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Abstract. We compute the best bound for the approximate units of the aug-
mentation ideal of the group algebra L1(G) of a locally compact amenable
group G. More generally such a calculation is performed for the kernel of the

canonical map from L1(G) onto L1(G/H), H being a closed amenable sub-
group of G. Analogous results involving certain ideals of the Fourier algebra
of an amenable group are also discussed.

1. Introduction

Let TH,q be the canonical map from L1(G) onto L1(G/H) where H is a closed
subgroup of a locally compact group G. In 1968, Reiter [15] proved that if H is
amenable the kernel of TH,q admits bounded approximate right units. He showed
moreover that for H = G this property characterizes the amenability of H. In 1978
the second author [3] obtained that this is also the case for a large class of subgroups
of G (including all lattices in G). But at the present time a full converse is still in
doubt.

In loco citato Reiter more precisely proved that the amenability of H implies the
existence of approximate right units for kerTH,q bounded by 2. One of the main
results of this work is that 2 is the best bound if H is infinite. For H finite the

best bound is
2(|H| − 1)

|H| . We also investigate the corresponding results for the

Fourier algebra A(G) of a locally compact amenable group G. The best bound for
approximate units of the ideal I(H) of all u ∈ A(G) vanishing on a closed normal

subgroup H of G is 2 if G/H is infinite. It is
2(|G/H| − 1)

|G/H| otherwise (for H open

in G it is not necessary to assume the normality of H in G !).
In section 2 we essentially develop the tools which permit estimates from above

and from below for the bounds of approximate units. In section 3 we obtain
new bounds for ideals in L1(G) of the form T−1

H (I), and section 4 is devoted to
the corresponding results in the Figà-Talamanca Herz algebra Ap(G) (recall that
A2(G) = A(G)). Our main results (Theorems 5, 10 and 11) are contained in sections
5 and 6.

Received by the editors October 6, 1994.
1991 Mathematics Subject Classification. Primary 43A20, 43A07; Secondary 22D15, 43A22,

46J10.
Key words and phrases. Bounded approximate units, ideals, projections, amenable groups,
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2. Bounded approximate units and projections

We collect in this rather technical section some results concerning an arbitrary
normed algebra A. We will apply them later to L1(G) and Ap(G).

The dual A∗ of A carries a right A-module structure given by (fa)(b) = f(ab)
for f ∈ A∗ and a, b ∈ A. We denote by HomAA

∗ the Banach algebra of all bounded
linear operators T of A∗ with T (fa) = (Tf)a for f ∈ A∗ and a ∈ A. For A = L1(G),
HomAA

∗ is the algebra HomL1(G) L
∞(G) of all bounded operators T of L∞(G) with

T (f ∗ ϕ) = f ∗ Tϕ for f ∈ L1(G), ϕ ∈ L∞(G) (to ϕ ∈ L∞(G), we associate Fϕ
the linear functional on L1(G) defined by Fϕ(f) =

∫
G
f(x)ϕ(x)dx for f ∈ L1(G);

the above right L1(G)-module structure on L1(G)∗ is given by Fϕg = Fg∗∗ϕ where

g∗(x) = g(x−1)∆G(x−1)).
If A = Ap(G), A∗ is the space PMp(G) of all p-pseudomeasures on G and

HomAA
∗ is the Banach algebra HomAp(G) PMp(G) of all bounded linear opera-

tors Φ of PMp(G) with Φ(uS) = uΦ(S) for all u ∈ Ap(G) and S ∈ PMp(G).

Proposition 1. Let I be a closed left ideal of A having approximate right units
bounded by C ≥ 0. Then there exists a projection P ∈ HomAA

∗ from A∗ onto I⊥

with || Id−P || ≤ C.

Proposition 2. Let C ≥ 0. Assume that A admits two-sided approximate units
bounded by C. Let I be a closed left ideal of A. Assume the existence of P ∈
HomAA

∗ which is a projection from A∗ onto I⊥. Then for u ∈ A, v ∈ I,
f ∈ A∗ and ε > 0 there is w ∈ I with ||w|| ≤ C|| Id−P ||, ||v − vw|| < ε and
|f(uw)− f(u) + (Pf)(u)| < ε.

