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FREE PRODUCTS OF FINITARY LINEAR GROUPS

ORAZIO PUGLISI

(Communicated by Ron Solomon)

Abstract. In this note we show that the free product of any family of groups
which are finitary linear over fields of the same characteristic p ≥ 0, is still
finitary linear over a field of characteristic p.

Introduction

Let V be an F-vector space, and g an element of GL(V,F), the group of invertible
F-linear transformations of V . If CV (g) = {v | vg = v} has finite codimension in
V (or, equivalentely, if [V, g] = {vg − v | v ∈ V } has finite dimension), the element
g is said to be a finitary linear transformation. When V is a finite-dimensional
vector space, then every element of GL(V,F) is finitary, so that this definition is
of particular interest when V has infinite dimension. It is easily seen that the
finitary elements of GL(V,F) form a normal subgroup. This subgroup is denoted
by FGL(V,F), and a group is said to be a finitary linear group if it is (isomorphic
to) a subgroup of FGL(V,F) for some field F and F-vector space V .

In recent years the structure of finitary groups has been the subject of intensive
investigations which have led to a number of interesting results. The reader inter-
ested in the present situation in this area of research is referred to the papers of
Hall and Phillips in [A] and to their bibliography.

Even though much is known about the structure of finitary linear groups, it
seems to be a difficult question to decide which groups can have a finitary linear
representation. It is very easy to show that any abelian group has a faithful finitary
representation over a suitable field of characteristic zero, or that a group of the kind
HwrK, where H is a finite dimensional linear group over F and K is a group of
finitary permutations, has a faithful representation over F (see [P]), but, beyond
that, very few results are available. It is worth mentioning that Meierfrankenfeld
([M]) has proved that a free group of infinite rank has an infinite-dimensional faith-
ful finitary representation over any field of characteristic 0. Another remarkable
result is contained in [L]. A consequence of Theorem D of [L] is a necessary and
sufficient condition for a countable FC p-group to be finitary linear over a field of
characteristic p.

In this note we want to study how finitary linear groups behave with respect
to free products. It turns out that their behaviour is reasonably good, since the
following result holds:
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Theorem 1. Let Gλ ≤ FGL(Vλ,Fλ), λ ∈ Λ, be a family of finitary linear groups.
If the fields Fλ have the same characteristic p ≥ 0, then there exist a field F of
characteristic p and an F-vector space V such that the group G =∗λ∈ΛGλ has a
faithful representation Θ : G −→ FGL(V,F).

Actually, in the next section, a stronger form of this theorem will be proved.
Theorem 1 generalizes a well known result about free products of finite-dimen-

sional linear groups; in fact, this generalization is obtained by combining the known
result for finite-dimensional linear group with an argument involving ultraproducts.

Once we know that free products of finitary groups are still finitary, we might
be interested in having more information about their representations. The analysis
of a finitary representation of a free product gives the following result.

Theorem 2. Let G = ∗λ∈ΛGλ be a subgroup of FGL(V,F). If |Λ| ≥ 2 and
Gλ 6= 1 for all λ ∈ Λ, then any G-composition series of V has at least one but
finitely many factors on which G acts faithfully, unless G is the free product of two
groups of order 2 . The action on a faithful factor is primitive provided the factor
has infinite dimension.

When G is the free product of two groups of order 2 then it is isomorphic to an
infinite dihedral group. In this situation it is easy to see that a finitary G-module
might not have any faithful composition section.

Finally, Theorem 2 is used to discuss the existence of an irreducible infinite-
dimensional finitary linear representation for a free product of finitary groups. As an
application we show that a free group of infinite rank has a faithful and irreducible
infinite-dimensional finitary representation over fields of any characteristic.

The proofs

First of all we have to fix some notation and terminology.
If g is an element of GL(V,F), we define the degree of g as deg(g) = dim([V, g]).

In the same way the degree of a subgroup H ≤ GL(V,F) is defined as deg(H) =
dim([V,K]), where [V,K] = 〈[V, k] | k ∈ K〉. With this terminology the group
FGL(V,F) turns out to be the subset of GL(V,F) consisting of the elements of
finite degree.

When {Gλ | λ ∈ Λ} is a family of groups, we indicate by ∗λ∈Λ Gλ their free
product. Whenever the free product of the family {Gλ | λ ∈ Λ} is considered, we
agree that monomorphisms Γλ : Gλ −→∗λ∈Λ Gλ have been chosen in such a way
that

〈(Gλ)Γλ | λ ∈ Λ〉 = ∗
λ∈Λ

Gλ.

If H is any subgroup of Gλ, we shall write H instead of (H)Γλ.
If {Gi | i ∈ I} is any family of groups, we shall indicate by Dri∈IGi their direct

product and by Cri∈IGi their cartesian product. A survey of the basic properties
of finitary linear groups can be found in [P].

