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ABSTRACT. A factorization theorem is proved in the Hardy spaces HP of the
bi-upper half plane, 0 < p < 1. The proof is based on some fundamental work
of Chang-Fefferman on atomic decompositions of HP.

1. INTRODUCTION AND PRELIMINARIES

We are concerned with a factorization theorem which has been known (for p = 1)
for the unit disc in C since the first part of the twentieth century. In 1976, Coifman,
Rochberg and Weiss [4] extended it to the unit ball in C™. In 1992, Krantz and
Li [6] proved that it holds on smoothly bounded strongly pseudoconvex domains
for 0 < p < 1. In this paper, we prove the analogous factorization theorem for the
Hardy spaces HP of the bi-upper half plane, 0 < p < 1. A good reference for Hardy
spaces is the book by Krantz [5, Chapter 8].

The following standard notation will be used: R denotes the real numbers; C
denotes the complex numbers; @ = (21,2, ..., 2,) denotes an element of R™.

As a consequence of the boundedness of the Hilbert transform on L%(R) for
1 < g < oo (see [8, p. 38]) it follows that S: LY(R) — H?(R2) is bounded, where
S is the Szeg6 projection for the upper half plane:

_ L) g,
TJRZ—W

Sf(2)

)

and S(z,w) = 11— is the Szegd kernel on the upper half plane RZ :=

{z=x+1iy: z € R,y > 0}.
It is a simple matter to extend this result to higher dimensions.

Lemma 1.1. If ¢ > 1 and n > 1, then
. 2
S: LYR") — HI((RL)")
is bounded.
The following two lemmas will be useful.
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Lemma 1.2. Let ¢ € L*(R) with support C [—1,1] and, for z € R? let

1
1) o) = [ vt =1 [ X,
Then ¢ € H*(R) and (identifying ¢ with its boundary values in L*(R))

(1) [lo(@)|* dz < [y (w)]? dw.
(2) If |z| > 2l and x € R, then

ot <Ll
(3) If [g =0 and |x| > 21 and x € R, then
[
o < S o

Proof. Part (1) of the lemma follows from the fact that ¢ is the image of ¢ under
the Szegd projection of L?(R) onto H2(R).
(2) If |z| > 2I, x € R, then for w € [-1,],

lz] < |z —w|+|w| < |z —w|+1.
Therefore,
lz| _ |zl
—w| >z —1> |z -2 =
ol > fal ~ 1 > Jaf — 12 = 2]
and thus
|z —w|™! < ¢zt
So for a.e. x, we obtain from (1)
!
|6()] < cla] ™! /l [(w)ldw < cla| ¢
(3) If |[z| > 2, x € R, [¢ =0, then for a.e. z

o(x) = C/Rw(w)S’(x,w) dw

c/ Y(w)[S(z,w) — S(z,0)] dw
R

As in the argument of part (2), we see that

l
|p(x)] < cl|z| ™ /_l [p(w)|dw = cl|z| =[]

Lemma 1.3. If a > 0, then

/ 19]2| "N dy = ¢, = a2 (0HD),
R\[—21,21]
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We shall conclude this section with a discussion of the atomic decomposition of
Chang and Fefferman for HP,0 < p < 1.
In one variable (see [3], [7]) if f € HY(R!), then f(x) can be written as

fla) =" Awai(z)

where > |Ax| < C| f]l g and ag(z) are particularly simple functions called “atoms”.

An analogous decomposition holds for functions f defined on R? which are
boundary values of functions in H*(R3 x R2), where R? is the upper half plane.

In what follows, we shall deal exclusively with the domain Ri X Rf_ and its
Silov boundary R2. A point of R2 x R2 will be denoted by z = (21, 22) where
zj=zj+iy;andxz; €R, y; > 0,5 =1,2.

Now, we shall introduce some notation: Let ¢» € C'(R) be supported on [—1,1]
with 1 even and f_ll Y(x)de =0. Ify > 0,9, (z) = (1/y)¢Y(z/y) and if y = (y1, y2)
and x = (21, 22) € R?, then ¢, (x) = by, (1)1, (x2). If f is a function defined on
R, then we define f(x,y) := f x ¢y (x); if z = (z1,22) € R?, we denote I'(z) :=
[(z1) x D(z2), where ['(z;) := {(¢;,y;) € R?: |z — t;] <y;}, j =1,2.

