PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 4, April 1996

BEST BOUNDS FOR THE APPROXIMATE UNITS
FOR CERTAIN IDEALS OF L'(G) AND OF 4,(G)

JACQUES DELAPORTE AND ANTOINE DERIGHETTI

(Communicated by Palle E. T. Jorgensen )

ABSTRACT. We compute the best bound for the approximate units of the aug-
mentation ideal of the group algebra L'(G) of a locally compact amenable
group G. More generally such a calculation is performed for the kernel of the
canonical map from L'(G) onto L'(G/H), H being a closed amenable sub-
group of GG. Analogous results involving certain ideals of the Fourier algebra
of an amenable group are also discussed.

1. INTRODUCTION

Let Th,4 be the canonical map from L'(G) onto L'(G/H) where H is a closed
subgroup of a locally compact group G. In 1968, Reiter [15] proved that if H is
amenable the kernel of T , admits bounded approximate right units. He showed
moreover that for H = G this property characterizes the amenability of H. In 1978
the second author [3] obtained that this is also the case for a large class of subgroups
of G (including all lattices in G). But at the present time a full converse is still in
doubt.

In loco citato Reiter more precisely proved that the amenability of H implies the
existence of approximate right units for ker T’y , bounded by 2. One of the main
results of this work is that 2 is the best bound if H is infinite. For H finite the

2(|H| -
best bound is (||T|
Fourier algebra A(G) of a locally compact amenable group G. The best bound for
approximate units of the ideal I(H) of all u € A(G) vanishing on a closed normal
2(|G/H| -1
subgroup H of G is 2 if G/H is infinite. It is %
in G it is not necessary to assume the normality of H in G'!).

In section 2 we essentially develop the tools which permit estimates from above
and from below for the bounds of approximate units. In section 3 we obtain
new bounds for ideals in L*(G) of the form T} '(I), and section 4 is devoted to
the corresponding results in the Figa-Talamanca Herz algebra A,(G) (recall that
As(G) = A(@)). Our main results (Theorems 5, 10 and 11) are contained in sections
5 and 6.

We also investigate the corresponding results for the

otherwise (for H open
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2. BOUNDED APPROXIMATE UNITS AND PROJECTIONS

We collect in this rather technical section some results concerning an arbitrary
normed algebra A. We will apply them later to L'(G) and A,(G).

The dual A* of A carries a right A-module structure given by (fa)(b) = f(ab)
for f € A* and a,b € A. We denote by Hom4 A* the Banach algebra of all bounded
linear operators T of A* with T'(fa) = (T f)afor f € A* and a € A. For A = L'(G),
Hom 4 A* is the algebra Homp1 gy L*°(G) of all bounded operators T' of L>°(G) with
T(fxp) = fxTpfor f € LYG), ¢ € L™(G) (to ¢ € L>=(G), we associate F,

the linear functional on L'(G) defined by F,(f) = [, f(x)e(x)dx for f € LY(G);
the above right L' (G)-module structure on L'(G)* is given by F,g = Fy«.,, where

g*(z) = gla=H)Ag(a™)).
If A = A)(G), A* is the space PM,(G) of all p-pseudomeasures on G and
Homy A* is the Banach algebra Homy, gy PMp(G) of all bounded linear opera-

tors @ of PM,(G) with ®(uS) = u®(S) for all u € A,(G) and S € PM,(G).

Proposition 1. Let I be a closed left ideal of A having approximate right units
bounded by C > 0. Then there exists a projection P € Homy A* from A* onto I+
with || Id —P|| < C.

Proposition 2. Let C' > 0. Assume that A admits two-sided approximate units
bounded by C. Let I be a closed left ideal of A. Assume the existence of P €
Homy A* which is a projection from A* onto I*-. Then for u € A, v € I,
f € A" and ¢ > 0 there is w € I with ||w|] < C||Id—P||, ||[v — vw|| < € and
| (uw) = f(u) + (Pf)(u)] <e.

