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ABSTRACT. Let f(z) be a nonconstant real entire function of genus 1* and
assume that all the zeros of f(z) are distributed in some infinite strip [Im z| <
A, A > 0. It is shown that (1) if f(z) has 2J nonreal zeros in the region
a < Rez < b, and f’(z) has 2J’ nonreal zeros in the same region, and if the
points z = a and z = b are located outside the Jensen disks of f(z), then f/(z)
has exactly J — J’ critical zeros in the closed interval [a,b], (2) if f(z) is at
most of order p, 0 < p < 2, and minimal type, then for each positive constant
B there is a positive integer n1 such that for all n > n; f<")(z) has only real
zeros in the region |Rez| < Bnl/? and (3) if f(z) is of order less than 2/3,
then f(z) has just as many critical points as couples of nonreal zeros.

1. INTRODUCTION

This paper is concerned with the zeros of successive derivatives of real entire
functions. An entire function f(z) which assumes only real values on the real axis
is said to be a real entire function. In order to state the background to our results,
as well as the results themselves, we introduce the following notations: Let f(z)
be a nonconstant real entire function. Suppose that ¢ is a real zero of f()(2) of
multiplicity m but not a zero of f¢~Y(z). That is,

FED(E) £0, FO(E) = FOV(E) = .. = fUrm=D(g) Z ¢ fl+m)(g) £,
Pue % if mn is even,
b= mTH if m is odd and (=D (&) f+m) () > 0,
T”T’l, if m is odd and  fU=V(€) fH™ () < 0.

If k& > 0 we shall say that & is a critical zero of f()(z) of the multiplicity k. The
critical zeros of the derivatives of f(z) are called by Fourier the critical points of
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f(2). Let K(f®),1=1,2,---, be the sum of the multiplicities of the critical zeros
of fW(z), and let Kr(f) = >0, K(fW). K(f®) is called the number of critical
zeros of f()(2), and K7 (f) is called the total number of critical points of f(z). On
the other hand, Zx(f) will denote the number of nonreal zeros of f(z), counting
multiplicities. (If f(z) is a constant function, then we set K (f®))=0,1=1,2,---,
and Zo(f) =0.)

If f(2) is a real polynomial, it is easy to see that

(L.1) Zo(f) — Zo(f') = 2K(f),
and
(1.2) lim_ Zo(f™y=o0.

Hence, as a result of (1.1) and (1.2), we have

(1.3) Zo(f) = 2K7(f)-

The purpose of this paper is to generalize (1.1), (1.2) and (1.3) to some classes
of transcendental functions.

A real entire function f(z) is said to be of genus 1* if it can be expressed in the
form

f(z) = e g(2),

where o > 0 and g(z) is a real entire function of genus at most one. Let f(z) be
a nonconstant real entire function and let o £ i3, with «, f € R, denote a pair of
conjugate nonreal zeros of f(z). The closed disk centered at the point z = a with
radius |3 is called a Jensen disk of f(z), and the union of the Jensen disks of f(z)
will be denoted by J(f). It is known that if a real entire function f(z) is of genus
1*, then all the nonreal zeros and critical zeros of f’(z) are distributed in the set
J(f)- (A proof of this fact will be given in Section 2.)

In 1930, G. Pdlya showed that if f(z) is of genus 1* and if Z¢(f) < oo, then
(1.1) is true of f(z) [P1, Theorem I, pp. 25-26]. In the same paper he established
the following three “hypothetical theorems.”

A. A real integral function of genus 0 has just as many critical points as couples
of imaginary zeros.

B. If an integral function of genus 1* has only a finite number of imaginary zeros,
it has just as many critical points as couples of imaginary zeros.

C. If an integral function of genus 1* has only a finite number of imaginary zeros,
its derivatives from a certain one onward, let us say £ (z), f™+(2),---, have
no imaginary zeros at all.

From Podlya’s result mentioned above, we see that the hypothetical theorems B
and C are equivalent. The hypothetical theorem C is known as the Pélya—Wiman
conjecture and it has been completely proved by T. Craven, G. Csordas, W. Smith
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and the author [CCS1, CCS2, K1, K2], but it seems that no progress has been made
on the hypothetical theorem A since 1930. Note that the hypothetical theorem A
includes the assertion that the number of critical points and that of nonreal zeros
are simultaneously infinite.