Given a function f on R2, we define its double Square function by

9 . o dtdy
@[ [ 1reor

It is a fact that for 1 < p < 00
1QUN» < cpll fllp-

We may also define functions in H?(R3 x R3), 0 < p < oo, as those functions

f with Q(f) € LP(R?) and define || || m» = [Q(f)llp-
The following definition is due to Chang and Fefferman.

Definition 1.4. A p-atom (0 < p < 1) is a function a(x),z = (z1,72) € R?,
defined on R? whose support is contained in some open set € of finite measure
such that
(1) llallz= < Q2.
(2) a can be further decomposed into “elementary particles” ag as follows:
(a) @ = > pcq@r, where ap is supported in a rectangle R C Q (say, R =
I x I5) and the R in the sum have the property that no one R is contained
in the triple of any other.
®) Ji, ap(z1,vh)akdr; = 0= I, ar(xy, xo)xidry for each € I, j = 1,2,
and Vk = 1,2,...,k(p), where k(p) is an integer depending on p, k(p) <
[2/p—3/2].
(¢) ag is CF@PI*! with

larlls < cr/|R[?,
0™ ar/02 | < cr/IL|IMIRIM2, j=1,2,
m < k(p) + 1,

and 3", % < A|Q'72/P where A is an absolute constant.

With this definition of p-atom, Chang and Fefferman have shown the following
result (see [1], [2]).
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Theorem 1.5. Let f € HP(R%Z x R%), 0 < p < 1. Then (identifying [ with its
boundary values) f can be written as f = > Agar where ay, are p-atoms and A\, > 0
satisfy

SN < A1

2. FACTORIZATION IN HARDY SPACE OF BI-UPPER HALF PLANE (0 < p < 1)

The main purpose of this paper is to study factorization theorems in Hardy
spaces HP, 0 < p < 1, on the bi-upper half plane. The case of the bidisc can then
be easily obtained by use of the Cayley transform.

Theorem 2.1 (Factorization Theorem for Rf_ X Ri) Let 0 < p <1 and f €
HP(R2 x R2). Then there exist g;,h; € H*?(R3 x R%), such that

o0
f=>_9ihs
J=1
in the sense of distributions, and Y. ||g;| m2e [Pl gze = || fll 5e-

Similarly to the idea given by Coifman, Rochberg and Weiss [4], with the aid of
Theorem 1.5, the proof of Theorem 2.1 can be reduced to the following theorem,
that is, it suffices to prove Theorem 2.1 for f = S(a), where a is a p-atom.

Theorem 2.2. Let a be a p-atom, 0 < p < 1. There exist B;,C; € H**(R?) such
that (with A = S(a))

A:iBjcj
1

(in the sense of distributions) and

L

o0
> IBillzzr I Cillrze = | All e ~
1

By Definition 1.4 a can be written as follows: a = ZReRa agr, where ag is
supported in a rectangle R C 2 and the R in the sum have the property that no
one R is contained in the triple of any other. Moreover,

larllse < crlRITV2 Y e < AJQITRY,
R

where A is an absolute constant.
Therefore, the proof of Theorem 2.2 is reduced to Theorem 2.3, as we shall show
below.

Theorem 2.3. Let a be a p-atom, 0 < p < 1. Then for each R € R,, there exist
B;,C; € H*(R?) such that

4
Ap = ZBjCj, where Ar = S(ar)
1

and

4
S 1Bl Il 2w < conl RIVPY2.
1
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Proof. By shift, without loss of generality, we may assume that R = [31 x 31, where
I=[-1,1],0 < l; < oo (in general, 0 < I; < 1), j = 1,2. Since

1
1:/—dw
r R
dwod
/,211 /M 91, V24

2
H/” o 7%_)(2]‘ — wj) dw
=1

91(2) + g2(2) — g3(2) — 9a(2),

where
= 21z / / de dw1
Y2 s Al Jiyr (21— wr) (22 — wa)
/ / wi1w2 dUIdel
nrJir Alile (21 —wi)(z2 — w2)’
/ / w1 22 dwydw,
1 Jipr Alle (21— wi)(ze — w2)’
/ / Z1W2 dwodun
1 Jir Alhls (21 —wi) (22 — w2)”
Thus

AR(2) = Ar(2)91(2) + Ar(2)92(2) — Ar(2)g3(2) — Ar(2)9a(2).