Both propositions are essentially known. The commutative case is due to Lust-
Piquard [13, pp. 7 and 15] and the general case to Forrest [7, Proposition 6.4, p. 17].
However the estimates of || Id —P|| (Prop. 1) and ||w|| (Prop. 2) being probably new
and a fortiori the condition involving f, v and P, we present a complete proof of
Proposition 2.

If C =0, then A = {0}. Suppose C > 0 and ||Id —P|| = 0. We have I = {0};
it suffices to choose w = 0. We therefore suppose C > 0 and ||Id—P|| > 0.
Let F be a finite nonempty subset of A* and n > 0. We denote by E(F,n) the
set of all w € I with [|w|| < C||Id—=P||, |g(v) — g(vw)| < n for every g € F and
|f (uw) = f(u) + (Pf)(u)] <e.

We first show that E(F,n) # (). There exists u; € A with |Ju1|| < C and

e
o =enll < Sy Ay

n
A(1 + maxger [|Pgl[)(1 + maxger ||g]]) °
U
4(1 + maxger [|Pygl]) -

[lv —vus|| <

[lv —uiv|| <

For g € I*, we set v(9) = g1(u1) — (Pg1)(u1) where g1 € A* is such that the
restriction of g1 to I is g. We have v € I** and ||v|| < C||Id —P||. By the theorem
of Goldstine, there is w € I with [Jw|| < ||[y]], |(fu)(w) — y(Resr(fu)) |< § and
|(gv)(w) —y(Resy(gv))| < § for every g € F. We obtain

() = f () + (P ()] < 5
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and therefore | f(uw) — f(u) + (Pf)(u)| < 5§+ [(f = Pf)(uus —u)| <e.
For g € F, we have |g(vw) — g(vu1) + (Pg)(vu1)| < 7. Taking into account that
uiv € I and (Pg)(uqv) = 0, we have

lg(vw) — g(v)|
<g(vw) — g(vur) + (Pg)(vur)| + |g(vur) — g(v)| + [Pg(uiv) — (Pg)(vu1)|

n
< 7 gl lvur = of[ + [[Pgll [luro — vus || < -

This proves that w € E(F,n).

Let B be the set |J{vE(F,n) | F nonempty finite subset of A* and n > 0}. Tt
is clear that v lies in the o(A, A*)-closure of B in A. Therefore v lies in the norm
closure in A of the convex hull of B. Consequently we can find m € N, Fy,... | F,
finite nonempty subsets of A*, n1,... ,9m,c1,... ,¢m > 0, wy,... ,wy, € I such

m
that ¢1 + ...+ ¢ = 1, wj € E(F},n;) (1 < j < m) and ||vacjij|| <e.
j=1

m
Consider w = chwj, indeed we obtain w € I, ||w|| < C||Id=P||, |Jv —vw|| < &
j=1

and |f(uw) — f(u) + (Pf)(u)] <e.

We say that C' > 0 is a bound of approximate right units of A if for every € > 0
and every a € A there is a b € A with ||a — ab|| < € and ||b|]| < C. Let C be the set
of all bounds of approximate right units. Then the infimum D of C also is a bound
of approximate right units. Let ¢ > 0 and a € A; there is C € C with C < D +n
where 0 < 7 < 17fgm; there is also b € A with [1]] < C and ||la — ab|| < n, we
have |la — aby1|| < € and ||b1|] < D for by = DD—ern. We call D the best bound for the

approzimate right units of A.

Assume that A admits two-sided approximate units bounded by one. Let I be
a closed left ideal of A having bounded approximate right units. Then the best
bound for the approximate right units of I is min{||Id —P|| | P € Homy A*, Pis a
projection from A* onto I+}.

