PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 3, March 1996

SHARP MAXIMAL INEQUALITIES
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ABSTRACT. We obtain sharp maximal inequalities for strong subordinates of
real-valued submartingales. Analogous inequalities also hold for stochastic
integrals in which the integrator is a submartingale. The impossibility of
general moment inequalities is also demonstrated.

1. INTRODUCTION

Let (Q,F, P) be a complete probability space with a right-continuous filtration
(Fi)e>0 where Fj contains all P-null sets. Suppose X is an adapted right-continuous
real-valued submartingale with left limits and H is a predictable process with values
in the closed unit ball of R, where v is a positive integer. Define an adapted right-
continuous process Y with left limits by

Y: = HoXo + H,dXs.
(0,¢]

We will compare the size of Y with that of X by finding constants 8 such that for
all A >0,

(1.1) AP(Y" > )) <BX],

where || X||; = sup;>q || X¢||; and Y = sup,~ |Y|. In this paper we will denote the
Euclidean norm of y € R” by |y| and the inner product of y,k € R” by y - k.

If we restrict X to the class of martingales, it is known that the best constant
satisfying (1.1) is = 2 [2, 3]. By the best constant we mean that for any 8 <
2 there exist a martingale X, a predictable process H, and a A > 0 such that
AP(Y* > X) > (| X]|;. It is also known [5] that if we restrict X to the class of
nonnegative submartingales, then the best constant satisfying (1.1) is 5 = 3.

In this paper we will show that for the class of real-valued submartingales, the
best constant in (1.1) is 8 = 6. To do this we shall first prove the analogous
inequality and more for discrete-time submartingales. In the last section of this
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paper we shall show that there are no moment inequalities of the form [[Y|, <
Ié] ||X||p where 1 < p < co and (3 is finite and depends only on p. In fact, we shall
show that for any p € [1, 00), there is no finite 8 such that ||[Y||, < 8[| X]|,. For the
case p = 00, see [7] where it is shown that if || X || = 1, then there is a constant
7 such that for A > 4, P(Y* > X) < yexp(—A/4), so, for any r € [1,00), ||Y]|, is
bounded by some constant depending only on 7.

2. A MAXIMAL INEQUALITY FOR SUBMARTINGALES

Let fo, f1,... be areal-valued submartingale relative to a filtration (F,,)n>0 on a
probability space (2, F, P) with difference sequence dy, ds, . . ., and gg, g1, . .. an R”-
valued process adapted to (F,)n>0 with difference sequence ey, e1, ..., where v is a
positive integer. We say that ¢ is strongly subordinate to f if g is both differentially
subordinate and conditionally differentially subordinate to f, i.e. for all n > 0,
len| < |dn| and |E(en11]Fn)| < |E(dp+1|Fn)|- Note that if for k > 0, e, = hgdy
where hy : Q — [—1,1] is Fr_1-measurable, then ¢ is strongly subordinate to f. In
particular, if g is a £1-transform of f, i.e. ey = exd where €, € {—1,1}, then g is
strongly subordinate to f.

Theorem 2.1. If f = (fn)n>0 s a submartingale relative to a filtration (Fp)n>o0
and g = (gn)n>0 is strongly subordinate to f, then for all X > 0,

(2.1) AP(g" > A) < AP(sup (|fa| + lga]) > A) < 4supEf; — 2Efy
n>0 n>0

where g* = sup,,>¢ |gnl-

Remarks. If f is a martingale, then Ef and Ef, are nondecreasing sequences.
It then follows from Efy = Ef,” — Ef, that ||f|, = 2sup,>cEf,} — Efo, where
[lfll; = sup,>o [l fnll;- Thus in the martingale case, (2.1) implies that

AP(g* > \) < AP(sgpo(lfnl +lgnl) > N) <2|fIl;

which is Theorem 4.1 of [4]. If f is a nonnegative supermartingale, (2.1) implies

AP(g" > \) < /\P(sglg(lfnl +lgnl) = A) < 2Efy

which is Theorem 8.1 of [5]. Both results are shown to be sharp in the articles
quoted. If f is a nonnegative submartingale with f; = 0, the resulting inequality is
not sharp in the case fy = 0, as can be seen from Theorem 4.1 of [5] which shows
in this case
AP(g" 2 A) S AP(sup(|fal + lgnl) 2 A) < 31l -

Proof. We will assume || f||; is finite. This is equivalent to saying sup,~qEf; is
finite, as for all n > 0, Ef;" < || fall, < 2Ef;f —Efy. The first inequality is obvious,
the second follows from Efy < Ef, =Ef —Ef.

