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ABSTRACT. Let X denote the rational curve with n+1 nodes obtained from the
Riemann sphere by identifying 0 with co and ¢7 with —¢7 for j = 0,1,...,n—1,
where ¢ is a primitive (2n)th root of unity. We show that if n is even, then
X has no smooth Weierstrass points, while if n is odd, then X has 2n smooth
Weierstrass points.

C. Widland [14] showed that the rational curve with three nodes obtained from
P} by identifying 0 with oo, 1 with —1, and i with —i has no smooth Weierstrass
points. This curve may be realized as the projective plane curve z?y? + y?2% =
2222 which has “biflecnodes” at the points (1,0,0), (0,1,0), and (0,0, 1), with each
biflecnode being a Weierstrass point of weight 8. In this note, we show that this
curve is one member of an infinite family of rational nodal curves with no smooth
Weierstrass points. We remark that a general rational nodal curve with n nodes
has n(n — 1) smooth Weierstrass points [9].

Let n be a positive integer. Let ¢ denote a primitive (2n)th root of unity. Let
X denote the rational curve with n + 1 nodes obtained from Pg by identifying 0
with oo, and ¢ with —¢7 for j = 0,1,...,n — 1. Our main result is:

0.1) Theorem. (1) If n is even, then X has no smooth Weierstrass points.
( : P

(2) If n is odd, then X has 2n smooth Weierstrass points at the (2n)th roots of
—1.

In the first section, we prove a theorem that can be used to show that fixed
points of an automorphism are frequently Weierstrass points, which extends known
results for smooth curves. This is then used in the second section to prove the main
result.

We thank Pierre Conner for very helpful discussions.

1

In this section, X and Y will denote integral projective curves over the complex
numbers. If C is a curve, we let p,(C) denote the arithmetic genus of C' and py(C)

denote the geometric genus of C. If P € C, then we let Op denote the normalization
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of the local ring Op = O¢ p, and we put 6p, the singularity degree of P, equal to
dimc @p/OP.

Let ¢ : X — Y be a finite morphism of degree d. Let o« : X — X and 3:Y — Y
denote the respective normalizations. We then have the following commutative
diagram:

X -y

gl e
X —*f 5y

where ¢ : X — Y denotes the morphism induced by ®.

If we let ~
R= Z rpP
PeX
denote the ramification divisor of the morphism @, then the Riemann-Hurwitz
formula gives the equation

(1.1) 29(X)—2=d-(2pg(Y) —2) +degR.

Now, we have

pa(X) :pg(X) + Z 6Pa
PeX

Pa(Y) =pg(Y)+ D bq-
Qey

Substituting into (1.1), we obtain

(1.2) 2a(X) —2=d-(2pa(Y) —2) +degR+2- > 6p—2d- »_ bq.
PeXx Qey

This formula may be considered a Riemann-Hurwitz formula for singular curves.
Basically the same formula (for Gorenstein curves) appears in [12]. In the case
when Y is smooth, this formula appears in [3], and the term deg R+ 2 p.x 0p
may be viewed as the degree of the ramification class in Example 9.3.12 of [4]. Put

r(p) =deg R+2- Z op —2d- Z 6g.
pPex Qey

We will now assume that X is a Gorenstein curve. The classical theory of
Weierstrass points on smooth curves was extended to Gorenstein curves in [14,15,7].
(For a further extension to integral curves, see [2].) We recall that if p,(X) is at
least two, then every singular point of X is a Weierstrass point of weight at least
Op(pa(X) — 1)pa(X). The theory at a smooth point of X is entirely similar to
the theory on a smooth curve; in particular, one may consider the gap sequence
at a smooth point, and a smooth point is a Weierstrass point if and only if the
gap sequence at that point is not 1,2,...,p,(X). The total of the weights of all
Weierstrass points on X is pa(X)? — pa(X).

The following theorem is an extension to the singular case of a result due to
R.D.M. Accola [1].
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(1.3) Theorem. Let ¢ : X — Y be a morphism of degree d. Let P be a smooth
point of X, and suppose o(P) is a smooth point of Y. If r(p) > 4(d — 1) and
rp=d—1 (i.e., P is a point of total ramification), then P is a Weierstrass point
of X.