3. BOUNDS FOR APPROXIMATE UNITS OF Ty '(I)
Let ¢ be a continuous strictly positive function on G with
q(zh) = q(x)Ag(h)Ag(h™) forallz € Gand h € H.
We choose measures dz,dh,d,& on G, H,G/H as in [14, p. 158]. For every f €

f(zh)
u q(xh)
choose ¢ = 1 (this is the case if H is normal in G) we will write Ty instead of T 1.

LY (@), we define Ty ,f(3) = dh where & = *H = w(z). When we can

Theorem 3. Let H be a closed normal amenable subgroup of G and I a closed left
ideal of L*(G/H) having approzimate right units bounded by C > 0. Then Ty (I)
has approzimate right units bounded by C + 2.

The existence of bounded right units in T;;*(I) is due to Reiter [16, p. 70]. He
found for T;;*(I) the bound 3C'+5 (see pp. 31-33). Later, Doran and Wichman [6,
pp. 43-44] obtained the bound 3C + 2 with the same method.
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For F € CY,(G)* (C%,(G) is the Banach space of all bounded left uniformly
continuous functions on G) the relation

(e (F)) s (6. 1 () = /G @)D (@)de = F(* 1)

for f € L'(G) and ¢t € L*°(G) defines an element 7¢(F) of Homyi gy L°(G). We
recall that 7¢ is a Banach algebra isomorphism from C? (G)* (with the Arens
product) onto Homp: gy L>(G); for ® € Homypi(g) L°(G) and t € C}, (G), we also
have 751 (®)(t) = ®(t)(e).

Let M be a left-invariant mean on C}, (H). For ¢ € C%,(G) and = € G, we
put v(p)(&) = M(pe,u), where w, m(h) = @(zh) for h € H. It is straight-
forward to verify that @« = 7q o v* o TG_/lH is a Banach algebra isometry from
Homp (g ) L>(G/H) into Hompi(g) L>(G) (note the analogy with [1, Theo-
rem 8, p. 501]). But in general a(Idp~(q/m)) # Idp~(g)! According to Proposi-
tion 1 there is P € Homp, (g, ) L>°(G/H), a projection from L>(G/H) onto I+,
with || Idze(g/m) —P|| < C. Let t € CY,(G). For f € Ty;'(I) we have

(f,a(P)(t)) L1 (@)L= = (Tuf, P(y({t) Lr/m),L=(c/m) = 0

and therefore a(P)(t) € Ty (I)*. From this we deduce a(P)(t) € Tj'(I)* for
every t € L>(G).

Let t € T;;' (I)*; for f,g € LY(G) we have

(g f,a(P)t)r(a),=) = Tuf, P(y(g" * 1)) L1 (c/m),L~(a/H) -

There is u € I+ N CE, (G/H) with uow = g* *t, and therefore

(9 f,a(P)t) 1 (c),L=(c) = (Tu f, Pu)r1(G/m),L=(G/m)

= (Tuf,u)pv(a/m),L~G/H) =9 * [, 1) 1(6),00G) >
so we obtain a(P)t = t. We have proved that «(P) is a projection from L*>(G)
onto T;'(I)*. The inequality
[11d (@) —a(P)|| < [[1dre=(g) —a(ldr=c/m)|| + [ 1dL=(c/m =PIl

permits us to conclude.

It is possible to avoid Propositions 1, 2 and the use of Homz1(g) L>(G). Never-
theless the following more direct proof gives perhaps less insight into the question.

Let f € Ty'(I) and € > 0. There is u € LY(G) with ||f — f*ul|; < Ci—5
and |Ju||; = 1. By assumption there is r € I with [Ty f — Tuf *r|l1 < —° _ and

C+5
||7|l1 < C. Choose s € Tj;*(I) with Tys = r. Denote by Ag the convex hull of

{A, | h € H} where (App)(z) = p(zh)Ag(h) for p € C¢, z € G and h € H.
Using the amenability of H we can find A € Ay with ||A4s||1 < ||r|l1 + 1 where
5

n= (see [14, p. 174]). There is also B € Ay with
(C+ 5T +If1h)

3

[|B(f*u— fxuxAs)|; < o

+ [T (f xu— fxuxAs)| .
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e(C+4)

We have u— Bu+uxBAs € Ty (I), ||f — f * (u — Bu+u* BAs)||; < Ct5

and ||u — Bu+ u* BAs||1 <2+ C + n. It suffices now to put

= —Ci;in(u—Bquu*BAs)

to conclude ||k||y < C+2and ||f — f*k||1 <e.