To show (2.1), it suffices to show that for n > 0,

(2.2) AP(|fol +1gn| = A) < 4Bf,] — 2Efo
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since if (2.2) holds, then with 7 = inf{n > 0 : |f.|+ |gn| = A}, 7 is a stopping
time, f7 is a submartingale, and ¢” is strongly subordinate to f7, so by (2.2)

)\P(Sup (|fm| + |gm|) Z )‘) = )‘P(|f‘r/\n| + |g‘r/\n| Z )‘) S 4E :/\n - 2Ef0

m<n

Since (f;7)n>0 is a submartingale, it follows by Doob’s optional sampling theorem
that Ef;,, < Ef;, thus implying (2.1).

By dividing by A throughout in (2.2), we may assume A = 1. Using the methods
developed by Burkholder [2], we define V on R x R” by

Vie,y) =
(@y) {—43@“‘, if |z| + [y| < 1.

Then (2.2) is equivalent to EV(fy, gn) < —2Efy. Define U on R x R” by

|y|2 —x? =2z, if x|+ |yl < 1.

U(z,y) = {

Then V < U (in the case of |z| + |y| < 1 this follows from —4zt < —2? — 2z for
|z| < 1) and U(fo,g90) < —2fo (recall that by assumption |fo| > |go]).

Thus EV(fn, gn) < EU(fn, 9n) and EU(fo, 90) < —2Efy. To show (2.2), it will
suffice to show that for 1 < j < n,

(2.3) EU(fj,9;) < EU(fj-1,9j-1)-
Define ¢, on R x R” by

—4, if |z] + |y| > 1 and = > 0,
o(z,y) =< 0, if |z|+ |y > 1and z <0,
2w —2, ifz|+ |yl <1,
0, iflal +lyl > 1.

:Zj, = .
¥(@,y) { 2y, if |z|+ |y| < 1.

Then U,(z,y) = ¢(z,y) and Uy(z,y) = ¥(z,y) for |z| + |y| # 1, y # 0, and
x # 0 where Uy(z,y) and Uy(z,y) are the partials of U with respect to z and y
respectively. Note that [¢] < —¢.

Claim: Given h € R and k € R” with |k| < ||, then for all z € R and y € R”

(2.4) U(x+hy+k) <U(x,y) + oz, y)h + ¥(x,y) - k.

This can be verified by checking the various cases:
For |z|+ |y| > 1 and = > 0, we need to show U(x + h,y+ k) <1—4(z+h). For
|z + h|+ |y + k| > 1 this is clear. For |x + h| + |y + k| < 1 it follows from

ly+k° < (1 —|z+h)?<1—2(x+h)+(x+h)?

For |z| + |y| > 1 and x < 0, we need to show U(z + h,y + k) < 1. However
U(z,y) <1 for all z,y, this being obvious for |z|+|y| > 1. In the region |z|+|y| < 1,
since U, (z,y) < 0, it follows that U(z,y) < |y|* — (ly| = 1)2 = 2(Jy| — 1) = 1.
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For the case |z| + |y| < 1, (2.4) is equivalent to showing
(2.5) U +hy+k) <|y+k|* = (x+h)?—2x+h) — |k + 2

For |x + h| + |y + k| < 1, this follows from |k| < |h| and the definition of U. For
|z + h|+ |y + k| > 1, (2.5) can be rewritten as

(1—|z+h)?<|y+kf+n>— k>

If |z + h| < 1, this inequality follows from |k| < |h| and |z + h| + |y + k| > 1. If
|z + h| > 1, then (1 — |z + h|)? < (1 — |z| — |h])? and it suffices to show

(1= |2)® = 2[h| (1 = [2]) < |y* = 2[y| |K|.

Since |h| > |k|, it then suffices to show (1 — |z])2 < |y|* + 2|h| (1 — |z| — |y|), an
inequality which follows from |z| + k| > 1 and 0 < |y|* = 2|y| (1 — |z|) + (1 — |z|)2,
so that

(1= [2)® < lyl* +2(1 = J2)(1 = |a] = |y]) < [yI* + 2B (1 = |a] = |y]).
To prove (2.3), since |e;| < |d;|, by (2.4) we have
(2.6)  U(fj95) <U(fi-1:95-1) + O(fi-1,95-1)dj +P(fj-1,95-1) - €5

Since f is a submartingale, E(d;|F,;_1) > 0. It then follows from |¢| < —¢ and ¢
being strongly subordinate to f that

O(fi-1,95-1)E(d;|Fj-1) + ¥(fi-1,95-1) - E(ej| Fj-1) < 0.
Using this after taking the conditional expectations relative to F,;_1 in (2.6) gives
E(U(f5, 9:)|Fj-1) < U(fj-1,95-1)-
Taking expectations of both sides gives (2.3) and completes the proof.