Both propositions are essentially known. The commutative case is due to Lust-
Piquard [13, pp. 7 and 15] and the general case to Forrest [7, Proposition 6.4, p. 17].
However the estimates of || Id−P || (Prop. 1) and ||w|| (Prop. 2) being probably new
and a fortiori the condition involving f , u and P , we present a complete proof of
Proposition 2.

If C = 0, then A = {0}. Suppose C > 0 and || Id−P || = 0. We have I = {0};
it suffices to choose w = 0. We therefore suppose C > 0 and || Id−P || > 0.
Let F be a finite nonempty subset of A∗ and η > 0. We denote by E(F, η) the
set of all w ∈ I with ||w|| ≤ C|| Id−P ||, |g(v) − g(vw)| < η for every g ∈ F and
|f(uw)− f(u) + (Pf)(u)| < ε.

We first show that E(F, η) 6= ∅. There exists u1 ∈ A with ||u1|| ≤ C and

||u− uu1|| <
ε

2(1 + ||(Id−P )f ||) ,

||v − vu1|| <
η

4(1 + maxg∈F ||Pg||)(1 + maxg∈F ||g||)
,

||v − u1v|| <
η

4(1 + maxg∈F ||Pg||)
.

For g ∈ I∗, we set γ(g) = g1(u1) − (Pg1)(u1) where g1 ∈ A∗ is such that the
restriction of g1 to I is g. We have γ ∈ I∗∗ and ||γ|| ≤ C|| Id−P ||. By the theorem
of Goldstine, there is w ∈ I with ||w|| ≤ ||γ||, |(fu)(w) − γ(ResI(fu)) |< ε

2 and
|(gv)(w) − γ(ResI(gv))| < η

4 for every g ∈ F . We obtain

|f(uw)− f(uu1) + (Pf)(uu1)| < ε

2
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and therefore |f(uw)− f(u) + (Pf)(u)| < ε
2 + |(f − Pf)(uu1 − u)| < ε.

For g ∈ F , we have |g(vw)− g(vu1) + (Pg)(vu1)| < η
4 . Taking into account that

u1v ∈ I and (Pg)(u1v) = 0, we have

|g(vw)− g(v)|
≤ |g(vw) − g(vu1) + (Pg)(vu1)|+ |g(vu1)− g(v)|+ |Pg(u1v)− (Pg)(vu1)|

<
η

4
+ ||g|| ||vu1 − v||+ ||Pg|| ||u1v − vu1|| < η.

This proves that w ∈ E(F, η).
Let B be the set

⋃
{vE(F, η) | F nonempty finite subset of A∗ and η > 0}. It

is clear that v lies in the σ(A,A∗)-closure of B in A. Therefore v lies in the norm
closure in A of the convex hull of B. Consequently we can find m ∈ N, F1, . . . , Fm
finite nonempty subsets of A∗, η1, . . . , ηm, c1, . . . , cm > 0, w1, . . . , wm ∈ I such

that c1 + . . . + cm = 1, wj ∈ E(Fj , ηj) (1 ≤ j ≤ m) and ||v −
m∑
j=1

cjvwj || < ε.

Consider w =
m∑
j=1

cjwj , indeed we obtain w ∈ I, ||w|| ≤ C|| Id−P ||, ||v − vw|| < ε

and |f(uw)− f(u) + (Pf)(u)| < ε.

We say that C ≥ 0 is a bound of approximate right units of A if for every ε > 0
and every a ∈ A there is a b ∈ A with ||a− ab|| < ε and ||b|| ≤ C. Let C be the set
of all bounds of approximate right units. Then the infimum D of C also is a bound
of approximate right units. Let ε > 0 and a ∈ A; there is C ∈ C with C < D + η
where 0 < η < ε

1+||a|| ; there is also b ∈ A with ||b|| ≤ C and ||a − ab|| < η, we

have ||a− ab1|| < ε and ||b1|| ≤ D for b1 = Db
D+η . We call D the best bound for the

approximate right units of A.
Assume that A admits two-sided approximate units bounded by one. Let I be

a closed left ideal of A having bounded approximate right units. Then the best
bound for the approximate right units of I is min{|| Id−P || | P ∈ HomAA

∗, P is a
projection from A∗ onto I⊥}.