4. ANALOGOUS RESULT FOR THE FIGA-TALAMANCA HERZ ALGEBRA A,(G)

Theorem 4. Let G be an amenable locally compact group, H a closed mormal
subgroup of G and I a closed ideal of A,(H). We assume that I has approzimate
units bounded by C' (C > 0). Then the closed ideal {uv € Ap(G) | Resgu € I} has
approzimate units bounded by C' + 2.

For p = 2, the special case I = {0}, with the bound 3, was already obtained by
Forrest [7, p. 6, Proposition 3.7]. More recently, Forrest [8, Proposition 3.4] treated
also the corresponding result in A,(G) with a less explicit and certainly less precise
constant.

Instead of using C? (G), we consider cv,(G), the norm closure in the space
L(LP(@)) of all bounded operators of all p-convolution operators with compact
support. Let P be the map from £(LP(G)) into L(LP(H)) constructed in Theorem 3
of [2]. Let also og be the canonical Banach algebra isometry from cv,(G)* onto
Homy, () PMy(G) (see for example [1, p. 501]). The map A = og o P* o oy is
a Banach algebra isometry from Homy, sy PM,(H) into Homy, gy PM,(G). In
analogy with the L'-case, we have in general Mdpas, ) # 1dpar, @) !

Let ¢ be the canonical map from PM,(H) into PM,(G) defined in [4, p. 76].
Then i(I1) coincides with J+ where J = {u € A,(G) | Resyu € I}. To
verify this, consider T € J*, the support of T lies in H. According to [12,
p. 190, Théoreme 5|, there is S € PM,(H) such that i(S) = T. We obtain
S € It. Conversely assume that T = i(S) with S € I+. For v € J we have
<'UvT>Ap(G),PMp(G) = <ReSH v, S>AP(H),PMP(H) =0 and thus T € JL.

For ® € Homy, sy PM,(H) we have A(®) =i 0 ® o P. Take indeed u € 4,(G)
and T' € PM,(G); then

(U, N@)T) a, (@), pry(c) = P*(og (@) (uT) = o' (®)(Resyr u P(T))
= (Resg u, @(P(T))> M, (H)

= (u, ((@(P(T)))) a,(c).PM,(G) -
There exists P € Hom gy PM,(H), a projection from PM,(H) onto I+, with
[ T1dpar, sy —P|| < C. The map A(P) is a projection from PM,(G) onto J*. Let
T € PM,(Q). For w € J,
(w, A(P)(T)) a,(c),pM, () = (Resm w, P(P(T))) a,, (1), P, (1) = 0.

Therefore A(P)(T) € J+. Let T € J+. There is S € It with T = i(S). For
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w € A,(G) we have

(w,A(P)(T)}A (G),PM,(G) = (Resg w, P(P(i(S5)))) a A, (H),PM,(H)
= (Resp w, P(S)> ),P M, (H)

<R65Hw S> Ap(H),PMy(H)
= (w,

i(9))4,(6),PM,(G) -

Finally, the inequality || Idpas, (@) —A(P)|| < 2+C permits us as above to conclude.
It is also possible to write another more direct proof:
Let u € J and € > 0. There is v € A,(G) with [[v][4,@) =1 and |[u — uv||4,(q)
<= By assumption, there exists w € I with || Resp (uv) — w Resy (uv)||a, () < c

and ||wl| 4,y < C. Using [9, p. 92, Theorem 1b] there is a € A,(G) with Resy a =
5

