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Abstract. In this paper we construct a closed geodesic in any infinite-
dimensional Teichmüller space. The construction also leads to a proof of non-
differentiability of the metric in infinite-dimensional Teichmüller spaces, which
provides a negative answer to a problem of Goldberg.

§1. Introduction

We begin with some basic definitions and notations.
Let S be a Riemann surface which has a universal covering H, where H denotes

the upper half plane. Then the Riemann surface S can be expressed as H/Γ, where
Γ is a torsion free Fuchsian group acting on H. We denote by M(Γ) the set of the
Beltrami differentials of Γ with L∞-norms less than one, that is,

M(Γ) = {µ(z) : µ(γ(z))γ′(z)/γ′(z) = µ(z), ∀γ ∈ Γ, a.e. z ∈ H; ‖µ‖∞ < 1}.

Denote by fµ : H→ H the quasiconformal mapping with the complex dilatation µ
keeping 0, 1 and ∞ fixed. We say that µ1 is equivalent to µ2 iff

fµ1 |R = fµ2 |R.

Then the Teichmüller space of S (or Γ), denoted by T (S) (or T (Γ)), is defined
as the set of the equivalence classes of the elements of M(Γ). When Γ is finitely
generated and of the first kind, the Riemann surface S is conformally finite and
the Teichmüller space T (Γ) is finite-dimensional. When Γ is of the second kind or
infinitely generated, T (Γ) is infinite-dimensional.

A Beltrami differential µ ∈M(Γ) is said to be extremal if

‖µ‖∞ ≤ ‖µ′‖∞, ∀µ′ ∈ [µ],

where [µ] is the equivalence class of µ. The Teichmüller metric for T (Γ) is defined
in terms of the extremal Beltrami differentials. For two given points [µ1] and [µ2]
in T (Γ), the Teichmüller distance between them is

d([µ1], [µ2]) =
1

2
log

1 + ‖µ‖∞
1 − ‖µ‖∞

,
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where µ is an extremal Beltrami differential in the equivalence class of the complex
coefficient of fµ1 ◦ fµ2

−1 . It is well known that the Teichmüller metric is complete
and coincides with the Kobayashi metric (see [R] or [Ga]).

Throughout this paper, by “geodesic” we mean a curve which is locally shortest
with respect to the Teichmüller metric. In the other words, we say an arc α in T (Γ)
is a geodesic if for any point p ∈ α there is a neighborhood U of p such that any
subarc τ of α contained in U is the shortest among the curves in U which join its
endpoints.

In a finite-dimensional Teichmüller space, a geodesic is always shortest in the
large. However, we will see in this paper that this is not true any more for the
infinite-dimensional case.

There are some essential differences in the geometry of the Teichmüller metric
between the finite-dimensional case and the infinite-dimensional case. In the finite-
dimensional case, the Teichmüller space is a straight geodesic space in the sense of
Buseman, namely, for any given two points there is a unique geodesic joining them
and this geodesic can be extended to a straight line (an isometric embedding from R
into the Teichmüller space with respect to the Euclidean metric and the Teichmüller
metric respectively)(see [K]). However, in the infinite-dimensional case, a geodesic
joining two given points may not be unique and there may exist infinitely many
geodesics joining the two points. The first example for the universal Teichmüller
space was given by the author (see [L1]). For the general infinite-dimensional case,
it was shown by H. Tanigawa ([T]) and Li Zhong ([L2]). This problem was further
investigated in a recent paper by C. J. Earle, I. Kra and S.L.Krushkal’ ([EKK]).

The purpose of this paper is to show further differences in the geometry between
the infinite-dimensional Teichmüller space and the finite-dimensional Teichmüller
space. We will prove the following theorem:

Theorem 1. In any infinite-dimensional Teichmüller space, there are closed geo-
desics with respect to the Teichmüller metric.

This theorem implies the non-uniqueness of geodesics and the non-convexity of
spheres in an infinite-dimensional Teichmüller space (see [L3]).

It is well known that the Teichmüller metric in a finite-dimensional Teichmüller
space is differentiable. This was proved by C. J. Earle ([E]). It is of interest to
know whether or not the metric in an infinite-dimensional Teichmüller space is
differentiable. This is an open problem posed by L. R. Goldberg (Problem 5, p.1184,
[Go]). The following theorem will provide a negative answer to this problem:

Theorem 2. In any infinite-dimensional Teichmüller space there are points [µ1] 6=
[µ2] and tangent vectors φ at [µ1] such that the directional derivative of ρ([µ]) =
d([µ], [µ2]) at [µ1] in the direction φ does not exist.

