denoted by H<.

Given N > 2 fix bijective similitudes f1,..., fy : X — X with similarity ratios
r; €]0,1], ie. d(fi(x), fi(y)) = rid(z,y) for x,y € X. The self-similar set K is the
unique compact nonempty set such that

(see [4]).
We denote by Z the set of all finite words i = (41,...,4,) € {1,..., N}" with
n > 0. The length of (i1,...,,) is denoted by |i| = n. Giveniand j= (j1,...,Jjm)
we write ij = (i1,...,%n,J1,-..,Jm). The words i and j are incomparable if there
exists no k such that i = jk or j = ik.
We adopt the following conventions:
fi:fi1o"'ofin7
Ki = fi(K),
TE=Tiy Ty,

Ty =T Ty

Furthermore we set rmax = maxi<i<y r; and rmin = minj<;<n ;. We write a for
the unique solution of Zf\il ri = 1.

Finally we endow © = {1,..., N} with the product-o-field and the canonical
product measure

N
P = ®n (ZT?51> ;
i=1

where €; denotes the Dirac measure in point . The image measure of P under the
mapping from €2 to K given by

T (in)neN — nh—{go f(ih...,in)(x)a
which is independent of x € K, will be called u. Write
[i] = {(Un) € Q:ix = ji, kb < [i]}.
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(1.1) Definition. We say that (f1,..., fn) (or, for brevity, K) fulfills the open set
condition (OSC) if there exists a nonempty open set G such that the sets f;(G),
1 <4 < N, are pairwise disjoint and all contained in G. If GN K # & the strong
OSC (SOSC) is fulfilled.

Next, since the constants r; may be different, we have to give the following
definition: Given 1 > b > 0 we set

Ty={i=(i1,...,0n) i <b<7r{}

(for the sake of completeness 7, = {@} if b > 1). The elements of Z, are obviously
incomparable and satisfy
K =J K,

i€z,
where the Kj are copies of K of “approximately equal size”.
Let € > 0. We write

Gy = Ulerk, Kx),
Z(k) = {i € Zaiam Gy, - Ki N Gx # D}
and

7= = sup #I(k)

(where #C' denotes the cardinality of C). These terms have been used by Bandt
and Graf in [1], where it is shown that 7. < oo is implied by HY(K) > 0 if X is
Euclidean.

2. THEOREMS

Note first that H*(K) < oo without any further assumption (cf. [4]). We start
with an observation from [6].

(2.1) Theorem. If . < co for some € > 0 the SOSC is fulfilled.

Proof. 1. Choose k such that 7. = #Z (k). We show for arbitrary j
I(jk)={ji:ieZ(k)}.
By maximality, we only have to show “D”. But this is clear since @ # K; N Gx
implies
o+ fJ(Kl N Gk)

= f3(K3) N f5(G)

= Kji n fj(U(ark, Kk))

= Kj; N U(ETjk, K; )

= Kji N ij.
Now let I # j; (if j = @ nothing remains to be shown). Since K is covered by
{K1: 1€ Zgiam Gyer 1 = 1}, we get immediately

D(Kjk, Kl) Z ETjk-

2. Now we are in a position to define the desired separating open set:

U:U i

jez
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where G} = Ul(er;/2, K;). We get
Ky C Gl*( cU,
so for each i (cf. part 1)
fi(U) = Ufi( fk) = Uszk -y
jez jez
and finally for each i # j
LU)Nf(U) = 2.

For otherwise, there are i and j such that G}, N G;fjk # @ and 7 > Tk 1f
y is an element of this intersection there exist y1 € Kk and y2 € Kjj such
that d(y,y1) < eruk/2 and d(y,y2) < erj/2. We get d(y1,y2) < erik, hence
D(Kix, K;) < ersk which contradicts part 1. (|

The following definition was given by Larman in [5].

(2.2) Definition. If B C X and p > 0 we denote by N(B, p) the (possibly infinite)
maximal number of disjoint closed balls with radius p and centers in B. If for each
0 < B < 1 there are constants C' and D such that N(U(R,z), SR) < C holds for
each D > R > 0 and x € B we call B an -space.