}.
AC+3)(A + [[ulla, @)
By [5, p. 102, Proposition 10] there is b € A,(G/H) with b(¢) = 1, [[b]]a,(a/m) <
L+n and |[bow(uv—uva)||4,(a) < Z+|| Resy (uv—uva)||a,my- Let d =v—bowv+
bowwva. We have d € J; from

w and |lal|a, @) < |[w|la, =) +n where 0 <71 < min{l,

llu —udl[a,@) < [[u—uvl|a, @) + |bow(uv —uva)l|a, (),

3
we deduce [[u—ud|| 4, (@) < IE Moreover we have ||d|[ 4, (c) < C+2+2n+1C+n?.
(C+2)d

CH+2+2n+nC+n?
llu —uflla,c) < lw—udl|a,c + llud —ufl|la,) and

Consider f =

. We have f € J and [[f[|4,(c) < C +2. From

llud = ufl|a,c) < @n+nC + 1)l 4,0
we obtain |lud —uf||a, @) < Z and finally [[u —ufl|a,@) <e.

5. BEST BOUND FOR THE APPROXIMATE UNITS OF THE IDEAL ker T 4

Theorem 5. Let H be a closed amenable subgroup of G. The best bound for the
2(|H| - 1)
|H|

This theorem is a consequence of the following two propositions.

right approximate units of ker Ty 4 s 2 if H is infinite. It is otherwise.

Proposition 6. Let P € Homp1(g) L>(G) which is a projection from L>(G) onto
ker Ty o, H being a closed noncompact subgroup of G. Then we have
1) P(f) =0 forall f € Co(G) (the set of all continuous functions on G vanishing
at infinity).
2) ||Id—P|| > 2.

The existence of P is, for H amenable, a consequence of Proposition 1.

To prove 1), observe first that P(t) € C% (G) for t € C,(G). For every
r € Coo(G) (i.e. r is a continuous function with compact support on G), t € C% (@),
h € H, we have (r — ThflAG(hil),P(t)>L1(G>7Lco(G) =0 (for a,z € G, p € CY,
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op(x) = plax), pa(x) = @(za)). This implies P(t), = P(t) and consequently
P(nt)(e) = P(t)(e). Now let f € Cyo(G). There is a sequence (hy,)52; C H such
that supp,, f N suppy, f =0 for n#m. For N € N we have

o(Fr)e

which implies P(f)(e) = 0. Consequently, for every x € G, P(,f)(e) = 0 and
therefore P(f) = 0.

To prove 2), it suffices to choose f € Cyo(G) with 0 < f < 1g and f(e) = 1.
The function g = 2f — 1¢ satisfies the following properties: g € C%, (G), ||g]|cc = 1
and (Id —P)g = 2f. We finally obtain || Id —P|| > 2.

= [IN@) () <P fllso

Proposition 7. Let H be a compact subgroup of G and P € Homp(g) L>(G)
a projection from L>™(G) onto ker Tyt. If H is infinite, then ||1d —P|| > 2 and

2(H| - 1)
f1a—pj| > 2 -1
[H]

otherwise.

1
Preliminary remark. If H is a finite, P(t) = T Z ty, (for t € L*°(G)) defines
heH
P € Hompi(g) L>=(G), which is a projection from L>(G) onto ker Ty. We have

2(lH[ - 1)
Id-P _— .
1a-py < 20
Proof. 1) We have (Pf)(e) :/ f(h)dh for all f € Cy(G) such that f = f, for
H

every h € H.
Using the continuity of the map h — f;, from H into Cy(G), we obtain the

existence and the unicity of g € Cy(G) such that L(g) :/ L(frn)dh for every
H

L € Cyo(G)*. Tt follows that g(z) = / f(zh)dh for every € G and consequently
H
P(g) = g. We also have