Theorem 2 and its proof were suggested by C. J. Earle, after he read the manu-
script of this paper.

We will prove Theorem 1 by constructing a closed geodesic in given Teichmüller
space (§3). Theorem 2 is an application of such a construction (§4). A special holo-
morphic quadratic differential constructed in [L3] will play an important role. For
completeness we repeat the construction of the holomorphic quadratic differential
here (§2).
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§2. Construction of a special quatratic differential

We denote by Q(Γ) the set of holomorphic quadratic differentials of Γ with finite
L1−norm, that is,

Q(Γ) = {φ :φ(z) = φ(γ(z))γ′(z)2, ∀γ ∈ Γ and z ∈ H;

φ is holomorphic in H; and ‖φ‖ <∞},

where

‖φ‖ =

∫
H/Γ
|φ|.

Now we suppose that the surface S = H/Γ is not of conformally finite type,
namely the Fuchsian group Γ is of the second kind or infinitely generated. In this
case, the Banach space Q(Γ), as well as the Teichmüller space T (Γ), are infinite-
dimensional.

Since the unit sphere of an infinite-dimensional Banach space is non-compact,
there is a sequence {φn} in the unit sphere of Q(Γ) that has no norm-convergent
subsequence. We may assume (by passing to a subsequence) that φn → φ ∈ Q(Γ)
on compact subsets of H. Replacing φn by ψn = (φn − φ)/‖φn − φ‖, we obtain a
sequence {ψn} of unit vectors in Q(Γ) that converges to zero uniformly on compact
sets in H.

Set Dk = {z ∈ H : ρ(z, i) ≤ k} for each k ≥ 1, and set Ek = Dk ∩ ω, where ω is
a fundamental polygon and ρ is the Poincaré distance in H. Now put Dk0 = ∅ and
choose strictly increasing sequences of positive integers nl and kl, l ≥ 1, so that
n1 = 1 and for all l ≥ 1 we have

Ekl−1
⊂ Ekl ,

(1) |ψnl(z)| < 2−l, for all z ∈ Dkl−1
,

(2)

∫
Ekl\Ekl−1

|ψnl | > 1− 2−l,

and

(3)

∫
ω\Ekl

|ψnj | < 2−l, if 1 ≤ j ≤ l.

For simplicity, from now on, we write ψl, Dl, and El instead of ψnl , Dkl , and
Ekl .

Let

ψ =
∞∑
l=1

ψl.

It is easy to see from (1) that the series is uniformly convergent in any compact
subset of H and hence defines a holomorphic quadratic differential of Γ.
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Lemma 1. The holomorphic quadratic differentials ψl and ψ =
∑∞
l=1 ψl have the

following properties:

(4)

∫
El−1

|ψl| = O(2−l), as l →∞,

(5)

∫
El\El−1

|ψ − ψl| = O(l2−l), as l →∞,

(6)

∫
El\El−1

|ψ| = 1 +O(l2−l), as l →∞.

Proof. Since ‖ψl‖ = 1, it is obvious that (2) implies (4) and (5) implies (6). So it
is sufficient to prove (5). Noting again the fact that ‖ψl‖ = 1, from (2), (3), and
(4) we have

∫
El\El−1

|ψ − ψl| = O

l−1∑
j=1

∫
El\El−1

|ψj |

+O

 ∞∑
j=l+1

∫
El\El−1

|ψj |


= O

l−1∑
j=1

∫
ω\El−1

|ψj |

+O

 ∞∑
j=l+1

∫
El

|ψj |


= O

l−1∑
j=1

2−l

+O

 ∞∑
j=l+2

2−j

 = O(l2−l).

Then we get (5). The Lemma is proved.

§3. The proof of Theorem 1

Now we are going to construct a closed geodesic in T (Γ) where Γ is a torsion free
Fuchsian group of the second kind or infinitely generated so that T (Γ) is infinite-
dimensional. We will use the same notation as before.