Proof. The proof is virtually the same as that of Accola [1], but we include it for
the sake of completeness. Since @ = ¢(P) is a smooth point of Y, we may apply
the Riemann-Roch Theorem for projective curves [4, 18.3.4] to the line bundle
Oy ((pa(Y) + 1)Q) to infer that there exists a rational function f € k(Y) such
that ordgf = —(p(Y) + 1) and f € Oy, for all other points Q' € Y. Letting
©* 1 k(Y) — k(X) denote the corresponding homomorphism of function fields, we
see that ¢*(f) will have order —d(p,(Y) + 1) at P (since P is a point of total
ramification) and will belong to Ox p: for all other points P’ € X. Therefore, P
will be a Weierstrass point of X if d(pe(Y) 4+ 1) < po(X). Now, this inequality will
hold if and only if

2d(pa(Y) +1) =2 < 2pa(X) = 2 = 2d(pa(Y) — 1) +7(¢),

using equation (1.2). It follows from the definition of r(¢) and equation (1.1) that
r(p) is an even integer, so our hypothesis that r(¢) > 4(d — 1) means that we have
r(¢) > 4d — 2. Hence, the above inequalities are satisfied and P is a Weierstrass
point of X. (I

In the smooth case, Accola applied his theorem to deduce a well-known result
of Lewittes [11]: if an automorphism of a smooth curve has at least five fixed
points, then all the fixed points are Weierstrass points. In the next section, we will
apply Theorem (1.3) to fixed points of an automorphism of a Gorenstein curve. We
remark that the quotient of a Gorenstein curve by an automorphism need not be
Gorenstein (see [13]).

If X is singular and if X/(o) is smooth, then one may sometimes conclude that
every fixed point of ¢ is a Weierstrass point of X even when ¢ has fewer than five
fixed points, as in the following corollary.

(1.4) Corollary. Let ¢ : X — Y be a morphism from a Gorenstein curve X to

a smooth curve Y. Let d denote the degree of ¢ and put N equal to the number

of smooth totally ramified points on X. Put 6x = Y pcy 6p. Then every smooth

totally ramified point is a Weierstrass point of X in each of the following cases:
(1) N>4 and 6x =0.

(2) N >3 andbx > 0.

(3) N =3 and26x >d—1.

(4) N=2and bx >d—1.

(5) N=1 and 26x > 3(d—1).

Proof. The proof follows from Theorem (1.3) and the fact that

r(p) > N(d—1)+26x. O

For a similar result in arbitrary characteristic, see [5].
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(1.5) Corollary. Suppose X is a Gorenstein curve with ) p.y 6p > 1. Suppose
o is an involution of X such that X /(o) is smooth. Then every fized point of o is
a Weierstrass point of X.

Proof. Let ¢ : X — X/(o) denote the quotient map. Since p,(X) > 1, every
singular point of X is a Weierstrass point, so we may restrict our attention to smooth
points of X. But every smooth fixed point is a Weierstrass point by Corollary
(1.4). O

2

Let C denote the rational curve with n+1 nodes obtained from Pg by identifying
0 with oo, and a; with —a;, where {a;, —a; : 5 = 1,...,n} is a set of 2n distinct
complex numbers. Let P denote the node formed by identifying 0 with oco.

Let C’ denote the partial normalization of C' at P; that is, C’ is the rational curve
with n nodes obtained from P& by identifying a; with —a; for j = 1,...,n. Then
(' is a hyperelliptic curve with the hyperelliptic involution being given by z — —z.
(The quotient of C’ by this involution is simply Pg.) The smooth fixed points,
namely 0 and oo, are Weierstrass points on C’, since at each of these points there
is a rational function having a pole of order 2 and no other poles (or one can apply
Corollary (1.5)). The gap sequence at each of these two points is 1,3,...,2n — 1,
and so the Weierstrass weight of each of these two points on C’ is (n — 1)n/2. Each
node on C’ has Weierstrass weight (n — 1)n, the minimum weight possible for a
singular point on a curve with arithmetic genus n.

(2.1) Theorem. Let P be an ordinary node on a Gorenstein curve X of arithmetic
genus g. Let X' denote the partial normalization of X at P and let Q1 and Q2
denote the points on X' lying over P. Then

Wx(P) = (9 —1)g+ Wx/(Q1) + Wx/(Q2),

where Wx (P) (resp. Wx/(Q;)) denotes the Weierstrass weight of P (resp. Q;) on
X (resp. X').
(

Proof. [14]. (For a generalization of this result to arbitrary Gorenstein singularities
see [6,8].) O

(2.2) Corollary. Let C denote the rational curve with n + 1 nodes obtained from
P& by identifying 0 with oo, and a; with —aj for j = 1,...,n. Let P denote the
node formed by identifying 0 with co. Then the Weierstrass weight of P on X is
2n? and the number of smooth Weierstrass points on C is at most equal to 2n.