3. Bounds for approximate units of T−1
H (I)

Let q be a continuous strictly positive function on G with

q(xh) = q(x)∆H(h)∆G(h−1) for all x ∈ G and h ∈ H.

We choose measures dx, dh, dqẋ on G,H,G/H as in [14, p. 158]. For every f ∈

L1(G), we define TH,qf(ẋ) =

∫
H

f(xh)

q(xh)
dh where ẋ = xH = ω(x). When we can

choose q = 1 (this is the case if H is normal in G) we will write TH instead of TH,1.

Theorem 3. Let H be a closed normal amenable subgroup of G and I a closed left
ideal of L1(G/H) having approximate right units bounded by C ≥ 0. Then T−1

H (I)
has approximate right units bounded by C + 2.

The existence of bounded right units in T−1
H (I) is due to Reiter [16, p. 70]. He

found for T−1
H (I) the bound 3C+ 5 (see pp. 31-33). Later, Doran and Wichman [6,

pp. 43–44] obtained the bound 3C + 2 with the same method.
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For F ∈ Cb`u(G)∗ (Cb`u(G) is the Banach space of all bounded left uniformly
continuous functions on G) the relation

〈f, τG(F )t〉L1(G),L∞(G) =

∫
G

f(x)(τG(F )t)(x)dx = F (f∗ ∗ t)

for f ∈ L1(G) and t ∈ L∞(G) defines an element τG(F ) of HomL1(G) L
∞(G). We

recall that τG is a Banach algebra isomorphism from Cb`u(G)∗ (with the Arens
product) onto HomL1(G) L

∞(G); for Φ ∈ HomL1(G) L
∞(G) and t ∈ Cb`u(G), we also

have τ−1
G (Φ)(t) = Φ(t)(e).

Let M be a left-invariant mean on Cb`u(H). For ϕ ∈ Cb`u(G) and x ∈ G, we
put γ(ϕ)(ẋ) = M(ϕx,H), where ϕx,H(h) = ϕ(xh) for h ∈ H. It is straight-

forward to verify that α = τG ◦ γ∗ ◦ τ−1
G/H is a Banach algebra isometry from

HomL1(G/H) L
∞(G/H) into HomL1(G)L

∞(G) (note the analogy with [1, Theo-
rem 8, p. 501]). But in general α(IdL∞(G/H)) 6= IdL∞(G)! According to Proposi-

tion 1 there is P ∈ HomL1(G/H) L
∞(G/H), a projection from L∞(G/H) onto I⊥,

with || IdL∞(G/H)−P || ≤ C. Let t ∈ Cb`u(G). For f ∈ T−1
H (I) we have

〈f, α(P )(t)〉L1(G),L∞(G) = 〈THf, P (γ(t))〉L1(G/H),L∞(G/H) = 0

and therefore α(P )(t) ∈ T−1
H (I)⊥. From this we deduce α(P )(t) ∈ T−1

H (I)⊥ for
every t ∈ L∞(G).

Let t ∈ T−1
H (I)⊥; for f, g ∈ L1(G) we have

〈g ∗ f, α(P )t〉L1(G),L∞(G) = 〈THf, P (γ(g∗ ∗ t))〉L1(G/H),L∞(G/H) .

There is u ∈ I⊥ ∩ Cb`u(G/H) with u ◦ ω = g∗ ∗ t, and therefore

〈g ∗ f, α(P )t〉L1(G),L∞(G) = 〈THf, Pu〉L1(G/H),L∞(G/H)

= 〈THf, u〉L1(G/H),L∞(G/H) = 〈g ∗ f, t〉L1(G),L∞(G) ,

so we obtain α(P )t = t. We have proved that α(P ) is a projection from L∞(G)
onto T−1

H (I)⊥. The inequality

|| IdL∞(G)−α(P )|| ≤ || IdL∞(G)−α(IdL∞(G/H))||+ || IdL∞(G/H)−P ||

permits us to conclude.

It is possible to avoid Propositions 1, 2 and the use of HomL1(G)L
∞(G). Never-

theless the following more direct proof gives perhaps less insight into the question.