We start by proving a simple fact which is a different version of Theorem 2.1 of
[H].

Lemma 1. Let G be a group and H = {Hω | ω ∈ Ω} a local system. For each
ω ∈ Ω let

ρω : Hω −→ FGL(Vω ,Fω)
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be a faithful finitary representation. If there exists a function d : G −→ N such that,
if x ∈ Hω, then deg((x)ρω) ≤ d(x), then G has a faithful finitary representation

ρ : G −→ FGL(V,F).

Moreover, if each Fω has characteristic p ( p zero or a positive prime ), also F can
be chosen to have characteristic p.

Proof. Let C = Crω∈ΩHω and define the map

α : G −→ C,

g 7−→ (gω)ω∈Ω,

where gω = g if g ∈ Hω and gω = 1 otherwise. In the appendix to section L of
[KW], it is shown that an ultrafilter U on H can be chosen in such a way that the
map

α : G −→ (Crω∈ΩHω)/U
induced by α is an injective homomorphism. Using the ρω we can define an injective
homomorphism

β : (Crω∈ΩHω)/U −→ (Crω∈ΩGL(Vω,Fω))/U .
Set F = (Crω∈ΩFω)/U and V = (Crω∈ΩVω)/U . Then (Crω∈ΩGL(Vω ,Fω))/U can

be identified with GL(V, F ) in a natural way.
The map

ρ = αβ : G −→ GL(V,F)

is an injective homomorphism. Fix any element g ∈ G. For each ω ∈ Ω let Wg,ω

be a subspace of Vω such that
1. dimFωWg,ω ≤ d(g),
2. [Vω , gω] ≤Wg,ω .

Since [Crω∈ΩVω, g
α] ≤ Crω∈ΩWg,ω , it is readily seen that

[V, (g)ρ] ≤ (Crω∈ΩWg,ω)/U .
But (Crω∈ΩWg,ω)/U has dimension at most d(x) over F, so that deg((g)ρ) ≤ d(g)
for every g ∈ G. This means that (G)ρ ≤ FGL(V,F). To conclude the proof we
have only to point out that, if the fields Fω have the same characteristic p, then
also F has characteristic p. �

The above lemma is not very useful, in general, since the existence of the function
d is actually a very strong hypothesis. On the other hand, in our setting, such a
function will arise in a natural way.

Before going a step further we should point out a fact which will play an impor-
tant role in the proof of our result.

Remark. Let Hi ≤ GL(ni,Fi), i = 1, . . . , l. If n = max{ni | i = 1, . . . , l} and the

Fi have the same characteristic, then, by 2.14 of [W],∗li=1Hi has a faithful linear
representation

ψ :
l∗
i=1

Hi −→ GL(n+ 1,F),

where F is a suitable field containing the fields Fi. Moreover we can choose the
embeddings Γλ in such a way that, if K ≤ Hi for some i, we have deg(K) =
deg((K)ψ).

This is clear from the proof of 2.14 of [W].
At this stage another technical result is needed.
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Lemma 2. Let Hλ ≤ GL(nλ,Fλ), λ ∈ Λ, be a family of linear groups. If the fields
Fλ have the same characteristic p ≥ 0, then the free product of the Hλ,∗λ∈Λ Hλ,
has a faithful finitary representation

Θ : ∗
λ∈Λ

Hλ −→ FGL(V,F)

over some field of characteristic p. Moreover, if K ≤ Hλ, then deg((K)Θ) =
deg(K).

Proof. For every finite subset ∆ of Λ we define H∆ = 〈Hλ | λ ∈ ∆〉. If

F = {∆ ⊆ Λ | |∆| <∞},

then L = {H∆ | ∆ ∈ F} is a local system for H =∗λ∈Λ
Hλ. For each H∆ ∈ L

there is, by the preceding remark, a faithful representation

Θ∆ : H∆ −→ GL(n∆,F∆)

such that deg((K)Θ∆) = deg(K) whenever K is a subgroup of any Hλ, λ ∈ ∆.
Now choose any element x ∈ H. By the uniqueness of the normal form, there

exists a unique ∆ ∈ F such that x ∈ H∆ and x 6∈ HΣ if ∆ 6⊆ Σ . This means that, if
x ∈ HΣ, then H∆ ≤ HΣ. Now we want to bound deg((x)ΘΣ). Since H∆ ≤ HΣ, we
have (H∆)ΘΣ ≤ (HΣ)ΘΣ and (x)ΘΣ ∈ (H∆)ΘΣ. Thus deg((x)ΘΣ) can be bounded
by

deg((H∆)ΘΣ) ≤
∑
λ∈∆

deg((Hλ)ΘΣ) =
∑
λ∈∆

deg(Hλ).