We shall work on each Ar(2)g;(z) to achieve the desired factorization as claimed
in Theorem 2.3.

Step 1. We shall work on Ar(z)g1(z2).
Let 1 be a number determined by

1 1
1+ —<n<—-1+—+¢ with0<e<1.
2p 2p

Let
dw1 de

Bi(z) = zl_"z;"/

7 (21— wi)(z2 — w3)’
Ci(z) = 2, "2y " AR(2)|R| 7"

Then g1(2)Ar(z) = B1(2)C1(2).
We shall show first

(2) 1B || 20 | Cit |l 2120 < ccr| RIMP1/2.
Lemma 2.4. [, |B1(2)[*dz < ¢, |R|* 72,

Proof. Case 1. |z1| > 211, |22] > 2l5.
Then (see the proof of Lemma 1.2)

|BL(2)] < elza |~ |2~V RI.
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Thus, since 2p(1 +7) > 1

oo

/ | By (2)|*Pdzy dze < *P|R|*P / =24 =2p (14 s gy
(R\20, ) x (R\2laT) 2, Jal,

< C|R|2pll—2p(1+77)+1l2—2p(1+77)+1

= c|R|'72P,

Case 2. |z|1 <21y, |z2| < 2ls.

Let ¢ = (14 1n0)/no where ng > 0 is chosen so that < g and 2pnﬂo(1 +10) < 1.
Then ¢’ := q/(qg—1) = 1+1np. Since 2p(1+m0) < 1if and only if 2pn(1+m0) < no
if and only if 2pn < no(1 — 2pn), and since we know that 0 < 1 — 2pn < 2p, we
have no(1 — 2pn) < 2pne. So we may choose such 79. By Holder’s inequality with
exponent ¢, and by Lemma 1.1,

/ |B1(z)|2pdz1 dzo
2[1[><2l2[

dwy d
:/ |21 22| 72" / LT
2R R (21 - wl)(Z2 - w2)
(1<+no);1
1 0 1+
< (/ |Z1z2|_2pn'<1(+$<7)21 dz) "’
2R
/ / dU) 21’(1"‘770) ﬁ
X dz
or |Jr (21 —w1)(22 — w2)

o 1
—2pn(14+mng) 1+n0 1+m0
< |z122] 7 ™0 dz 1dw .
2R 2R

n0

2pn(1+ng) T+n0
/ |Bl (Z)|2pd21 d22 S C <|R|_ = 70 10 +1> 0 |R|ﬁ
2R

2p
ClZl dZQ

Thus

= R TEERT < R

Case 3. |z1| < 211 and |z2| > 2ls.
Using part 2 of Lemma 1.2 and Lemma 1.3, we have

/ |Bl(z)|2pdz1 dZQ
2l1]>< (R\QZQI)
:/ |Z1Z2|—2pn
2[1[><(R\2l2[)
<[l [
R\2l,T 20, T

2p;—2p(1+1)+1 ~2pn dwy
< o135 B L
20,1 LI (21 —w1)

2p
dz

/R (21 — wlc?g)@ — wz)

2p

le .

2p
ClZl
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By using the argument of Case 2 (but in one variable only), we have
dw

/ |29 |2P7 / -

20,1 11 (21 —w1)

/ |Bi(2)[Pdz < eply T < | RV
2l1]>< (R\QZQI)

o 2pn+1
dz <cly P+l

Thus

Case 4. |z1| > 2l; and |z2| < 2l5. By a similar argument to Case 3, we have

/ |B1(2)|*dz < cp|R| 2P,
(R\2l1])><2l2[

Therefore

/ |B1(2)|*Pdz < cp|R| 21T,
R2
Next we shall prove that
/ |C1(2)|Pdz < cpc?|RI*P|R)P1™E = ¢ cfP | R|MHHPIP,
R2

and this will complete the proof of (2). We state this as another lemma.