Let f ∈ T−1
H (I) and ε > 0. There is u ∈ L1(G) with ||f − f ∗ u||1 <

ε

C + 5

and ||u||1 = 1. By assumption there is r ∈ I with ||THf − THf ∗ r||1 <
ε

C + 5
and

||r||1 ≤ C. Choose s ∈ T−1
H (I) with THs = r. Denote by AH the convex hull of

{Ah | h ∈ H} where (Ahϕ)(x) = ϕ(xh)∆G(h) for ϕ ∈ CG, x ∈ G and h ∈ H.
Using the amenability of H we can find A ∈ AH with ||As||1 < ||r||1 + η where

η =
ε

(C + 5)(1 + ||f ||1)
(see [14, p. 174]). There is also B ∈ AH with

||B(f ∗ u− f ∗ u ∗As)||1 <
ε

C + 5
+ ||TH(f ∗ u− f ∗ u ∗As)||1 .
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We have u−Bu+u∗BAs ∈ T−1
H (I), ||f − f ∗ (u−Bu+ u ∗BAs)||1 <

ε(C + 4)

C + 5
and ||u−Bu+ u ∗BAs||1 < 2 + C + η. It suffices now to put

k =
C + 2

C + 2 + η
(u−Bu+ u ∗BAs)

to conclude ||k||1 ≤ C + 2 and ||f − f ∗ k||1 < ε.

4. Analogous result for the Figà-Talamanca Herz algebra Ap(G)

Theorem 4. Let G be an amenable locally compact group, H a closed normal
subgroup of G and I a closed ideal of Ap(H). We assume that I has approximate
units bounded by C (C ≥ 0). Then the closed ideal {u ∈ Ap(G) | ResH u ∈ I} has
approximate units bounded by C + 2.

For p = 2, the special case I = {0}, with the bound 3, was already obtained by
Forrest [7, p. 6, Proposition 3.7]. More recently, Forrest [8, Proposition 3.4] treated
also the corresponding result in Ap(G) with a less explicit and certainly less precise
constant.

Instead of using Cb`u(G), we consider cvp(G), the norm closure in the space
L(Lp(G)) of all bounded operators of all p-convolution operators with compact
support. Let P be the map from L(Lp(G)) into L(Lp(H)) constructed in Theorem 3
of [2]. Let also σG be the canonical Banach algebra isometry from cvp(G)∗ onto

HomAp(G) PMp(G) (see for example [1, p. 501]). The map λ = σG ◦ P∗ ◦ σ−1
H is

a Banach algebra isometry from HomAp(H) PMp(H) into HomAp(G) PMp(G). In

analogy with the L1-case, we have in general λ(IdPMp(H)) 6= IdPMp(G) !

Let i be the canonical map from PMp(H) into PMp(G) defined in [4, p. 76].
Then i(I⊥) coincides with J⊥ where J = {u ∈ Ap(G) | ResH u ∈ I}. To
verify this, consider T ∈ J⊥, the support of T lies in H. According to [12,
p. 190, Théorème 5], there is S ∈ PMp(H) such that i(S) = T . We obtain
S ∈ I⊥. Conversely assume that T = i(S) with S ∈ I⊥. For v ∈ J we have
〈v, T 〉Ap(G),PMp(G) = 〈ResH v, S〉Ap(H),PMp(H) = 0 and thus T ∈ J⊥.

For Φ ∈ HomAp(H) PMp(H) we have λ(Φ) = i ◦ Φ ◦ P . Take indeed u ∈ Ap(G)
and T ∈ PMp(G); then

〈u, λ(Φ)T 〉Ap(G),PMp(G) = P∗(σ−1
H (Φ))(uT ) = σ−1

H (Φ)(ResH u P(T ))

= 〈ResH u,Φ(P(T ))〉Ap(H),PMp(H)

= 〈u, i(Φ(P(T )))〉Ap(G),PMp(G) .

