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ABSTRACT. A natural and interesting problem on classical Hardy space of one
complex variable is the following:
Problem: If Ty, Ty, - - - Typ,, = 0, then there exist some % such that ¢; = 0.
In this note, we establish the kernel inclusion theorem for the products of
Toeplitz operators. Using this fact, in case n = 5, we give the above question
an affirmative answer.

Let D be the open unit disk in the complex plane and T its boundary. For
the definitions and related conceptions of Hardy space H?(T,df/2r) and Toeplitz
operators on H?(T,df/2r), refer to [1, Chapters 6 and 7]; for convenience, write
H?(T,df/27) as H?. To prove the main results in this note, we establish the
following lemmas.

Lemma 1. For g € L* and g # 0, let E be a measurable subset of T with 0 <
meas F < 2w, g|g = 0. Then kerT, = {0}.

The proof of Lemma 1 is trivial.

Lemma 2. For f,g € L™ and f,g # 0, let E be a measurable subset of T with
0 < meas F < 27 and g|g = 0. If kerT§T, # {0}, then there exists a function
P(# 0) such that

T,h = h  Vh € ker T;T,.

Proof. For ho € kerTyTy, hy # 0, by Lemma 1, there exist hy € H? and hy # 0
such that fTyhy = hi1. So, Tyho = h—fl It follows that there is hy € H? such that
gho = % — hy. Hence %|E = (Z:f)|E Similarly for h{, € kerT¢T, and h{ # ho,

there exist h}, h) € H? such that %|E = (Z—:?)|E Therefore
J 1

(%
hi /g M
i.e., (hah) — hhh1)|g = 0. Since hohi — hbhy € H! and 0 < meas E < 27, we get

that hoh) = hLhy. Put b/ = % = %; according to the preceding reasoning, we
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|
|
z

_ L
- 2_—h1h’_h1<?h’)

f
~ 1 (3-7) Tha = (1= Ty
Similarly, we have
ghy = (1 - fﬁ)TghB-

Since %kp\ = %|T\ &, the above argument leads to the following:
<770 0

ho  Tyho
— = =
ho  Tyh

ie., T,’ib—i“’ = % Set ¢ = TZ?O; clearly such a v is independent on the choice of

ho in the ker T;Tg. Thus the following is true:
Tyh =vh Vh € ker TfT,.
This completes the proof of Lemma 1. O
Next, we establish the kernel inclusion theorem, which is interesting in itself.

Theorem 1. Under the same assumption as in Lemma 2, there exist p € L* and

@ # 0 such that
ker TyTy C ker T,.

Proof. First claim ker T;T, @ H2 # L', where ker T;T, ® H? denotes the L'-closure
of linear manifold {finite sum > \;h;h}: Vh; € ker TyT,,Vh; € H?}. If not, by
Lemma 2 there exists a function (# 0) such that for any h € ker TyT,; we have
Tyh = h. Since

[ o (S AhE) do = 37l i) = 37 i )
_ / o (30 Nihifi,) ao,

it follows that
‘/w (ZAimh_;) d@‘ < lglls HZAihih—;

Because the above inequality is true on the dense subset ker Ty Ty, ® H of LY, My,
determines a bounded linear functional on L'. From this, we obtain a ¢ € L>
and ¢ = g. By Lemma 1, |¢)| > 0 a.e. This contradicts g|g = 0. It follows that
ker Ty T, ® H? # L'. We prove the claim.

According to the claim there exists a bounded linear functional which annihilates
ker TT, ® H?, i.e., there exist ¢ € L™ and ¢ # 0 such that for any hg € ker 1Ty,
h € H?, we have

e

/(phoﬁde = <T¢h0, h> =0.

Hence hg € ker T, and it follows that ker TyT, C ker T\,. This completes the proof
of Theorem 1. O
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To prove Theorem 2, we need the following lemma.
Lemma 3 ([1, p. 179]). If T, T,,---T,, =0, then 192 --- ¢, =0.
Theorem 2. If T, T,,T,,T,,T,, =0, then there exist some i such that ¢; = 0.

Proof. Suppose ker T, # 0 and ker Tz # 0 without loss of generality. Then clearly
|p15] > 0 a.e. By Lemma 3 we have

pap3p4 = 0.

Assume @3 # 0. It follows that there exists a measurable subset E of T with
0 < meas E < 27 such that

(p2|E:O or (,D4|E=0.

In case @2|p = 0, suppose Ty, Ty, Ty, # 0; hence kerT,, T, # {0}. From The-
orem 1 and Rang T,,T,,T,; C kerT,, T,,, we know that there exists a ¢ € L,
@ # 0, such that

(%) T,T,Tp, Ty = 0.

Since |¢| > 0, |ps| > 0 a.e., by Lemma 3 ¢3¢4 = 0. Thus there exists a measurable

subset E’ of T with 0 < meas E’ < 27 such that ¢4|g = 0. By (x), we have
T5: T 1615 = 0.

Since Tz31% # 0, by Theorem 1 and Rang T5;75 C ker I5:1%;, there exists a
¢ € L, |¢| > 0 a.e., such that

TyTz51T5 = 0.
Again by Lemma 3, ¢35 = 0. This contradicts the assumption; thus we obtain
p2=0 or ¢4=0.
Let p4|p = 0, and assume @3 # 0. Similarly, we have
p2=0 or ¢4=0.

Therefore if Ty, Ty, T, T, Tps = 0, then there exists some 7 such that ¢; = 0. This
completes the proof of Theorem 2. O

Using the approach in this note, we may prove the following

Theorem 3. If T, T,,T,,T,,T,, has finite rank, then there exists some i such
that p; = 0.
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