It is known that if a real entire function f(z) is not of genus 1*, then (1.1)
and (1.2) are not true in general [HSW, HW1, HW2, L, LO, P2, S]. On the other
hand, as the function f(z) = e* + 1 shows, (1.3) is not true for some functions
of genus 1*. Note that f(z) = e* + 1 is of order 1 and mean type, and its zero
set is {(2n + )i | n = 0,41,+2,---}. Hence it is natural to consider real entire
functions which are at most of order 1 and minimal type (as in the hypothetical
theorem A) or real entire functions of genus 1* whose (nonreal) zeros are sufficiently
close to the real axis.

In this paper, we will show that if f(z) is a real entire function of genus 1*, then
(1.1) holds for f(z) in each compact connected component of the set J(f) by

Theorem 1. Let f(2) be a nonconstant real entire function of genus 1* and suppose
that a, b are real numbers with a < b and a,b ¢ J(f). Then f(z) and f'(z) have
finitely many zeros in the region a < Rez < b. Moreover, if f(z) has 2J nonreal
zeros in a < Rez < b and if f'(z) has 2J' nonreal zeros in a < Rez < b, then f'(z)
has exactly J — J' critical zeros in the closed interval [a,b]. In particular there are
no critical zeros of f'(z) outside the set J(f).

Next, we will prove the following theorem which states that if the real entire
function f(z) is at most of order 2 and minimal type, and if the imaginary parts of
the zeros of f(z) are uniformly bounded, then (1.2) holds for f(z) locally.

Theorem 2. Let f(z) be a nonconstant real entire function and assume that f(z)
is at most of order p, 0 < p < 2, and minimal type. If there is a positive real number
A such that all the zeros of f(z) are distributed in the infinite strip |Im z| < A, then
for any positive constant B there is a positive integer ni such that () (z) has only

1
real zeros in |Rez| < Bn¥ for alln > ny.

Finally, with the aid of Theorem 1 and Theorem 2, we will prove the following
limited version of Pdélya’s hypothetical theorem A.

Theorem 3. Let f(z) be a nonconstant real entire function of order p, and let
pc be the convergence exponent of the nonreal zeros of f(z). If there is a positive
real number A such that all the zeros of f(z) are distributed in the infinite strip
Imz| < A and if p+ 2pc < 2, then Zo(f) = 2K (f).

Since the convergence exponent of the zeros of an entire function f(z) does not
exceed the order of f(z), we have the following.

Corollary. Let f(z) be a nonconstant real entire function of order less than 2/3.
If there is a positive real number A such that all the zeros of f(z) are distributed in
the infinite strip |Im z| < A, then Zo(f) = 2K (f).

The proof of Theorem 1 will be given in Section 2, and the proofs of Theorem 2
and Theorem 3 will be given in Section 3. This paper concludes with some remarks
on Theorem 2 and Theorem 3 and some open problems (Section 4).
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2. REAL ENTIRE FUNCTIONS OF GENUS 1* (THE PROOF OF THEOREM 1)

Let f(z) be a nonconstant real entire function of genus 1*. Then f(z) can be
expressed in the form

21) s =t [ (1= 2)E [[(1-2) (1-2) R

C
k J J

where n is a nonnegative integer, a > 0, ¢ and (8 are real constants, aj, are the real
zeros of f(z) which are different from 0, and ¢;, ¢; are the nonreal zeros of f(z). Of
course we have > |ax| ™2 < oo and Y |¢j| 72 < oo. Hence the logarithmic derivative
of f(z) is given by

f'(z) n ( 1 1)
=——2az+ 0+ +—
f(z) =z g Zk: z—ap ag
1 1 2Rec;
+Zj:<zcj+25j+ lej? )

From (2.2), it is easy to see that if z ¢ R and if

(2.2)

z¢ J(f)={z+iy|(z —Rec;)* +y*> < (Imc;)* for some j},

then

f '(Z)>
2.3 Imz) | Im < 0.
(2 ) (1m 5
In particular, all the nonreal zeros of f'(z) are in the set J(f). This fact was first
announced by Jensen, and later proved by Nagy and Walsh.