There exists P ∈ HomAp(H) PMp(H), a projection from PMp(H) onto I⊥, with

|| IdPMp(H)−P || ≤ C. The map λ(P ) is a projection from PMp(G) onto J⊥. Let
T ∈ PMp(G). For w ∈ J ,

〈w, λ(P )(T )〉Ap(G),PMp(G) = 〈ResH w,P (P(T ))〉Ap(H),PMp(H) = 0.

Therefore λ(P )(T ) ∈ J⊥. Let T ∈ J⊥. There is S ∈ I⊥ with T = i(S). For
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w ∈ Ap(G) we have

〈w, λ(P )(T )〉Ap(G),PMp(G) = 〈ResH w,P (P(i(S)))〉Ap(H),PMp(H)

= 〈ResH w,P (S)〉Ap(H),PMp(H)

= 〈ResH w, S〉Ap(H),PMp(H)

= 〈w, i(S)〉Ap(G),PMp(G) .

Finally, the inequality || IdPMp(G)−λ(P )|| ≤ 2+C permits us as above to conclude.

It is also possible to write another more direct proof:
Let u ∈ J and ε > 0. There is v ∈ Ap(G) with ||v||Ap(G) = 1 and ||u− uv||Ap(G)

<
ε

4
. By assumption, there exists w ∈ I with ||ResH(uv)− wResH(uv)||Ap(H) <

ε

4
and ||w||Ap(H) ≤ C. Using [9, p. 92, Theorem 1b] there is a ∈ Ap(G) with ResH a =

w and ||a||Ap(G) < ||w||Ap(H) + η where 0 < η < min{1, ε

4(C + 3)(1 + ||u||Ap(G))
}.

By [5, p. 102, Proposition 10] there is b ∈ Ap(G/H) with b(ė) = 1, ||b||Ap(G/H) <

1+η and ||b◦ω(uv−uva)||Ap(G) <
ε

4
+||ResH(uv−uva)||Ap(H). Let d = v−b◦ω v+

b ◦ ω va. We have d ∈ J ; from

||u− ud||Ap(G) ≤ ||u− uv||Ap(G) + ||b ◦ ω(uv − uva)||Ap(G),

we deduce ||u−ud||Ap(G) <
3ε

4
. Moreover we have ||d||Ap(G) < C+2+2η+ηC+η2.

Consider f =
(C + 2)d

C + 2 + 2η + ηC + η2
. We have f ∈ J and ||f ||Ap(G) ≤ C + 2. From

||u− uf ||Ap(G) ≤ ||u− ud||Ap(G) + ||ud− uf ||Ap(G) and

||ud− uf ||Ap(G) ≤ (2η + ηC + η2)||u||Ap(G)

we obtain ||ud− uf ||Ap(G) <
ε

4
and finally ||u− uf ||Ap(G) < ε.

5. Best bound for the approximate units of the ideal kerTH,q

Theorem 5. Let H be a closed amenable subgroup of G. The best bound for the

right approximate units of kerTH,q is 2 if H is infinite. It is
2(|H| − 1)

|H| otherwise.

This theorem is a consequence of the following two propositions.

Proposition 6. Let P ∈ HomL1(G) L
∞(G) which is a projection from L∞(G) onto

kerTH,q
⊥, H being a closed noncompact subgroup of G. Then we have

1) P (f) = 0 for all f ∈ C0(G) (the set of all continuous functions on G vanishing
at infinity).

2) || Id−P || ≥ 2.

The existence of P is, for H amenable, a consequence of Proposition 1.
To prove 1), observe first that P (t) ∈ Cb`u(G) for t ∈ Cb`u(G). For every

r ∈ C00(G) (i.e. r is a continuous function with compact support on G), t ∈ Cb`u(G),
h ∈ H, we have 〈r − rh−1∆G(h−1), P (t)〉L1(G),L∞(G) = 0 (for a, x ∈ G, ϕ ∈ CG,
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aϕ(x) = ϕ(ax), ϕa(x) = ϕ(xa)). This implies P (t)h = P (t) and consequently
P (ht)(e) = P (t)(e). Now let f ∈ C00(G). There is a sequence (hn)∞n=1 ⊂ H such
that supphn f ∩ supphm f = ∅ for n 6= m. For N ∈ N we have∣∣∣∣P( N∑

k=1

hkf

)
(e)

∣∣∣∣ = |N(Pf)(e)| ≤ ||P || ||f ||∞ ,

which implies P (f)(e) = 0. Consequently, for every x ∈ G, P (xf)(e) = 0 and
therefore P (f) = 0.