Lemma 2.5.
| 1Pz < iy,

Proof. Case 1. z1,2z2 € 2R.
Then

/ 1C ()P dz = / (21220 A (2) Py dza| R|~2
2R 2R

< c| R 2p / An(2)dz

< o R Jar]37|RI P

< el RIPPRE R

= cpc%p|R|2p"+1_p.
Case 2. |z1| > 2lq, |22 > 2ls.

To prove this case, we need the following sublemmas. First let us introduce some
notation. For z;,w; € R and j = 1,2, let

k(p)
. . 1 0™8S;(24,0) ..
m=0 " J

Note that S} (zj,w;) is the k(p)th partial sum of the Taylor expansion of S7(z;, )
at 0.

Sublemma 2.6. For a function ¢, let

6" (2;) = / 1S5 (2, w5) — 7 (2, w; )| (wy) duw;.

J
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Then for |z;| > 2l;, we have

6 )| < P40 ),
In particular, if 1

M(eawn) = [ [Sa(zav0) = 5z (w) s
then 2

|M (29, w1)| < cl§<p)+l|22|_(k(p)+2) /11 lag(w)| dws.

2

Proof. Since Vm € Z7,

0 Sj(Zj,wj) _ c(—l)mm!(Zj _ wj)—(m+1)7

6w}"
we have
M8 (25, w))
* 0§ —(k(p)+2), —(k(p)+1)
Sj(zj,w;) = 57 = B F O w;
W

where w; lies between 0 and w;.

Then

185 (25, w5) — 5| < elzj — wj| 7 FEF2) [y =R,

Claim. |S;(zj,w;) — S7| < c|z;| T RPOI+2) gy | = (k(P)+1)
To prove this we need: |z; — w}|~*P)+2) < ¢|z;|~(kE)+2) | that is, we have to
show |z; — wi| ™" < efz;| 71

Since
|25 = |25 — wj + wj]|
< |z — wjl + [w)]
< lzj —wil +1;  (because |w)| < |w;| <),
we obtain

|25 — wjl > |25] = 1
1
> |z;| — §|zj| (because |z7| > 21;)
1
= §|Zj|-

Hence |zj — w}| ™" < 2|z|~". Therefore the claim is proved.
Thus

& (z5)] < ¢ d(w:)||z; =(kP)+2) |4 1FPFL dop
| J i )1Z5 j f]
J

< O 0 [ o) du
;I

Sublemma 2.7. If |z1]| > 211 and |z3| > 213, then

|AR(2)| < ccp|R[FPIF3/2| 5 2|~ (k(P)+2),
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Proof. By property 2(b) of Definition 1.4,

Ag(z) = l Isl(zl,wl) l ISQ(ZQ,'LUQ)CLR(w)de dwy
:/ [Sl(zl,wl)—Sf]/ (S5 (22, w2) — S3]az (w)dws duw,
LI IoT

== / [Sl (zl,wl) - Sf]M(ZQ,U)l) dwl.
LI
Sublemma 2.6 implies

mﬁwﬂgcﬁ@”war“@””/mMwwmwaMwl
11

< Clllf(P)+1|Z1|—(k(p)+2)l§(17)+1 |Z2|—(k(p)+2) / |aR(w1, w2)|dw1 dws
Ihi

< C|R|k(p)+3|2122|_(k(p)+2).

Now we return to the proof of Case 2.