(2.3) Corollary. Each Euclidean space R® is a B-space. Fach compact subset of a
(-space is a [(3-space.

Proof. For the first assertion use Lebesgue measure to calculate N(B,p). The
second one is an immediate consequence of Theorem 11 in [5]. (]

The following theorem is well known for Euclidean spaces and was claimed in [7]
by Stella. We give a different proof.

(2.4) Theorem. If K is a B-space which fulfills the SOSC, then H*(K) > 0.

Proof. Let G be an open set given by the SOSC for K,z € K and ¢ > 0 such that
U(e,z) C G. Let B C X be measurable such that b = diam B/ diam K < 1. Set
IT={iely: KinB # @&}. The balls fi(U(e,z)) N K =Uler, filx)) N K, i€,
are pairwise disjoint and for any y € B contained in

U(diamB +m€aIXdiamKi + meazxeri,y> cU(b(2diam K +¢),y).

So (setting 5 = Tqae—) there is a constant C' only depending on ¢ such that

#7 < C and therefore
w(B) < C’Ilneazx,u(Ki) < Cb* = C(diam K)*(diam B)“.
By the mass distribution principle ([3], 4.2) the proof is complete. |
In the general setting we first consider the following simple case.
(2.5) Theorem. If K1,...,Kn are pairwise disjoint, then H*(K) > 0.
Proof. Let 6 = min,;»; D(K;, K;). By induction we have immediately that
D(K;, Kj) > érf
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if i and j are incomparable. Again consider a measurable set B C X such that
b =2diam B/6 < 1. Then, since diam B < 67}, at most one set Kj, i € T, meets
B, and therefore

w(B) < u(K;) = r < b =29 %(diam B)“.
Again the result follows by the mass distribution principle. O

This theorem has the following consequences.
(2.6) Theorem. The SOSC implies that dim K = a.

Proof. Let G be an open set given by the SOSC for K. There exist x € GN K and
an index i such that + € K; C G. So, given an arbitrary integer n, the sets Kj;,
li| = n, are pairwise disjoint. The self-similar set corresponding to the mappings
fiis | = n, fulfills the assumptions of Theorem 2.5 and we get

a, <dimK < a,
where «,, satisfies

1= rjO;" =" TJ?‘".
lil=n lil=n
In order to derive a contradiction let us assume (:= dim K < a. We get
o = Z 7"31” > Z Tjﬁ _ zjrjﬁ—a > Z T?T;L](fx—oz) — T&(a[i—a).
lil=n lil=n lil=n lil=n
But the last term tends to infinity as n tends to infinity, which is impossible since
ay, is bounded by (. O

The following lemma will be used in the following corollary.
(2.7) Lemma. If . < oo for some € > 0, then K is a [3-space.
Proof. 1. We first prove for p < diam K that
diam K ) ¢

PTmin

N(K7p)<<

Let By, ..., By be disjoint balls with radius p and centers zj, in K. There are i, €
7,/ diam k¢ such that x, € Kj,. Since obviously Kj, C By, these sets are pairwise
disjoint and the self-similar set corresponding to the mappings fi,, k = 1,...,p,
fulfills the assumptions of (2.5). If the dimension of this set is 8 we get 5 < o and

- Tii =1 and therefore

PTmin 8 PTmin @
L= 30 2 p (L0 ) s (i )
ZT"“ =P diam K =P diam K

P
k=1

the desired inequality.
2. Let z € K and R, p be given. Choose i € 7, b = R/e, such that z € Kj. It
follows that

U(R,z) C Uler{, Kj).
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It suffices to count the number of disjoint balls with centers in the second set. To
this end we consider the corresponding number for the sets Ky, k € Z(i), which is
easy to calculate by part 1 and the self-similarity of K. Thus

diam Ky
NU(R,x),p) < Z <T7
keZ(i) PTmin

)a < 1.C(R/p)"

for C not depending on R and p. O
(2.8) Corollary. Ifv. < co for some e >0, then H*(K) > 0.
Proof. Just combine (2.7) with (2.1) and (2.4). O

We now prove the reverse implication. For Euclidean spaces this has been shown
in [1].