To prove 2), it suffices to choose f ∈ C00(G) with 0 ≤ f ≤ 1G and f(e) = 1.
The function g = 2f − 1G satisfies the following properties: g ∈ Cb`u(G), ||g||∞ = 1
and (Id−P )g = 2f . We finally obtain || Id−P || ≥ 2.

Proposition 7. Let H be a compact subgroup of G and P ∈ HomL1(G)L
∞(G)

a projection from L∞(G) onto kerTH
⊥. If H is infinite, then || Id−P || ≥ 2 and

|| Id−P || ≥ 2(|H| − 1)

|H| otherwise.

Preliminary remark. If H is a finite, P (t) =
1

|H|
∑
h∈H

th (for t ∈ L∞(G)) defines

P ∈ HomL1(G)L
∞(G), which is a projection from L∞(G) onto kerTH

⊥. We have

|| Id−P || ≤ 2(|H| − 1)

|H| .

Proof. 1) We have (Pf)(e) =

∫
H

f(h)dh for all f ∈ C0(G) such that hf = fh for

every h ∈ H.
Using the continuity of the map h 7→ fh from H into C0(G), we obtain the

existence and the unicity of g ∈ C0(G) such that L(g) =

∫
H

L(fh)dh for every

L ∈ C0(G)∗. It follows that g(x) =

∫
H

f(xh)dh for every x ∈ G and consequently

P (g) = g. We also have

(Pg)(e) =

∫
H

P (fh)(e)dh =

∫
H

P (hf)(e)dh =

∫
H

(Pf)(h)dh =

∫
H

P (f)(e)dh.

We therefore conclude that g(e) = (Pf)(e).
2) Assume that H is infinite. Let ε > 0. There is an open neighbourhood U

of e in G such that mH(H ∩ U) <
ε

2
where mH is the normalized Haar measure

of H. There is also a compact neighbourhood V of e in G with V = V −1, V 2 ⊂ U
and hV = V h for every h ∈ H. Consider then ϕ =

1V ∗ 1V
mG(V )

. We have hϕ = ϕh

for every h ∈ H, 2ϕ − 1G ∈ Cb`u(G), (2ϕ − 1G)(e) = 1, ||2ϕ − 1G||∞ = 1 and
(Id−P )(2ϕ− 1G)(e) = 2− 2P (ϕ)(e). From

P (ϕ)(e) =

∫
H

ϕ(h)dh ≤ mH(U ∩H) <
ε

2
,

we deduce || Id−P || > 2− ε.
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3) In the finite case it suffices to consider an open neighbourhood U of e in G
with U ∩H = {e}. We choose then V and ϕ as in 2). We obtain

(Id−P )(2ϕ− 1G)(e) = 2− 2P (ϕ)(e) = 2− 2

|H|
∑
h∈H

ϕ(h) = 2− 2

|H|

and therefore || Id−P || ≥ 2(|H| − 1)

|H| .

It would be interesting (for H amenable) to obtain a description of the set of
all projections P from L∞(G) onto kerTH

⊥ with P ∈ HomL1(G)L
∞(G). For H

compact and normal in G we can show that this set consists of a unique element

given by P (t)(x) =

∫
H

t(xh)dh for t ∈ Cblu(G).

Let f ∈ L1(G), t ∈ L∞(G) and ε > 0. By Proposition 2 there is g ∈ kerTH

with ||g||1 ≤ || Id−P ||, ||f − THf ◦ ω − (f − THf ◦ ω) ∗ g|| <
ε

2(1 + ||t||∞)
and

|〈f, P (t)〉L1(G),L∞(G) − 〈f, t〉L1(G),L∞(G) + 〈f ∗ g, t〉L1(G),L∞(G)| <
ε

2
. The sub-

group H being normal in G, for every x ∈ G we have

(THf ◦ ω) ∗ g(x) =

∫
G/H

(THf)(ω(x)ẏ−1)∆G(y−1)

