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ABSTRACT. We give a characterization of the pairs of weights (u, v) such that
the Weyl fractional integral operator maps LP(vdx) into weak LY(udz), 1 <
p<g<oorp=1<gqg < oco. For the case p < g we give necessary and
sufficient conditions for the weak type of a maximal operator that includes as
particular cases the Weyl fractional integral, the dual of the Hardy operator
and the fractional one-sided maximal operator. As a consequence we give a
new characterization of the pairs of weights for which the fractional one-sided
maximal operator is bounded.

1. INTRODUCTION

Let f be a locally integrable function on R and 0 < o < 1. The Weyl fractional

integral is defined as
< _ I
T
W) = [ —Lh
It is known that p > 1, 1/p > o and 1/¢g = 1/p — a imply W, maps L? into L?.
In 1988 Andersen and Sawyer [AS] characterized those u for which it is true that

1/q 1/p
( / IWafI“uq) SC( / Ifl”up)
R R

with the above restrictions on p, ¢, a. In this note we study the weak type inequal-
ities for this operator in the case p = ¢ and in the case p < ¢ we obtain necessary
and sufficient conditions for the weak type of the operator

N*f(a) = suphiz ) [ " Fo)k(r.y) dy,

x<c

where h(s,t) and k(s,t) are positive measurable functions defined on s < t. This
operator includes as particular cases the Weyl fractional integral (h = 1 and
k(s,t) = (t — s)*7 1), the fractional one-sided Hardy-Littlewood maximal opera-
tor (k = 1 and h(s,t) = (t — s)~%) and the dual of the Hardy operator (h = 1
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and k = 1). Finally we apply this result together with those in [MT1] to obtain
a new characterization of the pairs of weights for which the fractional one-sided
Hardy-Littlewood maximal operator is bounded. By weights we understand locally
integrable positive functions.

Throughout the paper, C will be a constant that may change from line to line.
If A is any measurable set and g a positive function, g(A) will stand for the integral
of g over A and if 1 < p < oo, then p’ will denote its conjugate exponent. M, will
denote the maximal operator defined by

1
Myg(x :sup—/gu,
@ =sw = 1o

which is known to be of weak type (1,1) with respect to the measure udx. Our
main results are the following theorems.

Theorem 1. Let 1 < p < q < oo and consider the following two conditions:
(1) There exists C' such that

(1) s N ) > <0 (5 [ m0) "

(2) There exists C' such that for any a <b <c

b\ 1/ . .
(12)  hiae) (/ u> (/ vlp’@)kp’(a,y)dy) < p>1

or there exists C' such that for any a < b and almost all ¢ > b

b\ /4
h(a,c) (/ u) < C v(e)k a,c), p=1.

If h is non-increasing on its second variable, then (1.2) = (1.1). If h and k
are non-decreasing on the first variable, then (1.1) = (1.2).

Theorem 2. Let R,f(z) = [* &dy be the formal adjoint of W,. Let

oo (z—y)l==
l<p<g<oworp=1<gq<oo. Then (1.1) for W, holds iff: There exists C
such that for any bounded interval I

v'/d
(1.3) /(RQ(X[U/))p/Ul_p/ <C (/I u) , ifl<p<g<oo,

1

or

1/q
||Ra(X1u)v_1||L°°(v) SC'(/Iu) , ifp=1<q< o0.
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Theorem 3. Let M f(z) = supp-oh® ! f;+h |f]. Then MF is bounded from
LP(v) to LY (u), 1 < p < q < oo, if, and only if, there exists C' such that for any

a<b 1
¢ L N\
(/oo(b—l;()%d@ (/ vlp) <c

Remarks. (1) One can, of course, change the orientation of the real line and obtain
theorems for R, and for the operator

N f(e) = swph(e.) [ k() dy

(2)Sufficient conditions for the weak type of the Weyl fractional integral were
obtained by Kokilashvili and Gabidzashvili in [GK].

(3) Theorem 2 for the two-sided fractional integral was obtained first by E.
Sawyer [S].