(2.9) Theorem. If H*(K) > 0, then 7. < oo for arbitrary € > 0.

Proof. 1. If we denote by v = (H*(K))"'H®|x the normalized restriction of
Hausdorff measure to the set K we observe first that v = p. Indeed, self-similarity
yields at once
H*(Kj3)
Ki = - = fl
V( ) HQ(K> Tl
for arbitrary i. The last equality is due to S. Graf: Assume that there is an iy with
p(Ki,) > r{i. Then there is a word jo different from iy but of same length with

= pu(K;)

P([jo] N7~ (K, )) > 0.
Set
U = Q\([jo] N7~ (£G,))-
Then U is open and 7(U) = K. There is a sequence i,, of words with
U= | [in]
neN
and [i,] N [im] = @ for n # m. Then for each k € N,
KcC U U Ki, - in,
n1 €N nieN
hence
HYE) <HY(K) Y - Y i e =0,
ni1 €N nk €N
a contradiction.
2. Let G be nonempty and open in K. We show that
H*(G) < (diam G)®.

Let F be the closure of G. Let C = % (if diam F' = 0 there is nothing further
to be shown). It suffices to show C < 1. Let i be a word such that K; C G C F.

Obviously
P({(in) : i = (ikt1, k42, -, g4)3) for infinitely many k}) = 1,
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which implies p(L) =1 for

So V = {fj(F) : j a word} is a Vitali class for L. Theorem 1.10 in [2] (generalized
to arbitrary metric spaces) therefore yields ji, jo,... such that the sets fj, (F) are
pairwise disjoint and one of the following cases holds.

First case: ), (diam(f;, (F'))* = oc.

Since self-similarity gives H(f;, (F')) = C(diam f;, (F'))*, this would imply
H*(K) > H*(L) = co giving a contradiction.

Second case: H*(L\L') =0 for L' =, fj, (F).

Since by part 1 H*(L) = HY(K), it follows that H*(L’) > 0. Proposition 3 of
[1] yields

HY(L)) <) (diam fj, (F))*.
k
From the above this sum is equal to
Y CTHHO(f;,(F)) = CTTH (L),
k

so C' < 1.

3. Let k be given. We check the cardinality of Z(k). By Proposition 2 of [1]
the sets Kj, i € Z(k), are pairwise p-almost disjoint, and therefore by part 1 also
H%-almost disjoint. This together with part 2 yields

> HY(K;) < H® (U( max diam Kj, Gk) N K)

ieZ(k) 1€Z(k)
< (b + 2bdiam K)*,

where b = diam Gx. The left-hand side of this inequality is surely greater or equal
to

(k) H (K )b

which implies
(1 + 2diam K)«
7= TTHA(E e

min

|

3. EXAMPLES

The first example shows that in the general case the open set condition does not
imply any useful conclusion.

(3.1) Example. There exist self-similar sets K of dimension 0 which fulfill the
0OSC.

Proof. Let X = {(z,n) :  # 0 real, n € Z} U {0} (Z denotes the integers) be
endowed with the complete metric d defined by
d(0, (z,n)) = ||,
d((ZE,TL), (yvn)) = |ZL’ - y|7
d((x,n), (y,m)) = || + |y
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if n £ m. We define the similitudes f; and f> by

fi(0)=0
and
fi(xvn) = (x/Q,E(n))
where
2n  ifn >0,
Fi(n) =14 -n ifn <0 odd,

n/2 if n <0 even,
2n — 1 if n >0,
Fy(n)=< —n if n <0 even,
(n—1)/2 ifn <0 odd.

We get at once r; =19 = 1/2 and o = 1, but K = {0}. Furthermore the open set
G ={(z,n): x > 0,n > 0} satisfies the OSC. O

The following example shows that there exist self-similar sets which are not -
spaces, and even worse, that the SOSC does not suffice to give H*(K) > 0 in the
general case.