(∫
H

g(yh)dh

)
dẏ

and therefore (THf ◦ ω) ∗ g = 0. Taking into account that

|〈f,P (t)〉L1(G),L∞(G) − 〈THf ◦ ω, t〉L1(G),L∞(G)|
≤ |〈f, P (t)〉L1(G),L∞(G) − 〈f, t〉L1(G),L∞(G) + 〈f ∗ g, t〉L1(G),L∞(G)|

+ |〈f − THf ◦ ω − (f − THf ◦ ω) ∗ g, t〉L1(G),L∞(G)|

we obtain that |〈f, P (t)〉L1(G),L∞(G)− 〈THf ◦ω, t〉L1(G),L∞(G)| < ε. In other words

〈f, P (t)〉L1(G),L∞(G) = 〈THf ◦ ω, t〉L1(G),L∞(G). This implies for t ∈ Cblu(G) and

x ∈ G that P (t)(x) =

∫
H

t(xh)dh.

6. Best bound for the approximate units

of certain ideals of the Fourier algebra

For an arbitrary subset F of G we denote by I(F ) the closed ideal of Ap(G)
consisting of those functions vanishing on F . Motivated by the assertion 1) of
Proposition 6 we first prove the following result.

Proposition 8. Let G be amenable and let H be a closed normal nonopen subgroup
of G. Let P ∈ HomAp(G) PMp(G) be a projection from PMp(G) onto I(H)⊥. Then
P (T ) = 0 for every T ∈ PFp(G).

PFp(G) is the norm closure of L1(G) in PMp(G). For G abelian PF2(G) is,

via the Fourier transform, isomorphic to C0(Ĝ). To P there corresponds P̂ ∈
HomL1(Ĝ)L

∞(Ĝ), a projection from L∞(Ĝ) onto (kerTH⊥)⊥ where H⊥ is the set

of all continous characters of G equal to 1 on H. Moreover H is nonopen if and
only if H⊥ is noncompact.
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The existence of P (in Proposition 8) is a consequence of Proposition 1 and
Theorem 4.

Let f ∈ C00(G), K = supp f∗, u ∈ Ap(G), ε > 0 and U be an open neighbour-
hood of H ∩K in G such that

mG(U) <
ε

4(||f∗||∞ + 1)(||u||Ap(G) + 1)(|| Id−P ||+ 1)
.

It is possible to choose v ∈ I(H) ∩ C00(G) with v = 1 on K1 = K − U . By
Proposition 2 there is w ∈ I(H) with ||w||Ap(G) ≤ || Id−P ||,

||vw − v||Ap(G) <
ε

4(||f ||1 + 1)(||u||Ap(G) + 1)

and

|〈uw, λpG(f)〉Ap(G),PMp(G)

− 〈u, λpG(f)〉Ap(G),PMp(G) + 〈u, P (λpG(f))〉Ap(G),PMp(G)| <
ε

2

(for a bounded measure µ, λpG(µ) is the convolution operator defined by λpG(µ)(ϕ)(x)

=

∫
G

ϕ(xy)∆G(y)1/pdµ(y)). We obtain the estimate

|〈u, P (λpG(f))〉Ap(G),PMp(G)| <
ε

2
+ |〈u− uw, λpG(f)〉Ap(G),PMp(G)| .

Taking into account that

〈u− uw, λpG(f)〉Ap(G),PMp(G) =

∫
G

(u(x) − u(x)w(x))f∗(x)dx ,

we can write
|〈u− uw, λpG(f)〉Ap(G),PMp(G)|

≤
∫
K1

|u(x)v(x) − v(x)u(x)w(x)| |f∗(x)| dx

+

∫
K∩U

|u(x)− u(x)w(x)| |f∗(x)| dx .

We estimate

∫
K1

|u(x)v(x)−v(x)u(x)w(x)| |f∗(x)| dx by ||u||Ap(G)||v−vw||Ap(G)||f ||1

and

∫
K∩U

|u(x)−u(x)w(x)| |f∗(x)| dx by mG(K ∩U)(||u||∞+ ||u||∞||w||∞)||f∗||∞.