2. PROOFS OF THE THEOREMS

Proof of Theorem 1. (1.1) = (1.2). Assume first p > 1. We fix a < b < ¢, and
consider the function

Fy) =07 ()E" D (@, )X (b,0) (1)

If a < x < b, we have
N*f(z) > h(fc,C)/ o () D (a, ) k(x, y) dy
b
> h(a,c)/ VI () (a,y) dy = \.
b

This means that (a,b) C {z: Nt f(z) > A} and then

q

¥ /abu <c (/bcvl_p/(y)kp/(a,y) dy> "

If A < oo this is equivalent to (1.2). If A\ = oo, then f(y) = v=1(y)k(a,y) ¢
L (vX(b,e)) and therefore there exists a non-negative function g € LP(v) such that
oo = [ fgv= [, g(y)k(a,y)dy. But then for any x € (a,b)

c

+(E a, Cc ‘ X a, Cc a =
Ng@th>Ag@M,mwzm,>Ag@M,w@ ,

which contradicts (1.1).

The case p = 1 is obtained taking a < b < ¢ —1t < ¢, considering f =
X(c—t,c) and observing that then x € (a,b) = NTf(z) > h(z,c) [,  k(z,y)dy >
h(a,c) [, k(a,y)dy = X and therefore

c b\ 9 c
h(a,c)/c_tk(a,y)dy </a u) §C/C_tv,
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which implies h(a, ) (u(a,b))"/? < Cv(c)k=(a,c) by Lebesgue’s Differentiation
Theorem.

Let us assume now that (1.2) holds and that h is non-increasing on the second
variable. We fix A > 0 and f > 0 and x such that N f(z) > A. Then there exists
¢ > x such that h(z,c) [7 f(y)k(z,y)dy > . Assume p > 1. For any < b < ¢ we
may write

)\<h:cc/f :cydy—i—h:vc/f ) dy
xb/f xydy—i—h(:vc)(/b fpvf(/bcv ()k”(xy)dy)
<hto) [ 10 xydyw(/bcfpv)%(/;u)?

By continuity of the integral we can choose b so that

(o) (o) -

which implies A/2 < h(z,b) [ f(y)k(z,y) dy.

We define a sequence of points in (z,b) as follows: zp = b, wu(x,zry1) =
%u(:v,:vk). From the definition it follows easily that xg = b > z1 > --- > xp >
-+ >z, limz, =2 . We may therefore write

1
7

8=

)\/2<h:cb/f xbz f()( y)dy

Trk+1

h(z,b) Z T M o P () () dy.

Tht1

Hoélder’s inequality gives

o 1/p o 1/p’

/ fPv / v ()P (w, y) dy
Th41 Tk+4+1

0o T 1/p T —1
<CZ i, b) /k JPv /kﬂu "
- k=0 h(IE, :Ek) Tht1 T
fﬂk+1 )1/:0 1/q <J"m’€ fPou~ u)l/p

Uu

U

%/
=) zkﬂ 1/p—1/q
>(/

u (M, fPou™ )Up (x)

< Cu(z, b)t/r=1/a (Mufpvuf )l/p (x),
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where the last inequality follows from the facts that 1/p — 1/¢ > 0 and f;’“ u =
27 Fu(x,b). Since fwb u=C(f; fpv)% A74, this last inequality gives

M < C (/b fpv) o (M, fPou') (z) < C (/R f%) ! (M, fPou™") (z).

We have therefore proved that

4
1 P

{z: NTf(z) >} C{z: (Mufpvu_l) (x) > C\ </prv) I3

and (1.1) follows from the fact that the operator M, is of weak type one-to-one
with respect to the measure udzx.

The case p =1 is proved in a similar way.

Proof of Theorem 2. Let us assume that (1.1) for W, holds. If p > 1 we have

l/p/
( T ) < | Balxrw)o oo o)
- / o™ Ra(xru) fv

{r20:|fllLpy=1}

e

{F20:(1fllLp(w)=1}

— sw / w({z € I Waf(z) > AD)dA
{f>0:(|fllLpy=1} JO

g/ min(u(I), CA~9)d\ = Cu(I)"/9 .
0

The case p =1 is treated in the same way.