Jensen’s Theorem. Let f(z) be a nonconstant real entire function of genus 1*
and let z1 be a nonreal zero of f'(z). Then there is a nonreal zero zy of f(z) such
that |z1 — Re zo| < Tm 2.

Now suppose that a < b and a,b ¢ J(f). Since all the nonreal zeros of f(z) and
f'(#) are in the set J(f), from the definition of the Jensen disks, the absolute values
of the imaginary parts of the nonreal zeros of f(z) and f’(z) which lie in the region
a < Rez < b are less than (b—a)/2. Hence f(z) and f'(z) have finitely many zeros
in the region @ < Rez < b. Assume that f(z) has 2J nonreal and N real zeros, and
f'(2) has 2J’ nonreal and N’ real zeros in the region a < Rez < b. Moreover we
can assume, without loss of generality, that f(z)f'(z) # 0 for Rez = a,b. Let T be
the boundary of the rectangle

b—
R:{x+iy|a§x§b, ly| < QQ},

and let Ararg (f'(z)/f(z)) denote the net change in arg (f'(z)/f(2)) as the point
z traverses I' once over in the counterclockwise direction. Since J(f) does not
intersect T', (2.3) implies that

1 N () :1 nf’(a) B nf/(b)
(2.4) 27TAF gf(z) 2 (Sg f(a) e f(b)>7
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where
sgnr =r/|r|, re R\ {0}.

In [P1, pp. 29-30], Pélya proved the equation

v Lo F@f)
AR=NN 2<gf(a) gf(b))’

where K is the number of the critical zeros of f’(z) in the closed interval [a, b]. Now
(2.4) means that

’ ) _ 1 f'la) f’(b)>
N' +2J —N+2J—i—2 (sgnf(a) Sgnf(b) )

and hence we have

n sgn
f(a) f(0)
This proves Theorem 1. (I

2K =N'"—-N— -

1 f'(a) f'(b)
2 (Sg

) =2(J - J).

3. THE cLASS LP! (THE PROOFS OF THEOREM 2 AND THEOREM 3)

To prove Theorems 2 and 3, it is enough to consider only those real entire
functions whose zeros are distributed in the infinite strip [Imz| < 1. Let LP!
denote the class of real entire functions of genus 1* all of whose zeros are distributed
in the infinite strip [Im z| < 1. It is known that f € LP! if and only if f(z) can
be uniformly approximated on compact sets in the plane by a sequence of real
polynomials all of whose zeros are distributed in the infinite strip [Im z| < 1. (This
fact is a consequence of [L, Chapter 8, Theorem 3].) In particular, from the Gauss—
Lucas theorem, the class £P! is closed under differentiation.

In the proofs of Theorem 2 and Theorem 3, we will use the following.

Lemma 1. Let {z,} be a sequence of complex numbers and assume that z, =

an+lﬂn7 Bn>0,n:0,172, ]f

|2nt1 —an| < Bn, n=0,1,2,---,

then
lao — | + o —ag| + -+ |an—1 — an
S\/n(ﬁ02_ﬁn2)7 TL:1,2,"',
and

lz0 — 21| + |21 — 22|+ + |2n—1 — 22

Sﬂ076n+ n(ﬂ0276’n2)5 TL:1,2,"' .

Proof. The first inequality is proved by an induction on n, and the second inequality
follows from the first one, since 8,41 < B, n=0,1,2,---. O
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Gontcharoff’s First Estimate. Let f(z) be an analytic function in a convex
domain D. If sup|f(z)| = M < oo, and if z,20,21,"** ,2n—1 € D, then

z€D
//C /C F(Ca) dG - dCo dCy

M
<F (|Zﬁ ZO| + |ZO 7zl| + -+ |Zn72 *Zn71|)n

Proof. See [G, pp. 11-13]. O

Gontcharoff’s Second Estimate. Let H and o be positive real numbers and let
f(2) be an entire function such that M(r; f) < e for all sufficiently large r. Let
« be an arbitrary positive real number and let X be the positive Toot of the equation

Ho)'(A—a) =1.