First of all, we define four functions:

κ1(z) =

{
k, for z ∈ E2n+1 \E2n, n = 0, 1, ...;

0, for z ∈ E2n \E2n−1, n = 1, 2, ....,

κ2 = −κ1,

κ3(z) =

{
0, for z ∈ E2n+1 \E2n, n = 0, 1, ...;

k, for z ∈ E2n \E2n−1, n = 1, 2, ...,

κ4 = −κ3,

where k ∈ (0, 1) is a constant. They can be extended to the upper half plane H by
defining

κj(γ(z)) = κj(z), for j = 1, 2, 3, 4; z ∈ ω.
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Lemma 2. Let ψ be the quadratic differential for Γ constructed in Section 2. The
four Beltrami differentials µj = κjψ/|ψ|, j = 1, 2, 3, 4, are extremal.

Proof. It is sufficient to give the proof for j = 1. It follows from (4) (where l is
replaced by 2n+ 1) that

∫
ω

µ1ψ2n+1 = k

∫
E2n+1\E2n

ψ

|ψ|ψ2n+1 +O(2−n−1)

= k

∫
E2n+1\E2n

|ψ|+O

(∫
E2n+1\E2n

|ψ − ψ2n+1|
)

+O(2−2n−1).

.

From (5) and (6) we get

lim
n→∞

∣∣∣∣∫
ω

µ1ψ2n+1

∣∣∣∣ = k,

which implies that µ1 is extremal (see [RK], or [K]). Similarly, the other µj is
extremal. The Lemma is proved.

By Lemma 2 the Teichmüller distance between [0] and [µj ] is

(7) d([0], [µj ]) = R, for j = 1, 2, 3, 4,

where

R =
1

2
log

1 + k

1− k .

Noting the facts that µ1 = −µ2 and µ3 = −µ4, we see

(8) d([µ1], [µ2]) = 2R, d([µ3], [µ4]) = 2R.

The distance formula

(9) d([µ], [ν]) = inf
µ′∈[µ],ν′∈[ν]

tanh−1

∥∥∥∥ µ′ − ν′1− ν′µ′

∥∥∥∥
∞

gives immediately that
(10)

d([µi], [µj ]) ≤ tanh−1

∥∥∥∥ µi − µj1− µiµj

∥∥∥∥
∞

= R if (i, j) = (1, 3), (3, 2), (2, 4), or (4, 1).

On the other hand, from (8) we see

d([µ1], [µ3]) + d([µ3], [µ2]) ≥ d([µ1], [µ2]) = 2R.

It follows from (10) that

d([µ1], [µ3]) = d([µ3], [µ2]) = R.

Similarly we get
d([µ1], [µ4]) = d(µ4], [µ2]) = R.
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Hence the equalities in (10) hold. By a paper ([EE]) of C.J. Earle and J. Eells, an ex-
plicit formula for the geodesic αi, j from [µi] to [µj ] (again (i, j) = (1, 3), (3, 2), (2, 4),
or (4, 1)) is

t 7→
[
t(µj − µi) + µi(1− µiµj)
tµi(µj − µi) + (1− µiµj)

]
=

[
tµj +

(
1− t

1− k2t

)
µi

]
, 0 ≤ t ≤ 1.

Let τ1, τ2, τ3 and τ4 be the images of α1,3, α3,2, α2,4 and α4,1 respectively. It is
easy to see that any pair of them can not intersect each other at an interior point
(otherwise it would be in contradiction to (8)). Therefore,

β = τ1 ∪ τ2 ∪ τ2 ∪ τ3 ∪ τ4

is a closed Jordan curve.
To show that β is a geodesic, it is sufficient to show that β is locally shortest

at each point µj (j = 1, 2, 3, 4). This is easy to see. In fact, noting (8) and the
fact that the length of each τj is R, the arcs τ1 ∪ τ2, τ2 ∪ τ3, τ3 ∪ τ4 and τ4 ∪ τ1 are
geodesics. Then we can conclude that β is a closed geodesic in T (Γ).

The proof of Theorem 1 is completed.