To prove that the condition is sufficient we fix f > 0 and A > 0. Let Oy =
{z : Wof(x) > A} = U I where I}, = (ax,by) are disjoint open intervals. We fix
0 < B <1 and call F the set of k’s such that m ‘[Ik Wao(fxr,)u > X and G all
the other £’s.

If kK € F, then

() <o) =50 ([ Watan) =ty ([ sratoa))

Iy Iy

If p > 1 we use Holder’s inequality and obtain

q/p q/p
< Cu(Ik)lfqﬁfq (/ fpv> u(lk)q/q’ =Cp </ fpv) ]
Ik- Ik
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If p =1 we have

q
Nu(Iy) < u(l) 157 ( 1 f&(uxfk)wl)

< cutny e | k fv)quuk)q/q’ oo ([ k f)

Let now x € (ak, by) be such that Wy, f(z) > 2. Then

00 b 00
A< /m (y —f(wy))l‘“ W= /m (y f(j))l‘“ W /bk (y f(:vy))l‘“ dy

< Wahu)@ + [ By < Wa )@+

Therefore {x € (ak,bg) : Wof(z) > 22} C {z € I : Wo(fxr,)(x) > A}
Now if k € G we may write

u{z € I : Waf(z) > 2)}) < u({x € I : Wa(fxr,)(x) > A})

w(@yde < > [ Wa(fxn)u < u(ly).

/{1€Ik¢Wa(fX1k)($)>A} A,

We have thus proved that Mu(l;) < CF~1 (J}k fpv)q/p if ke Fandu({ze€l:
Waf(x) > 2A}) < fu(ly) if k € G. Therefore
N u({x : Wof(z) > 2A})
=> N u({z € I : Waf(z) > 2)})
e

<29 ML) + 29 Nu({x € I : Wa f(z) > 2)})
keF keG

q/p
<C271Y (/ f%) +2903) " u(ly)
I

keF k keG
q/p
< 21470 < / f%) 2N Bu({ : Wa f(x) > AD).

Choosing 8 = # we have

ap 4
CNu({x: Waf(z) >2X2}) <C </ fpv) + i)ﬂu({x : Waf(z) > A}).
For any positive ¢t we have

A= sup Mu({z: Wof(z) > A})
0<A<t

<C (/ fpv) " —l—l sup  Mu({z: Wy f(z) > A})

2 g<a<t/2

q/p
§O</fpv) v 2

and it is enough to prove that A; is finite. Let us consider the following condition:



WEIGHTED INEQUALITIES FOR SOME ONE-SIDED OPERATORS 845

there exists C' such that for any a < b

b\ M 0o 1y 1/p'
v P (y)
(2.1) (/a U) </b md?}> <C, p>1,

or

b\ M4
(/ u) < Cess inf {v(y)(y —a)' = :y > b}, p=1.

Claim. (1.3) = (2.1). If p > 1 we reason as follows: Let a < b < ¢ be such that
u(a, ¢) < 3u(a,b). Then

<[ () o ()
< [ (Roo) v ( / b u)
([ () =)

We have thus seen that if u(a, c) < 3u(a,b), then (1.3) implies
b 1/q c 1—p’ 1/2”
v (y)
</a u) </b (y — a)d=w dy) =

Let now a < b < c¢. Let us choose 9 = a, *; = b, x such that 2"u(a,b) =
w(zg, rr41) and assume zy < ¢ < xn41. Then

b p’/q c 'Ul_p/ (y)
u o™
a b (y - CL) P
(NI e ) N a0
= u Wdwa u ﬁdy
a k=1 7%k (y - a) p a TN (y - a) p
N—-1

/ o p'/q o 1y
< (2*(1%1));7 /q / u / v (511)7 — dy
k=1 Tp—1 T (y - "Ekfl) P

. p//q c 1—p’
+ (27N /N u / Ll ) N—.
IN-—-1 TN (y_‘rN—l)(l_a)p

N
< CZg-(’f—l)P//q <C.
k=1

’
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Letting ¢ go to infinity we obtain (2.1). If p = 1 we fix a < b and observe that for
y > b one has:

W‘/ﬂbws)ds(yv_l% </abu>
: /ab %wdsv*(y) ( / ' u>_1
< [ e ) ( / u> B
= Ra(uX(a))W)v ™ (y) (/ab u) B <o (/ab u) —1/q;

b\ M4
(/ u) < Cess inf {v(y)(y —a)' = :y > b}.

therefore,

Finally we will prove (2.1) implies that A; is finite. It is enough to consider the
case of small ¢, since

sup MNu({z: Wof(z) > A}) <tdu({z: W f(z) > t1})

t1 <A<t2

g(t—2>q sup Mu({z: Waf(z) > A}

t1/) o<i<ti+e

We may assume that f is bounded and with compact support. Let a and b be real
numbers such that support of f is contained in (a,b). Let us suppose then that ¢

o
is so small that A < t = (% f;f) "% —s>b—a. Then

AMu({z: Wy f(z) > A})
=AMNu{z <a:Waf(z) > A} +XMu{a <z <b: Wof(zx) > A})
< MNu({z < a: Wuf(x) > A}) + t%u(a,b).
We must then prove that

sup Mu({z < a: Wyf(z) > A}) < oc.
0<A<t

But z < a;Wuf(z) > X = A < f;(yfiz)ﬂ),ady < ﬁf:f = a—z <

(%f:ﬁﬁ =s,le {z <a:Wyf(z) > A} C (a—s,a), and thus

)\qu({x<a:Waf>)\})§)\q/a:u: </abf>qs(a—1)q/a:u.
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If p > 1 we may write f; f= f; fol/Py=1/P use Holder’s inequality and get

Mu{z <a:Waf>A}) < (/{ff%)wp/aasu (/ab %;()‘Z?dyy/p/
ol )" [ ([ sstn) <o ()"

We have used (2.1) and the fact that s > b —a implies y —a+ s < 2s. If p=1 we

have
(/ab f)q sla=1)q /a:u < </ab F(y) v ”(Z):)L_:)(g)a) dy)‘l /L:Su
b q
<C (/a fv) .

Proof of Theorem 3. The pairs of weights (u,v) for which the operator M} is

bounded from LP(v) to L?(u) were characterized in [MT1] by the condition S,f, , :

(f; (M (ax;))qu)% <C(f; a)%, where o = v'#". The following duality argument
shows that this condition is implied by the weak type of the fractional integral R,
from LY to LP with respect to the weights (u!~¢,v'~?"). If we observe that
M f(x) < Wa f(x) and define B = {g > 0: [|g|l 1o (,1-«') = 1}, we have:

</I(MJ(UX1))‘IU)% _ </R(M;(oxf)uixl)q> Lo SEPAM;(UXJ)XIQ

< sup / Wa(oxr)xrg = sup / ox1Ra(Xx19)
B R B R

= sup/OO o{z €I: Ry(xrg) > A})dA
B Jo

<C / min{c(I), A"} dA
0
< Co(I)7.

But Theorem 1 for the operator N~ in the particular case h = 1 and k(y,x) =
(r —y)*~! tells us that the weak type of R, from L7 to L* with respect to the
weights (u!~9, 01" is equivalent to the condition

(/;(b—z()%dyf (/tzb(’)# <C  1<p<q

Since it is an easy exercise to check that this condition is also necessary (even if
p = q), the proof is finished.
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Final remarks. (1) Condition (2.1) characterizes the weak type of the Weyl frac-
tional integral if 1 < p < ¢ < co. We have proved it is actually equivalent to the
apparently weaker condition: There exists C such that for any a < b < ¢ for which

Jiu<3[lu
1/q 1/p’

b c 1—p,
/ " / v ) <
a b (y - a)(l—a)p
(2) Even though we have proved that (1.3) = (2.1), the proof of Theorem 2
is needed because Theorem 1 does not include the case p = q.

(3) The case 1 = p = ¢ remains open even in the case of the two-sided fractional
integral.
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