Then )
_ M(ans: f)\ " "
Tm n+> <M < Ho) o 1eHA
n—oo mn.
Proof. See [G, pp. 24-28|. O

Now we can prove Theorem 2.

Proof of Theorem 2. Let f(z) be a nonconstant real entire function in the class
LP!, and suppose that f(z) is at most of order p, p < 2, and minimal type. This
means that for all € > 0 there is a positive real number r; such that

M(r; f) <e,

whenever r > rq.

Let n be a positive integer, and suppose that z, is a nonreal zero of f (")(z)
which lies in the upper half plane. From Jensen’s Theorem, we can find complex
numbers zg, 21, 22, - - ,2n—1 such that each z;, 7 =0,1,--- ,n —1, is a nonreal zero
of fU)(z) and that

(3.1) |zj+1 —Rezj| <Imz;, j=0,1,---,n—1.
Let z be an arbitrary complex number. Since f(j)(zj) =0,7=0,1,--- ,n—1,
we have

f(z) = / / C / C £ (Ga)dC - - - dCada,

and hence Gontcharoff’s first estimate gives
M n
(32) [f(2)] < -5 (12 = 20l +[z0 = 21+ 2z = 20a])"

where M is the maximum of | f(™)(¢)| on the convex hull of the set {z, 2, 21, ,

anl}-
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On the other hand, (3.1) and Lemma 1 give
|20 — 21| + |21 — 22| + -+ + |2n_1 — 2| < Imzo(1 + /1) < 1+ n.
Hence we get
(3.3) 2] < lznl + |25 — 20l < l2nl +14 V0, j=0,1,2,- ,n—1,
and
|z — 20| 4+ |20 — 21| + - |2n—2 — 2n—1
(3.4) <[z|+ |20l + 1+ Vn
<lzl + |znl + 2(1 + v/n).
Now assume, to get a contradiction, that there is a positive constant B; such

that f(™)(2) has a nonreal zero in |Re z| < Bin# for infinitely many values of n.
Since p < 2, from (3.2), (3.3) and (3.4), there is a positive constant Bs such that

(35 ) < MBS (Y

for |z| <1 and for infinitely many values of n.
For each € > 0 let A be the positive real number such that

epAP (A — By) = 1.

Since M (r; f) = o(e™") for all € > 0, Gontcharoft’s second estimate gives

(3.6) lim Bynv

n—oo

1
M(Bane; f™M)\ "
(%) < Baep—1e, 50,
n!
Now it is easy to see that
lim eA?~1e M =0,

e—0

and hence (3.5) and (3.6) give

This contradiction shows that our assertion is true. O

Let f(z) be a nonconstant real entire function. We will use the notation p(f)
to denote the order of f(z). On the other hand, the convergence exponent of the
nonreal zeros of f(z) and that of the critical zeros of f'(z) will be denoted by pc(f)
and pg (f'), respectively. That is

pc(f) = lim M7 PK(fI) — Tm lognk(r)

r—oo  logr r—oo  logr
where nc(r) is the number of the nonreal zeros of f(z) in |z| < r, and ng (r) is the
number of the critical zeros of f'(z) in |z| < 7.
In the proof of Theorem 3, we will require the following lemma.
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Lemma 2. If f(z) is a nonconstant real entire function in the class LPY, then
pc(f) =max{pc(f'), px (f)}-

Proof. Let f(z) be a nonconstant real entire function in the class £P'. Enumerate
the real zeros of f(z) as follows:

e Sag—1 < ap < g <
(—o<a<k<w<+4oo, k finite ).

(In this sequence, a real zero of multiplicity m must appear exactly m times.)
According to Rolle’s theorem, we can find a sequence {by} of real zeros of f'(z)
which satisfies

ap < by < ap1 for all £ < w.

Note that f’(z) can have real zeros which do not appear in the sequence {by}.