GM@5LHM@M=LHMWWPAﬁWW%=LPm@M

We therefore conclude that g(e) = (Pf)(e).
2) Assume that H is infinite. Let ¢ > 0. There is an open neighbourhood U

of e in G such that myg(HNU) < % where mpyg is the normalized Haar measure
of H. There is also a compact neighbourhood V of ¢ in G with V. =V~1, V2 CcU

and hV = Vh for every h € H. Consider then ¢ = Ly 1V.
ma(V)
for every h € H, 20 — 1g € CL,(G), (2¢ — 1g)(e) = 1, [|2¢ — 1g|lc = 1 and
(Id—P)(2¢ — 1g)(e) =2 — 2P(p)(e). From

We have 0 = @5

P(g)(e) = /H o(h)dh < mp(U A H) <

)

| ™

we deduce ||Id —P|| > 2 —«.
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3) In the finite case it suffices to consider an open neighbourhood U of e in G
with U N H = {e}. We choose then V and ¢ as in 2). We obtain

2 2
(Id=P)(2¢ — 1a)(e) =2~ 2P(p)(e) =2 — = > w(h)=2— THI
H] 2 ]
2(|H|-1)
|H|
It would be interesting (for H amenable) to obtain a description of the set of
all projections P from L>(G) onto ker Ty with P € Homp(g) L>®(G). For H
compact and normal in G we can show that this set consists of a unique element
given by P(t)(z) = / t(zh)dh for t € CP,(G).
H
Let f € LY(G), t € L*(G) and ¢ > 0. By Proposition 2 there is g € ker Ty
€
with [|g][y < [[Id=P[, [If =Tufow = (f = Tufow) *g|| < Jm—7rr—
201 + 1)
K, PO ey, e=@) = {fithie),L=@) + (f * g, t)rr@).1=@)| < 5. The sub-
group H being normal in G, for every z € G we have

and therefore ||Id —P|| >

and

(Tufow) (o) = |

G/H

<THf><w<x>y-1>AG<y-1>( / g(yh)dh)dy

and therefore (T f o w) * g = 0. Taking into account that

[(f,P(t))Lr(a),n=q) — (Taf ow,t)L1i(q),L (@)l
S P@))nry,oec) — () eia),e@) + (f * 9, t) L)L~ @)l
+{(f—Tafow—(f—Tuafow)*g.t)L1(),L=c)l

we obtain that [(f, P(t))1(c), @) — (Tufow,t) 1 (q),L~(@| < €. In other words
(f,P(t))r1(c), 1) = (Tuf ow t)r1(),=) This implies for t € C,(G) and

x € G that P(t)(z) = / t(xzh)dh.
H

6. BEST BOUND FOR THE APPROXIMATE UNITS
OF CERTAIN IDEALS OF THE FOURIER ALGEBRA

For an arbitrary subset F of G we denote by I(F) the closed ideal of A,(G)
consisting of those functions vanishing on F. Motivated by the assertion 1) of
Proposition 6 we first prove the following result.

Proposition 8. Let G be amenable and let H be a closed normal nonopen subgroup
of G. Let P € Homy, () PM,(G) be a projection from PM,(G) onto I(H)*. Then
P(T) =0 for every T € PF,(G).

PF,(G) is the norm closure of L'(G) in PM,(G). For G abelian PF»(G) is,

via the Fourier transform, isomorphic to CO(G). To P there corresponds P €
Hom,, ¢ L>°(G), a projection from L>(G) onto (ker Ty1 )t where HL is the set
of all continous characters of G equal to 1 on H. Moreover H is nonopen if and
only if H* is noncompact.
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The existence of P (in Proposition 8) is a consequence of Proposition 1 and
Theorem 4.