We obtain therefore that |〈u− uw, λpG(f)〉Ap(G),PMp(G)| <
ε

2
and finally

|〈u, P (λpG(f))〉Ap(G),PMp(G)| < ε.

We also need an analog of the assertion 2) of Proposition 6:
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Proposition 9. There is T ∈ PF2(G) with |||T |||2 = 1 and ||| IdL2(G)−2T |||2 = 1.

Let f ∈ C00(G) such that f 6= 0 and f = f∗. Consider the C∗-algebra

λ2
G(M1(G)) and denote by A and B the C∗-subalgebras generated by λ2

G(f), re-
spectively λ2

G(f) and IdL2(G). Of course A and B are abelian and B is unital. Let
Ω(A) ⊂ Ω(B) be the spectra of A and B. The space Ω(A) is locally compact (and
nonempty), Ω(B) is compact (it is actually the one-point compactification of Ω(A)).
It follows that the Gelfand transformation F : B −→ C0(Ω(B)) = C(Ω(B)) is an
isometric isomorphism. Moreover the restriction of F to A is an isomorphism onto
C0(Ω(A)). Choose now ϕ ∈ C(Ω(B)) such that 0 ≤ ϕ ≤ 1, ||ϕ||∞ = 1 and suppϕ ⊂
Ω(A). Let T = F−1(ϕ) ∈ A ⊂ PF2(G) and |||T |||2 = ||ϕ||∞ = 1 = ||| Id−2T |||2.

Theorem 10. Suppose that G is amenable, and let H be a closed normal nonopen
subgroup of G. The best bound for approximate units of I(H) (in A2(G)) is 2.

Let P ∈ HomA(G) PM(G) be a projection from PM(G) onto I(H)⊥. There is
T ∈ PF (G) with |||T |||2 = 1 and ||| IdL2(G)−T |||2 = 1. We have

(Id−P )(IdL2(G)−T ) = −2T.

This implies || Id−P || ≥ 2.

Remark. We are unable to prove the corresponding result in Ap(G) for p 6= 2 !

Theorem 11. Let H be an open (not necessarily normal) subgroup of an amenable
group G. The best bound for approximate units of I(H) (in A2(G)) is 2 if G/H is

infinite, and is
2(|G/H| − 1)

|G/H| otherwise.

Let MA(G) be the Banach algebra of all pointwise multipliers of A(G) with the
multiplier norm. We have 1H ∈ MA(G). Clearly P0(T ) = 1HT defines a map
which belongs to HomA(G) PM(G) and projects PM(G) onto I(H)⊥. From the
decomposition T = 1HT + 1G−HT it follows that any P ∈ HomA(G) PM(G) which

projects PM(G) onto I(H)⊥ coincides with P0. Therefore the best bound for the
approximate units of I(H) is precisely || Id−P0||, i.e. ||1G−H ||MA(G).

Now G being amenable MA(G) coincides (isometrically) with the intricate Ba-
nach algebra B2(G) introduced by C. Herz [10]. We recall the necessary notions.
Let X be a nonempty set (with the discrete topology). Every k ∈ C00(X × X)
is the kernel of a bounded operator of `2(X). The corresponding norm is de-
noted |||k|||2. V2(X) is the space of all ϕ ∈ CX×X for which there is C > 0
with |||ϕk|||2 ≤ C|||k|||2 for every k ∈ C00(X ×X). The smallest possible C is
||ϕ||V2(X). By definition B2(G) is the set of all ϕ ∈ C(G) for which MGϕ ∈ V2(Gd)

where MGϕ(x, y) = ϕ(y−1x) and ||ϕ||B2(G) = ||MGϕ||V2(Gd).
Moreover, by an important result of C. Herz [11, Theorem 5],

||1G−H ||B2(G) = ||1G/H×G/H−∆(G/H)||V2((G/H)d)

where ∆(G/H) is the diagonal in G/H × G/H. Now G/H carries a structure
of abelian group. Let Ld be this group with the discrete topology. We have
||1G−H ||B2(G) = ||1Ld−{e}||B2(Ld). From above ||1Ld−{e}||B2(Ld) is the best bound
for approximate units of kerT

L̂d
. We conclude then with the help of Theorem 5.
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