These zeros are called the extra zeros of f/(z). It is easy to see that the convergence

exponent of the critical zeros of f’(z) is equal to that of the extra zeros of f/(z).
Now set

onwo- T (5 T (F2)

(If f(2) has no real zeros at all, set 1(z) = 1, and if it has only one real zero ay,
set (2) = (2 — ag) )

It is well known that the product (3.7) converges uniformly on any compact set
not containing the points ay, and that the function w = v (z) maps the upper half
plane into a half plane [L, p.308]. Moreover, since f € LP!, (2.3) implies that the
logarithmic derivative w = f’(z)/f(z) maps the half plane Im z > 1 into the lower
half plane Imw < 0. Hence, from Carathéodory’s estimate on functions mapping
a half plane into a half plane [L, p.18], there are positive constants ¢; and ¢ such
that

(3.8) cir % < 2

< CaT

~
—
.
=
=
<

(ir)
for all sufficiently large r.

Let TI(z) and II;(z) be the canonical products of the nonreal zeros of f(z) and
f'(2), respectively. The logarithmic derivative of f(z) can be expressed in the form

() _T)
flz)  T(z)
where ¢(z) is a real entire function. It is clear that II(z), IIy(z) and ¢(z) are of
genus at most 1, and the zeros of ¢(z) are exactly the extra zeros of f/(z). Moreover,

the zeros of TI(z), II1(z) and ¢(z) are distributed in the infinite strip [Imz| < 1.
Therefore, with the aid of (3.8) and (3.9), we obtain the following:

(3.9) ¥(2)9(2),

o loglog |TI(ir)]

pe(f) = lim oz 7
— Tm log log |IT; (ir)p(ir)|
r—00 logr

=max{pc(f), px(f)}. O
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Proof of Theorem 3. Let f(z) be a nonconstant real entire function in the class
LP and assume that p(f) +2pc(f) < 2. If Zo(f) < oo, then our assertion follows
from [CCS1, Theorem 4]. On the other hand, if Z¢(f) = oo and if Zo(f™) < oo
for some n, then there is a nonnegative integer N such that Z¢(f")) = oo and
Zo(fN+Y)) < oo, From Lemma 2, pc(fN)) is less than or equal to po(f) which
is less than 1. Thus the set J(f™)) is composed of infinitely many compact
connected components, and hence Theorem 1 implies that ‘H)(z) has infinitely
many critical zeros.

Now assume that Zo(f) = Zo(f™) = 0o, n = 1,2,---. From Lemma 2, the
inequality p(f(™)+2pc(f™) < 2 holds for alln = 1,2, - - -. Hence, by the definition
of Kp(f), it is sufficient to show that some derivative of f(z) has a critical zero,
and to do this, it is enough to prove the existence of a positive real number B and
positive integers J and N such that

(a) f(2) has 2J nonreal zeros in the region |Rez| < B,
(b) f™)(z) has only real zeros in the same region, and
(©) B ET(HUT() U UT(FND).

Let oj £i8;, j = 1,2, -, be the nonreal zeros of f(z). We can assume, without
loss of generality, that 0 < || < |ag| < ---.

Take positive real numbers p and ¢ such that

(3.10) p(f) <p, pc(f) <qand p+2q=2.

Since pc(f) < g, we have > |a;| 77 < oo, and hence

o sl = oyl _
e Jay

In particular, the inequality

(3.11) loj| + 3la '™ < faypa]

holds for infinitely many values of j.
On the other hand, Theorem 2 implies that there is a positive integer ny such
that

(3.12) ™ (2) has only real zeros in [Re z| < 2n7 for all n > ny.

From (3.11), we can find a positive integer J such that

1
(3.13) n? < |ay|and |ag| + 3las[' 77 < |agy]
Let N be the least integer not less than |a [P, that is,
(314) |O[J|p <N < |04J|p + 1.