/ C (=) dz
(R\201 1) x (R\2l51)
- /(R\Ql I)x (R\2l21) |R|_2P|Z1Z2|_2P|Z122|2p(1+n)|AR(Z)|2de1 dZQ
14)X 2

< Cc%p/ |R|2PE@IFL/2) |, 4| 224D =20 (kD) +2) 1) 4z
(R\201 1) x (R\2l21)

— | R2PEOH1/2) / |21 29| 2P0 g g
(R\2011) X (R\2l1)

Note that
2p(k(p) +1 —n) = 2pk(p) + 2p — 2pn

>2p(2/p—3/2—-1)+2p—2pn
=4-3p+2p—2pn
>4—p—(-2p+1+¢)
=4+p—-1-c¢
=3+p—e>1

Thus, by Lemma 1.3,

/ / |2122|_2p(k(p)+1_77)d21 dzy < 0(1112)—2p(k(p)+1—n)+1.
R\20, 1 JR\20o1 N

Hence

/ |C1(2)]?Pdz < Cpcép|R|2p(k(p)+1/2)—2p(k(p)+1—n)+1
(R\211T) x (R\2lT)
= ¢, |72,

Case 3. |z1| < 211, 22| < 2ls.
The key to this case is the following sublemma.
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Sublemma 2.8. If z; € R\2l11, then

/ AP dzs < e, IPE@+3/D)| 1=20k(p)+2) 1P,
2121

Proof.
2p
/ /Sl(Zl,'LUl)SQ(ZQ,'LUQ)aR('LU)dw dzo
20,1 |JR
2p
=/ /[S’l(zl,wl)—S’f(zl)] Sa(z2, wa)ag(w)dw| dzg
2[2[ l1] l2I
2p
S/ [Clllc(p)+3/2|zl|—(k(p)+2)/ S (29, we)a(w)dwsy dwl}
25T LI oI

P 1-p
< o 2PH+3/2) | 2042 ( / 1S (ar) (wi, 22)[? de) ( / sz)
R 1234

P

e A (/(|a3<un,ua>ﬁchv) |R'P
R

< Cplfp(k(zi)+3/2)|Z1|—2p(k(p)+2)c2;l;—p

_ Cpci%plfp(k@)ﬂ-iﬁ/?)|Z1|—2p(k(p)+2)l;—p.

With the aid of this sublemma we have

/ 11 (=) [z
(R\Qll) X 2[2]

N /R\2l /21 I |R|_2p|21z2|2p(1+m|AR(Z)|2de2 dz
120,

< / IR ‘2”cpc§flfp(k(”)+3/2) (215)2PA+M 172 5 |72 (k) +2)+2p(141) g )
R\2l

< cpc?{’ /Ql lfp(k(p)+3/2)ZSIWH'1+Pt—2p(k(p)+2)+2p(1+n)dt|R|—2p
1
< Cpcéplfp(k(p)+3/2)—2p(k(17)+77+1)+1lgpn+1+p|R|—2p

_ 2pp+2pn+12pn+1+p| p|—2p
=cpcrly I |R|

= cpc?f|R|_p+2p"+1.

Case 4. |z1| < 211, |22| > 2ls.
By symmetry with Case 3, we obtain

[ 1CuaPrds < ey R,
R2

and hence the proof of (2) is complete.
Step 2. We now work on g2(2)Ag(2).
Put

92(2)Ar(2) = Ba(2)C2(2),
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where
Bso(z) = (z122) "ga(z) and C2(z) = (2122)" Ag(2).
By using an argument similar to that of (2), we obtain
3) 1Ball 2o [|Coll s 20 < cer| RIVPTV2,
Similarly, if we set

93(2)ARr(2) = B3(2)Cs(2),

where
Bs(2) = 27 "2, " 'g3(2) and  Cs(z) = 27201 AR(z2)
and
94(2)Ar(2) = Ba(2)Ca(2),
where

By(z) = zl_"_lz;"_lg4(z) and Cy(z) = z{”lz;"AR(z),
then we can prove
(4) I1Bjl 20 [|C; | 2 < cep|RIMPTH2 5 =34,

Combining (2), (3), and (4) completes the proof of Theorem 2.3.
We now prove Theorem 2.2:

A=>"S(ar)= > Y B

RCQ RCQ j=i

and because 2/p—1 > 1,

4
YD Bl lICyllmze < Y er|RIMVPT

RCQ j=i RCQ

(z4)" ()

RCQ RCQ

_ <Z c;@) 1/2 <Z |R|><z/p—1>/z

RCQ RCQ
< (AR ()P =

Therefore the proof of Theorem 2.2 is complete.
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