Let f € Coo(G), K = supp f*, u € A,(G), € > 0 and U be an open neighbour-
hood of H N K in G such that

9
(Lf*[loe + DIl a, () + D([Id=P[[ + 1) °

mg(U) < 1
It is possible to choose v € I(H) N Cyo(G) with v = 1 on K1 = K — U. By
Proposition 2 there is w € I(H) with ||wl||4,(q) < [[1d =Pl

&
[low — vl 4, (@) <
= 4071+ D(lellay @ + 1)

and

[(uw, MG (f)) A, (@), Pu, (@)
13
—(u, A& () a, @), P, c) + (U, POG())) 4, @), P, @) < 3

(for a bounded measure p, A7, (1) is the convolution operator defined by A% (1) () ()
= / o(zy)Aq(y)Pdu(y)). We obtain the estimate
G

g
[(u, PONG())) A, @), P, a)] < 5t [(u — uw, NG (f)) 4, (@), P, )l -

Taking into account that

(u — ww, N (F)) A ). paa () = /G (u(x) — u(a)w(x)) f* (2)dz

we can write
[(u —ww, \G () 4, (@), P, ()]

< /K lu(z)v(z) — v(z)u(z)w(@)] |f*(z)| dz
" /ImU u(e) — u(z)w(z)| |f*(x)] dz .

We estimate KIU(I)W(I)*U(%)U(I)w(I)I [f* (@) dz by [[ul| 4, () [lo—vwlla, @) || f]]2

and /mU |u(@) —u(@)w(@)|[f*(2)] dz by ma(KNU)(|[ul|oc + [Jt|oo| [w]loo )1 F*]oo-
We obtain therefore that [(u —uw, A (f)) a,(@), P, @) < % and finally

[(u, PG () a, @), Pry )] <€

We also need an analog of the assertion 2) of Proposition 6:
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Proposition 9. There is T € PF5(G) with |||T|||2 = 1 and |||1d2 gy —2T|[2 = 1.

Let f € Coo(G) such that f # 0 and f = f*. Consider the C*-algebra
A4 (M'(G)) and denote by A and B the C*-subalgebras generated by A% (f), re-
spectively Ag(f) and Id z2(g). Of course A and B are abelian and B is unital. Let
Q(A) C Q(B) be the spectra of A and B. The space Q(A) is locally compact (and
nonempty), (B) is compact (it is actually the one-point compactification of 2(A)).
It follows that the Gelfand transformation F : B — Cy(Q(B)) = C(Q(B)) is an
isometric isomorphism. Moreover the restriction of F to A is an isomorphism onto
Co(2(A)). Choose now ¢ € C(Q(B)) such that 0 < ¢ <1, ||¢||ec = 1 and supp ¢ C
Q(A). Let T = F~'(¢) € A C PF(G) and ||[T|l2 = [l oo = 1 = ||| |d 2Tl

Theorem 10. Suppose that G is amenable, and let H be a closed normal nonopen
subgroup of G. The best bound for approximate units of I(H) (in A2(Q)) is 2.

Let P € Hom4(g) PM(G) be a projection from PM(G) onto I(H)*. There is
T € PF(G) with [||T|||2 = 1 and ||[Idz2(g) =T'||]2 = 1. We have

(1d —P)(1d2(g) —T) = —2T.

This implies || Id —P|| > 2.
Remark. We are unable to prove the corresponding result in A,(G) for p # 2!

Theorem 11. Let H be an open (not necessarily normal) subgroup of an amenable

group G. The best bound for approximate units of I(H) (in A2(G)) is 2 if G/H s

2(G/H| - 1)
|G/H|

Let M A(G) be the Banach algebra of all pointwise multipliers of A(G) with the
multiplier norm. We have 1y € MA(G). Clearly Py(T) = 1yT defines a map
which belongs to Homy gy PM(G) and projects PM(G) onto I(H)*. From the
decomposition T' = 15T 4 1g_gT it follows that any P € Hom 4(g) PM (G) which
projects PM(G) onto I(H)* coincides with Py. Therefore the best bound for the
approximate units of I(H) is precisely |[Id =Py, i.e. [|[la—u||lmaq)-