3. DISCRETE-TIME SHARP MAXIMAL INEQUALITIES

Theorem 3.1. If f is a submartingale relative to a filtration (Fp)n>0 and g is
strongly subordinate to f, then for all A > 0

3.1) AP(g" 2 A) < AP(SI;IS(Int + lgnl) = A) < 4|[fll; — 2Efo.

Thus if fo =0, then
(3.2) AP(g" 2 2) < AP(sup (Ifal + lgnl) 2 A) < 4[f]ls

while in general

(3-3) AP(g" 2 A) < )\P(Slilé (Ifnl+ lgnl) = X) <6, -

The constants 4 and 6 are the best possible in (3.2) and (3.3) respectively, even in
the case v =1 and g is a £1-transform of f.

Proof. The inequalities follow immediately from Theorem 2.1. For the sharpness,
first consider the following example:
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Example 3.1. Fix 3 < § <4 and let a = (4 — 3)/4, so that 8 < 4 — 2a. On the
Lebesgue interval [0, 1], let fo = go = 0,
a

fi= 1[0,a) - ml[a,l]u g1 = fi,
« «
f2 = fl - 1[&,20(7042) + m1[2a—a2,1]7 g2 =g+ 1[&,20(7042) - 1_ a1[2a7a2,1]7
1 1
f3 = f2 + _1[a720¢—oz2)7 g3 =gz + —l[a,Za—ozz)-

l-« l-«
Then f = (f05f17f25f3) is a Submartingale and g = (90591592593) is a +1-
transform of f. Note that g3 = 1jg o) + 21[a,20—a2) — (20/(1 — @))1[20—qa2,1] and
f3 = 1[0,@)- Thus

2P(fs5+g3>2)=(4—2a)a > sup Efj+
0<;<3

Now let fo=go=0andfor j >0,1<k<3,and s € [0,1], let
fajr(s) = faj(s) + Loy 12--11(8) fu (27! (s — 14+ 277)),

G341 (8) = §3j(8) + Lp—o-s 1-2-1-11(8)gk (2T (s — 1 + 277)).

By induction on j > 0, we have

P(fs; =1,53;=1) = (1—27)a, P(fs; =0,53; =2) = (1-277)(a — a?),

)= a-2)-a?

P(fs; =0,7s; = -

and, for k < 3j, suppfr C [0,1 —277].

It follows that f is a submartingale, g is a +1-transform of f, and, for j > 0,
1<k <3, |fsjrulls = [1fslln + 2777 | filly. Since ||f35]i = (1 - 277)e and
If1lly = I f2ll; = 2a, we have that || fs;1x]1 < @ = Efs. Thus, with A = 2,

Jim AP(fs; + g3 2 X) = AP(fa + g3 2 X) > BEfs = Bsup | full.

Since we are assuming a strict inequality, there exists an n such

(3.4) AP(fo+Gn > N) > Bsup | fil > 8 sup || fj]1-
3=>0 0<j<n

Now let (r;);>1 be a sequence of independent identically distributed random
variables such that P(r; = 1) = P(r; = —1) = % and the (r;) are independent
from both the (f;) and the (§;)

For j > 0,1et fuyji1 = fatj+ fatjrisr and Guyji1 = Gnyj — Farjryir. By this
sequence of double or nothings we have that for j > n, || f;|l1 = || fnll1, yet

Hm AP(Gm > A) = AP(fu + G0 > A) > B fI

m—00
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and since we are assuming a strict inequality, we can choose an m > n that satisfies

AP = N) > B fll-

This immediately implies the sharpness in (3.2). To show the sharpness in (3.3),
it suffices to use f and g to construct a submartingale F' with a +1-transform G
such that

3
(3.6) )\P(?leg Gj =) > 5B F

Let a = P(supg<j<p, §j > A) so that a > 0 and let 6 = A fllx — A) /(6 — 6x)
(in the case a = 1, let § = 0). By (3.2), A < 4| f||1, hence 6 > 0.

Let s and t be independent random variables, independent from the ( f]) such
that P(s = A\/6) = a and P(s = ¢§) = 1 — «, while P(t = —1) = 2/3 and
P(t = 2) =1/3. Note that Es < 2| f]|1/3.

Let FO = —S, GO =S, F1 = FO + tFo, and G1 = GO - tFo. We then have that
[Fillr = [[Folly = Es.

Let Fo, = F1 — I and G = G1 — Fi. Thus F5; = 0 a.s. while G5 = 6s on the set
{t =2} and G5 = 0 on the set {t = —1}. We then have that

P(F,=0,Ga=)\) = /3, P(F;=0,G2=066) = (1 —«a)/3,

P(Fy =0,Gy =0) =2/3.