Define d(x) =
∑
λ∈∆ deg(Hλ). Lemma 1 can now be applied to produce a finitary

representation
Θ : H −→ FGL(V,F)

To conclude the proof we notice that, by the above remark, for every subgroup
K ≤ Hλ, the degree of (K)Θ∆ is equal to deg(K) whenever λ ∈ ∆. This im-
plies that, in the ultraproduct representation, the degree of (K)Θ is still equal to
deg(K). �

A straightforward consequence is

Corollary 1. In the notation of Lemma 2, if the set {deg(Hλ)) | λ ∈ Λ} is not
bounded, then deg((∗λ∈ΛGλ)Θ) is infinite.

Proof. This is clearly true, since deg((∗λ∈ΛGλ)Θ) ≥ deg(Gλ) = deg(Gλ) for each
λ ∈ Λ. �

This corollary shows, for instance, that the free product of any infinite family of
finite groups is an infinite dimensional finitary linear group in any characteristic.
In fact, if G = {Gi | i ∈ I} is such a family, choose any field F and an unbounded
set {ni ∈ N | i ∈ I}. For each ni we can find a faithful representation for Gi over F
with deg(Gi) ≥ ni. Now we apply Lemma 2 and Corollary 1 to show that∗i∈I Gi
is finitary linear of infinite dimension.

We are now in a position to prove our main result. As announced in the intro-
duction, a stronger version of Theorem 1 can be proved.
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Theorem A. Let Gλ ≤ FGL(Vλ,Fλ), λ ∈ Λ, be a family of finitary linear groups.
If the fields Fλ have the same characteristic p ≥ 0, then there exist a field F of
characteristic p and an F-vector space V such that the group G =∗λ∈ΛGλ has a
faithful representation

Θ : G −→ FGL(V,F).

Moreover, if K is any finitely generated subgroup of Gλ, then deg((K)Θ) = deg(K).

Proof. Define Fλ = {F ≤ Gλ | F is finitely generated}. The set

H = {〈Fλ | λ ∈ Λ〉 | Fλ ∈ Fλ λ ∈ Λ}
is a local system for G. For each element H of H, Lemma 2 affords a faithful
finitary representation

ΘH : H −→ FGL(VH ,FH),

where the degree of any element x can be bounded by a function d(x) which does
not depend on H. Moreover, if K ≤ Fλ ∈ Fλ, deg((K)ΘH) = deg(K). Now
Lemma 1 applies to give the claim. �

Now we can say something about the representations of free products. First of
all, we need a simple fact about free products which is certainly well known. We
prefer, anyway, to give its proof.

Lemma 3. Let G =∗λ∈Λ Gλ, where |Λ| > 1 and Gλ 6= 1 ∀ λ ∈ Λ. If N,M are
non-trivial normal subgroups, then N ∩M 6= 1.

Proof. Since N,M are normal in G, they contain elements which are not in any
conjugate of the free factors of G. Pick x ∈ N, y ∈ M satisfying this property. If
N ∩M = 1 then [N,M ] = 1, so that [x, y] = 1. By 4.1.6 of [MKS], x and y should
be powers of a certain element z. Since x, y are not contained in any conjugate of
the free factors, their order cannot be finite. Hence 〈x〉∩〈y〉 6= 1. This is false since
N ∩M = 1. �

We have enough information to begin the study of a general finitary representa-
tion of a free product. From now onG =∗λ∈ΛGλ will be a subgroup of FGL(V,F).
To avoid trivial cases we assume, moreover, that Λ contains at least 2 elements and
that the groups Gλ are non-trivial.

Proof of Theorem 2. Choose any G-composition series in V and let {Vi | i ∈ I}
be the set of its non-trivial composition factors. If we indicate by Gi the group
induced by G on Vi we have, by Lemma 13 of [P], that G/U(G) is a subdirect
product of the Gi. Here U(G) stands for the maximal normal unipotent subgroup
of G. Since U(G) is contained in the Hirsch-Plotkin radical of G, we have that
U(G) = 1. This is true because |Λ| > 1 and Gλ 6= 1 ∀ λ ∈ Λ, and G is not
the free product of two cyclic groups of order 2. Thus G ≤ Dri∈IGi. Call πi the
projection on the i-th component. Set A = {i ∈ I | ker(πi) = 1} and B = {IA. The
action of G on Vi is faithful if and only if i ∈ A. Suppose that A is empty, so that
U(G) =

⋂
i∈B ker(πi) = 1, and choose any element g ∈ G which is not contained in

any conjugate of the free factors. Let S(g) = {i | (g)πi 6= 1}. By our choice g is an
element of infinite order, and, since g is a finitary transformation, the set S(g) is
finite. By Lemma 3 the normal subgroup

K =
⋂

i∈S(g)

ker(πi)
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is non-trivial, so that we can choose 1 6= k ∈ K. Thus [g, k] = 1 and, again by 4.1.6
of [MKS], g and k should be powers of the same element h. This is impossible since
g has infinite order and 〈g〉 ∩ 〈k〉 = 1. Thus A must contain at least one element.