(3.2) Example. There exists a self-similar set K C [y fulfilling the SOSC, but with
H*(K) = 0.

Proof. We consider I = {(z.) € R? : }___, |2.| < oo} endowed with the I1-norm.
The symbols e,, denote the usual basis of ;. We define the mappings f1 and f by

fi (Z :L’zez> = Z %em(z)

where 7r; are arbitrary bijections of the integers such that m;(n) = 2n+ i for n > 0.
The third mapping is defined simply by

1
fa(x) =eo+ 5(:10 —ep).
We have ry =19 =13 =1/2.
1. To prove the SOSC just look at the following disjoint union of open sets:
G=JUu@™m, 27 ey)
k=0

where ng =1,n1 =no=2n3=---=nNg=3,...,Nok—1_1 =--- =Nok_9g =Kk, ....
Since the point f3(fi(eo)) = 3eo + 1€ is contained in G, the intersection G N K is
nonempty. We calculate the images of G:

[(G) = J U@ ™2  eany) = [ J U@T™ 27 eay),
k=0 k=0

for i =1,2, and
f3(G) C f5(U(1,0)) = U(1/2,1/2e0).

These sets are disjoint and contained in G.
2. Let k be a positive integer and Zj, = {1,2}*. Let

T = {(i1,--,ip) : p > 1yip = 3, (i, ..., isrk—1) & Iy for each I} U {@}.
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The following union is disjoint:
O = U U [ij].
J€IyieTy
Since, if not, there are i,i’ € Z0,j,j’ € Zx and k such that
ijk = i1y

But j consists only of elements 1 or 2 and the last element of i’ is 3. So either j is
contained in i’ (in contradiction to the construction of Z?) or it is equal to j’ and
k=g.

In addition, P(2x) = 1 since for P-almost all elements (i1, 142, ...) of  there is a
first sequence (3, j1,. .., Jjk), where the j,, are 1 or 2.

By calculating the corresponding P-measures we get

L=P() =Y Y iy =287 ) o
J€IyieTy iezy
Another consequence is p(Lg) = 1 where
L= J U Ks.
J€Tx i€}

Therefore H*(Ly) = H*(K) since either H*(K) = 0 or otherwise, by part 1 of the
proof of (2.9), u(K\Lk) = 0 implies H*(K\Lg) = 0.
3. Since K C G (cf. [4]), we see by part 1 that

U & c U A& cU@*+,0).

JET) JET)

Hence

L C U fi(U(Q_k,O)).
ieZy
So we get by Proposition 3 in [1] and part 2
HQ(K) — Hoz(Lk) S Z(2l—k,ri)a — 2a(l—k)2—k2ak‘ — 204—]6’
iez?

which tends to zero as k tends to infinity. O

The last example is due to Mattila (personal communication):

(3.3) Example. There are self-similar sets K of dimension « which do not fulfill
the SOSC.

Proof. Take a nonconnected Sierpinski gasket in R?, i.e. for i = 1,2,3 set fi(z) =
z; + L5 with 2p = 0,22 = (1,0) and 23 = (1/2,1/2V/3). This fractal obviously
fulfills the SOSC with a = 1. Therefore (see [2]) Lebesgue almost all projections
onto one-dimensional subspaces of R? (which are again self-similar) have dimension
1 but zero Lebesgue measure. So the SOSC cannot hold by Theorem 2.4. O
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4. CONCLUSION

Consider the following statements:

(i) The sets K, ..., Ky are disjoint,

(i) H*(K) >0,

(iii) for each € > 0, 7. < oo holds,

(iv) there exists € > 0 such that 7. < oo,

(v) SOSC,

(vi) the dimension of K is a.

We conclude this paper by the following theorem.

(4.1) Theorem. The following list of implications and equivalences is valid for
complete metric spaces. No other implications are valid in general:

(i) = (i) & (i) < (iv) = (v) = (vi).

If K is a [3-space, which is always the case if X is a B-space, the statements (iv)
and (v) are also equivalent.

Proof. See above. O
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