From (3.13) and (3.14), we have the following inequalities:

(315) ny < |aJ|p < N,
(3.16) lay| + VN < Nv + VN < 2N3,
(3.17)  2VN < 2(JayP +1)2 < 3lay|? = 3jas|' 7 < |asp| — |agl-
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From (3.16) and (3.17), we can find a positive real number B such that

(3.18) las| + VN < B < |asy1] — VN, and
(3.19) B <2N&.
Now (a) and (b) follow from (3.12), (3.15), (3.18) and (3.19). Finally, from

Jensen’s theorem and Lemma 1, we obtain

J(f("))CU{z|a‘j—\/n—i—lgRezgaj—i—\/n—i—l}, n=0,1,2,---.
J

Hence (3.18) implies (c¢) and this completes the proof of Theorem 3. O

4. SOME REMARKS, EXAMPLES AND OPEN PROBLEMS

Let f € LP! and let 7, be the minimum of the absolute values of the nonreal
zeros of f(™(z),n =1,2,---. (If f®(2) has only real zeros, set r,, = 00.) Theorem
2 can be restated as follows: If f(z) is of order p, 0 < p < 2, then
logr, _ 1

4.1 1li > =
(4.1) m Togn =5

and if f(z) of order p, 0 < p < 2, and minimal type, then

(4.2) lim T—? = 0.
Moreover, if f(z) is of order p, 0 < p < 2, and mean type, then, using the same
method as in the proof of Theorem 2, we obtain

(4.3) lim ~% > 0.
n—oo n;
The following example shows that (4.1), (4.2) and (4.3) are, in some sense, the
best possible results.

Example 1. Let 0 < p < 2 and let

o-1[6-2)6-2)

where
anp =47 +1, n=12,---.

It is clear that f € £LP!, and that f(z) is of order p and mean type. If r,, denotes
the minimum of the absolute values of the nonreal zeros of f(")(z), n=12--,

then
. logr, 1
lim = —
n—oo logn  p

and
— Th 1
lim - S 2%.00
However, Theorem 2 gives no information on the growth of the sequence {ry} if
f € LP! is of order 2 and mean type. Thus we are led to the following problem:
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Problem 1. Let f € LP' be of order 2 and mean type, and let r,, be the minimum
of the absolute values of the nonreal zeros of f(z), n = 1,2,---. Describe the
growth of the sequence {ry}.

Theorem 3 states that if f € £LP! and if p(f) + 2pc(f) < 2, then Zo(f) =
2K7(f). But, there are functions f(z) in the class LP* for which Z¢(f) = 2K7(f)
in spite of p(f) + 2pc(f) > 2. In fact, for all real entire functions f(z) of genus 1*
which have finitely many nonreal zeros the equality Z¢(f) = 2Kr(f) holds, and
the function f(z) in Example 1 has infinitely many critical points. Moreover, we
have the following example:

Example 2. Consider

M
f(z) =e” Z Cm,n o8 2z sin” z,

m,n=0

where 3 and ¢, , are real numbers. Since e~#%f(z) is a polynomial of e** and
e~ %, it is 27 periodic and has only a finite number of zeros in 0 < Rez < 2.
In particular, there is a positive real number A such that all the zeros of f(z) are
distributed in the infinite strip [Im z| < A. Assume that f(z) has 2.J nonreal and N
real zeros, and f’(z) has 2J’ nonreal and N’ real zeros in the region 0 < Re z < 2.
Then we have N +2J = N’ 4+ 2.J’. Since e #?f(z) and e %% f/(z) are 27 periodic
functions, f’(z) has exactly J — J’ critical zeros in each interval [2im,2l7w + 27),
l € Z. On the other hand, Theorem 2 implies that f(k)(z) has only real zeros
in |Rez| < 27 for all sufficiently large k. Since e=#%f(F)(2) is 27 periodic for all
k=1,2,---, f#)(2) has only real zeros for all sufficiently large k, and hence f(z)
has exactly J critical points in each interval [2i7, 27 + 27), | € Z. O

Now our second problem is as follows:

Problem 2. Characterize those functions f(z) in the class LP' which have just
as many critical points as couples of nonreal zeros.

Finally we emphasize that our argument is not applicable to Pdlya’s hypothetical
theorem A, because it deals with only those functions f(z) for which the imaginary
parts of the zeros of f(z) are uniformly bounded.
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