Now we show that A is finite. Of courseG is a subdirect product of the Gi, i ∈ A.
If ρ : G −→ Dri∈AGi is the injection of G into Dri∈AGi, then (x)ρ has only finitely
many non-trivial components. On the other hand, since the action of G on each of
the Gi, i ∈ A, is faithful, the i-th component of (x)ρ (i ∈ A) is trivial if and only
if x = 1. This proves that A is finite.

To prove the final part of the claim, assume that V is an infinite-dimensional
irreducible G-module. If the action of G on V is imprimitive, then G possesses a
normal subgroup N which is the subdirect product of infinitely many finite dimen-
sional linear groups, and G/N is a transitive group of finitary permutations. As an
N -module, V is the direct sum of finite dimensional submodules {Vi | i ∈ I}, which
are permuted transitively by G/N . Now choose an element g ∈ N such that g is not
contained in any conjugate of any free factor. Since the set J = {i ∈ I | [Vi, g] 6= 0}
is finite there is, by Lemma 2.3 of [N], an x ∈ G such that

(*) {Vi | i ∈ J} ∩ {Vi | i ∈ J}x = ∅.

A consequence of this fact is that 〈g〉 ∩ 〈gx〉 = 1. Moreover, since (∗) holds,
[g, gx] = 1, and this is impossible because g and gx are not in a conjugate of a
free factor nor are they powers of the same element. �

This theorem has an easy corollary.

Corollary 2. Let Gλ ≤ FGL(Vλ,Fλ), λ ∈ Λ, be a family of finitary linear groups,
where the fields Fλ have the same characteristic p ≥ 0. If |Λ| > 1 and at least one
member of the family has no finite dimensional linear representations in charac-
teristic p, then G =∗λ∈Λ Gλ has a faithful and irreducible finitary representation
over a field of characteristic p.

Proof. Let V be any finitary module in characteristic p for G = ∗λ∈ΛGλ. By
Theorem 2, V has at least one irreducible and faithful G-factor W = T/B. Since
at least one of the free factors, say Gα, has no finite dimensional faithful linear
representations in characteristic p, it follows that W must have infinite dimension.�

More generally, under the same hypothesis of the above corollary, the free prod-
uct G =∗λ∈Λ

Gλ has a faithful and irreducible finitary representation of infinite
dimension over a field of characteristic p whenever, for some reason, there does not
exist a finite dimensional linear group (in characteristic p) containing copies of the
groups Gλ. We now discuss one of these cases.

As an application of Theorem 2 we want to prove that a free group of infinite
rank µ has an infinite-dimensional faithful finitary linear representation over fields
of any characteristic.

When the characteristic is 0, this result was proved to be true in [M]. So choose
a positive prime p and let I be any infinite set of cardinality µ. For every i ∈ I
let Gi be a finite elementary abelian q-group of rank ni for some prime q 6= p.
Choose the ni in such a way that the set {ni | i ∈ I} is unbounded. For each
i ∈ I, Gi has a faithful finite-dimensional representation over Fp, the field with
p elements. Now consider the finitary representation afforded by Theorem A for
the group G =∗i∈I Gi. The field F still has characteristic p. Let W = T/B be
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a faithful G-composition section of V . If W has finite dimension, say n, then all
the abelian q-subgroups of G should have rank bounded by n, and this is not the
case by our choice of the Gi. So W has infinite dimension. Since every free factor
Gi can be mapped isomorphically onto the i-th component of Dri∈IGi, there is an
homomorphism of G onto Dri∈IGi, whose kernel K is a free group. To show this
recall that, by the Kuroš Subgroup Theorem (see [R], 6.3.1), K is a free product
of the form H ∗ (∗t∈T (K ∩Gti)), where H is a free group and T a suitable subset

of G. Since K ∩ Gi = 1 ∀ i ∈ I, also K ∩ Ggi = 1 ∀ i ∈ I and g ∈ G. Thus K
is a free group. It is readily seen that the rank of K is max{ℵ0, |I|} = |I| = µ.
We can now use the results contained in [M] to show that W has an irreducible K-
submodule U 6= 0. Since the set {Ug | g ∈ G} would be a system of imprimitivity
for G in W , it turns out that U = W , so that K acts faithfully and irreducibly on
W . Hence every free group on infinite rank has a faithful and irreducible finitary
representation over some field of characteristic p, thus proving our claim.
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