Proof. The fact that the weight of P is 2n? follows from Theorem (2.1) and the
remarks preceding that Theorem. The number of smooth Weierstrass points on C
is at most

nin+1)(n+2) —2n* —n-n(n+1) = 2n. O

Let n be a positive integer. Let ¢ denote a primitive (2n)th root of unity. Let
X denote the rational curve with n + 1 nodes obtained from Pg by identifying 0
with oo, and ¢7 with —¢7 for j = 0,1,...,n — 1. Let P denote the node formed by
identifying 0 with oo, and let @;, for j =0,1,...,n — 1, denote the node obtained
by identifying ¢/ with —¢?. By Corollary (2.2), the weight of P is 2n2.
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We will now give a proof of Theorem (0.1). Notice that Theorem (0.1) says that
if n is even, then X has the minimum possible number (namely, zero) of smooth
Weierstrass points, while if n is odd, then X has the maximum possible number of
smooth Weierstrass points for a curve of the type considered in Corollary (2.2).

Proof of Theorem (0.1). (1) Assume that n is even. Let X denote the partial
normalization of X at the point Q. (Note that Qq is the node formed by identifying
1 and —1.) Then X, admits the involution ¢ : z — 1/z. Let Y denote the quotient
of Xy by this involution. Notice that the nodes P and @Q,, /> are fixed under o, while
the nodes @; and @Q,—; are mapped to each other by o for j = 1,...,(n —2)/2.
(The fact that @,,/; is fixed under this involution is where we use the assumption
that n is even.) The quotient curve Y then has (n—2)/2 nodes corresponding to the
orbits {Q;, @n—;}, with all other points on ¥ being smooth. (Note that the images
of P and @,,/2 on Y are nonsingular points since the involution glues together the
two branches at each of these nodes.)

We claim that the points 1 and —1 are Weierstrass points on Xy. To see this,
apply Theorem (1.3) to the quotient map

(pZXO—>Y=X0/<O’>.

The points 1 and —1 are fixed points of o, hence total ramification points of ¢. The
induced map @ : P& — PG is such that the target Pg is the quotient of the source
P§ by &, the lifting of o to the normalization of Xy. Thus, we have deg R = 2.
Since X has n nodes and Y has (n — 2)/2 nodes, we have

r(p) =2+2n—4(n—2)/2 =6.

It follows from Theorem (1.3) that 1 and —1 are Weierstrass points of X.

Now, we see, from Theorem (2.1), that Wx(Qp), the Weierstrass weight of Qg
on X, is at least n> +n +2. For k =1,...,n — 1, the map 7 : z — (*z on the
extended complex plane induces an automorphism of X that takes Q) to Q 4k mod ns
j=0,1,...,n—1. It follows that the Weierstrass weight of @);, for j =1,...,n—1,
is the same as the Weierstrass weight of ()g. Thus the sum of the Weierstrass
weights of the nodes on X is

n—1

Wx (P) + Z Wx(Q;) > 2n* +n(n?* +n +2)
=0

=n3+3n%+2n
=n(n+1)(n+2)
pa(X)3 — Pa(X).

Since this is the total of the weights of all Weierstrass points on X, the above
inequality is an equality and there are no smooth Weierstrass points on X.

(2) Assume that n is odd. Consider the involution ¢’ : z — —1/z on X. The
nodes P and Qo are fixed under ¢’, while the nodes @; and @Q),—; are mapped to
each other for j =1,...,(n —1)/2. Let Y’ denote the quotient of X by ¢’. Then
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Y’ has (n — 1)/2 nodes. Applying Theorem (1.3), as in the previous case, we see
that ¢ and —7, which are fixed points of ¢/, are Weierstrass points of X. Since the
automorphisms 7, : z — ¢*z map i to all the other (2n)th roots of —1, we see that
each of these 2n points is a Weierstrass point of X.

Let Pi,..., Py, denote the (2n)th roots of -1. Then we have

n—1 2n
Wx(P)+ ) Wx(@Q)+ Y Pr>2n"+n-nn+1)+2n
§=0 k=1

=n®+3n2 +2n=n(n+1)(n+2)
= pa(X)g *pa(X)-

Therefore, each of the (2n)th roots of —1 is a smooth Weierstrass point of weight 1,
and each of the nodes Q;,7 =0,...,n — 1, has (minimal) weight n(n + 1) on X.O

It seems plausible that any rational nodal curve with no smooth Weierstrass
points is isomorphic to one of the curves in case (1) in Theorem (0.1); in particular,
this would mean that a rational nodal curve with an even number of nodes would
have to have at least one smooth Weierstrass point. We note that a rational nodal
curve with two nodes always has two smooth Weierstrass points, and any rational
nodal curve with three nodes and no smooth Weierstrass points is isomorphic to
Widland’s example [10].
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