§4. The proof of Theorem 2

Let µ1, µ2, µ3 and µ4 be the four Beltrami differentials of Γ constructed in Section
3. We look at the function ρ([µ]) = d([µ], [µ3]) on T (Γ). (Here the definition of
ρ has a formal difference with that in the statement of Theorem 2. But this is
not essential.) We want to show that the function ρ does not have directional
derivatives in all directions at [µ] = [µ1]. If it did, then the function

f(t) = d([tµ1/k], [µ3]), −1 < t < 1,

would be differentiable at t = k. But for −k ≤ t ≤ k we have

(11) 2R = d([µ4], [µ3]) ≤ d([µ4], [tµ1/k]) + d([tµ1/k], [µ3]).

Using the distance formula (9) again and noting the fact that the intersection of
the supports of µ1 and µ4 is empty, we see

(12) d([µ4], [tµ1/k]) ≤ tanh−1

∥∥∥∥ µ4 − tµ1/k

1− (tµ1/k)µ4

∥∥∥∥
∞

= R, for −k ≤ t ≤ k.

Similarly, we have

(13) f(t) = d([tµ1/k], [µ3]) ≤ R, for −k ≤ t ≤ k.

Then it follows at once from (11-13) that

2R ≤ R + f(t) ≤ 2R, for −k ≤ t ≤ k

so f(t) = R for −k ≤ t ≤ k. For k < t < 1 we have

(14)
tanh−1 t+R = d([tµ1/k], [0]) + d([0], [µ2]) = d([tµ1/k], [µ2])

≤ f(t) + d([µ3], [µ2]) = f(t) +R.
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Here we have used the fact that t 7→ [tµ1/k], −1 < t < 1, is a geodesic in T (Γ).
On the other hand, we have

(15)

f(t) = d([tµ1/k], [µ3]) ≤ d([tµ1/k], [µ1]) + d([µ1], [µ3])

= d([tµ1/k], [µ1]) +R = d([tµ1/k], [µ1]) + d([µ1], [0])

= d([tµ1/k], [0]) = tanh−1 t, for k < t < 1.

Here we have again used the fact that t 7→ [tµ1/k], −1 < t < 1, is a geodesic in
T (Γ). From (14) and (15) we see that f(t) = tanh−1 t for k < t < 1.

So the function f(t) is not differentible at t = k. We get a contradiction which
proves Theorem 2.
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Math. 19 (1967), 35–52. MR 36:3975

[EKK] C. J. Earle, I. Kra and S. L. Krushkal’, Holomorphic motions and Teichmüller spaces,
Trans. of Amer. Math. Soc., 343 (1994), 927–948. MR 94h:32035

[Ga] F. P. Gardiner, Teichmüller theory and quadratic differentials, John Wiley and Sons, New
York, 1987. MR 88m:32044

[Go] L. R. Goldberg, On the shape of the unit sphere in Q(∆), Proc. of Amer. Math. Soc. 118
(1993), 1179–1185. MR 93m:46019

[K] S. Kravetz, On the geometry of Teichmüller spaces and the structure of their modular
groups, Ann. Acad. Sci. Fenn. 138 (1959), 1–35. MR 26:6402

[L1] Li Zhong, Non-uniqueness of geodesics in infinite-dimensional Teichmüller spaces, Com-
plex Variables, Theory and Applications 16, 216–372. MR 92c:32024

[L2] Li Zhong, Non-uniqueness of geodesics in infinite-dimensional Teichmüller spaces (II),
Ann. Acad. Sci. Fenn. Series A. I. Math. 18, 355–367.

[L3] Li Zhong, Non-convexity of spheres in infinite-dimensional Teichmüller spaces, Science in
China 37 (1994), 924–932.

[R] H. L. Royden, Report on the Teichmüller metric, Proc. Nat. Acad. Sci. U.S.A. 65 (1970),
497–499. MR 41:3757

[RK] E. Reich and K. Strebel, Extremal quasiconformal mappings with given boundary values,
Contributions to Analysis, Academic Press, New York, 1974, pp. 375–391. MR 50:13511

[S] K. Strebel, On quadratic differentials and extremal quasiconformal mappings, Proceedings
Int. Congr. Math. Vancouver 1974, Volume 2, Canadian Mathematical Congress, 1975,
pp. 223–227. MR 58:22549

[T] H. Tanigawa, Holomorphic families of geodesic discs in infinite dimensional Teichmüller
spaces, Nagoya Math. J. 127 (1992), 117–128. MR 93i:32027

Department of Mathematics, Peking University, Beijing 100871, People’s Republic of

China

E-mail address: liz@bepc2.ihep.ac.cn