Let A= {G2 =0} and, for j > 1, let Fop; = 1Afj and Gaoyj = G2+14G;. Then
by the independence of ¢ and the (f;), F is a submartingale, G is a +1-transfrom
of F, and for j > 1 we have that | Foy;|1 = 2| f;]|1/3, while

2
P( sup G;>AN)=P(sup G; >N+ -P( sup g§; > N)
0<j<m+2 0<j<2 3 Co<j<m
2
> -a+ -P( sup g; > \)=P( sup g; > \),
3 o<j<m 0<j<m

Wl =

so that

- = 3
AP( sup G52 X2 AP(sup ;2 X) > 817 = ) F.

0<j<m+2 0<j<m

4. APPLICATIONS TO STOCHASTIC INTEGRALS

Theorem 4.1. With (0, F,P) and (F)i>0 as in Section 1, suppose X is an
adapted right-continuous submartingale with left limits such that EXq is finite and
H is a predictable process with values in the closed unit ball of R”. Then with Y

defined by Yy = Hy Xy + f(o,t] H,dXs, we have that, for A > 0,

(4.1) AP(Y* > A) < 4supEX;" — 2EX,,
t>0
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so that
(4.2) AP(Y* > ) < 6],
and if Xo =0, then
(43) AP(Y* > 2) < 4]X]), -

The constants 6 and 4 in (4.2) and (4.3) respectively are the best possible.

Proof. As in Theorem 2.1 we have EX," < || X;||; < 2EX;" — EX,, hence we can
assume the finiteness of || X||;. The proof follows in the same way as the proof of
Theorem 5.1 of [5], except that we use Theorem 2.1 above to show that X is an
LY°°-integrator in the sense of [1].

The sharpness in (4.2) and (4.3) follow from the sharpness in (3.8) and (3.7)
holding even for +1-transforms.

5. LACK OF LP INEQUALITIES

Fix p € [1,00) and 8 > 1. We shall construct a discrete time submartingale
F = (Fy, F1,...) with Fy = 0 and a +1-transform of F', G = (Go,G1,...) such
that

(5.1) Gl > BIFI,-

To do this, we will first construct a finite length submartingale f = (fo, f1,-.. , f~)
with fo =0, and fy > 0 together with a +1-transform of f, g = (go,... ,gn) such
that

lgll, > 811+

where [|f*]|, = supg<,,<x E(f,7)P. Let M > 43 and let (r1, ... ,r2n) be a sequence
of independent random variables such that for j = 1,2, P(r; =1) = P(r; = —1) =
1/2 and for 2 < 5 < M,

1
P(raj—1 =1) = P(rzj-1 = -1) = o,

1 2

Sy =2,

P(ng :71): D) 3

1
§a P(sz =

Let fj = Zi:o dk where d() = O, d1 = 7“1/2, d2 = 7“2/2, and dj = 1{f].71<0}7“jfjj_1
for j > 2. By the independence of the r;, (f;)j<2m forms a martingale. Note that

for j > 1,
1\’
(5) -

RNy

Plhy=1)=7 Plhy=-3")=

-1
Pis=0-1-1(3) -
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For 0 < j < 2M, let g; = i:o(_l)kdk. Then for 2 < j < 2M, ||fj+||§ _
||fj_||1 = 1/4, while for j > 1,

lg2j+2ll; = llg2j+1lly = gz, + 1/4
Since [|g2|l; = 1/2, it follows that ||gon||; = (M +1)/4. Now let N = 2M + 1,
fN = f2+M’ and gN = Qgom + 1{f2M<0} |f2M| Then f = (fo,... ,fN) forms a
submartingale, ||f*|[7 = 1/4, and, since forr < 0 implies gapr = 0, [lgn[l; >
llgansll; — ||f2_M||1 =M/4>( HerHp by our choice of M.

To construct F' and G, we will work with only a small portion of the probability
space at a time in order to keep [|F'||, close to that of || f*| . More explicitly, by
enriching the probability space if necessary, let Ap,...,Ax be a partition of the
space such that o(A1, ..., Ak) is independent of o(fo, ..., fn) and, for 1 < j <k,
P(A;) < €/3MP, where e satisfies 82(|| f |7 + €) < [lgn7-

Let Fp =Gog=0andforI1<k< Kand1<n<N,let

Foo—t)yN+n = Fa—1)n + L1a, fn, Gr-1)N4n = Gr-1)n + 14, 9n.

Then F is a submartingale and G is a +1-transform of F. Since Ai,...,An
partition the space, Gxny = gy and for 1 <k < K and 1 < n < N, the disjointness
of the A; gives us

k—1
p
[Fonvaally = || vt (U 45) || + 182l
j=1

Since fy > 0 a.s. and the f; are bounded in absolute value by 3M , we have that
[Fe-vynsnlly, < £ + 3P P(AR) < [ FH][) + e
which gives us (5.1) by our choice of e.
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