Now G being amenable M A(G) coincides (isometrically) with the intricate Ba-
nach algebra By(G) introduced by C. Herz [10]. We recall the necessary notions.
Let X be a nonempty set (with the discrete topology). Every k € Cpo(X x X)
is the kernel of a bounded operator of £2(X). The corresponding norm is de-
noted |||k[[]2. V2(X) is the space of all ¢ € CX*X for which there is C > 0
with |||@kl|l2 < C|||k|||2 for every k € Cpo(X x X). The smallest possible C' is
lll]v,(x)- By definition By(G) is the set of all ¢ € C(G) for which Mgy € V2(Gq)
where Mag(x,y) = ¢(y~'z) and [|¢l|,(c) = IMa¥llva(c)-

Moreover, by an important result of C. Herz [11, Theorem 5],

nfinite, and is otherwise.

[le-ullBya) = Na/axa/m-a@/mllvea)ma)

where A(G/H) is the diagonal in G/H x G/H. Now G/H carries a structure
of abelian group. Let L4 be this group with the discrete topology. We have
lla-mllBs(c) = I1L,—{e}]Ba(ra)- From above |[11,_(c3l|B,(L,) i the best bound
for approximate units of ker TLAd . We conclude then with the help of Theorem 5.



10.

11.

12.

13.

14.

15.

16.

BEST BOUNDS FOR APPROXIMATE UNITS 1169

REFERENCES

. J. Delaporte and A. Derighetti, On ideals of Ap with bounded approximate units and certain
conditional expectations, J. London Math. Soc. 47 (1993), 497-507. MR 94k:43004

, p-Pseudomeasures and closed subgroups, Mh. Math. 119 (1995), 37-47.

. A. Derighetti, Some remarks on L'(G), Math. Z. 164 (1978), 189-194. MR 80f:43009

, Relations entre les convoluteurs d’un groupe localement compact et ceux d’un sous-

groupe fermé, Bull. Sci. Math. 106 (1982), 69-84. MR 83j:43008

, Quelques observations concernant les ensembles de Ditkin d’un groupe localement
compact, Mh. Math. 101 (1986), 95-113. MR 88c:43006

. R. S. Doran and J. Wichman, Approzimate Identities and Factorization in Banach Modules,
Lecture Notes in Math. 768, Springer-Verlag, Berlin, 1979. MR 83e:46044

. B. Forrest, Amenability and bounded approzimate identities in ideals of A(G), Illinois J. Math.
34 (1990), 1-25.

, Amenability and the structure of the algebras Ap(G), Trans. Amer. Math. Soc. 343
(1994), 233-243. MR 94g:43001

. C. S. Herz, Harmonic synthesis for subgroups, Ann. Inst. Fourier 23 (1973), no. 3, 91-123.
MR 50:7956

, Une généralisation de la notion de transformée de Fourier-Stieltjes, Ann. Inst.

Fourier 24 (1974), no. 3, 145-157. MR 54:13466

, Asymmetry of norms of convolution operators II: nilpotent Lie groups, Symposia

Mathematica 22 (1977), 223-230. MR 58:6932

N. Lohoué, Estimations LP de coefficients de représentations et opérateurs de convolution,

Adv. in Math. 38 (1980), 178-221. MR 82m:43004

F. Lust-Piquard, Propriétés harmoniques et géométriques des sous-espaces invariants par

translation de L°°(G), These, Université de Paris-Sud, 1978. MR 58:23346

H. Reiter, Classical harmonic analysis and locally compact groups, Oxford University Press,

Oxford, 1968. MR 46:5933

, Sur certains idéaux de L*(G), C. R. Acad. Sc. Paris 267 (1968), 882-885. MR

39:6025

, L1-Algebras and Segal Algebras, Lecture Notes in Math. 231, Springer-Verlag, Berlin,

1971. MR 55:13158

INSTITUT DE MATHEMATIQUES, FACULTE DES SCIENCES, UNIVERSITE DE LAUSANNE, CH-1015

LAUSANNE-DORIGNY, SWITZERLAND

E-mail address: antoine.derighetti@ima.unil.ch



