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ROTATIONAL SYMMETRY

OF THE HERMITE PROJECTION OPERATORS

E. KOCHNEFF

(Communicated by J. Marshall Ash)

Abstract. We calculate an integral formula for the Hermite projection oper-
ators. We give some applications of our formula. We also give a short proof
of a recent theorem of Thangavelu

1. Introduction

In a recent paper ([T], Thangavelu) it was shown that if P (x) is a solid spherical
harmonic of degree m and if f ∈ L2(Rn) is of the form f(x) = f0(|x|)P (x), then
its projection Pkf(x) onto the space of Hermite functions of degree k is a Laguerre
function multiplied by P (x).

More specifically, let Lδk denote the Laguerre polynomials of type δ. Define

Rδk(f0) = 2
k!

Γ(k + δ + 1)

∫ ∞
0

f0(r)Lδk(r2)e−r
2/2r2δ+1 dr.(1.1)

If f(x) = f0(|x|)P (x) ∈ L2(Rn), then one has P2k+mf(x) = Fk(|x|)P (x) where

Fk(r) = Rδk(f0)Lδk(r2)e−r
2/2(1.2)

with δ = n
2 + m − 1. For other values of j, Pjf = 0. The proof is based on

generating functions.
Since Hermite functions are eigenfunctions of the Fourier transform and Laguerre

functions are eigenfunctions of the Fourier-Bessel (Hankel) transform, Thangavelu’s
formula is closely related to the Hecke-Bochner identity which says that if f ∈
L1 ∩ L2(Rn) such that f(x) = f0(|x|)P (x), then f̂(x) = F0(|x|)P (x) where

f̂(x) =

∫
Rn

f(y)e−ix·y dy,(1.3)

F0(r) = (2π)n/2i−mr−(n/2+m−1)

∫ ∞
0

f0(s)Jn/2+m−1(rs)sn/2+m ds(1.4)

and Jα is the Bessel function of order α. For a proof of this identity see [SW].
One of the important properties of the Fourier transform is its symmetry with

respect to rotations. Thangavelu’s formula (1.2) suggests the same should be true
for the projection operators Pk. Our main result in this paper is an integral formula
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for the kernels of the projection operators which shows that the projection operators
commute with rotations. We will apply our formula to give a simple proof of
Thangavelu’s formula in the radial case and to give an expression for Laguerre
polynomials in terms of Hermite polynomials. We will also give a short proof of
Thangavelu’s formula which only uses L2 theory for the Hermite and Laguerre
polynomials and the homogeneity of the spherical harmonics.

2. Definitions

Define Hm to be the space of all f ∈ L2(Rn) of the form f0(|x|)P (x) where
P (x) is a (solid) spherical harmonic of degree m, i.e., P (x) is a homogeneous har-
monic polynomial of degree m. These spaces provide a direct sum decomposition
of L2(Rn) invariant under the Fourier transform; see [SW].

The Hermite polynomials orthogonal with respect to the weight e−x
2

dx on R
are given for k = 0, 1, . . . by

Hk(x) = (−1)k
dk

dxk
(e−x

2

)ex
2

=

[
k
2 ]∑
j=0

(−1)jk!

j!(k − 2j)!
(2x)k−2j .(2.1)

They satisfy the orthogonality relation∫
R

Hj(x)Hk(x)e−x
2

dx = 2kk!
√
πδj,k.(2.2)

The Hermite functions Hk(x)e−x
2/2 are eigenfunctions of the Fourier transform:

Hk(x)e−x
2/2 =

ik√
2π

∫ ∞
−∞

Hk(y)e−y
2/2−ixy dy, k = 0, 1, . . . .(2.3)

The Hermite polynomials on Rn are defined for multi-indices µ = (µ1, . . . , µn),
µi = 0, 1, . . . , as products of one-dimensional Hermite polynomials:

Hµ(x) = Hµ1(x1)Hµ2(x2) · · ·Hµn(xn), x = (x1, . . . , xn).(2.4)

Note that if |µ| = µ1 +µ2 + · · ·+µn is even, then all terms in Hµ are of even degree.

The Hermite functions Hµ(x)e−|x|
2/2 are orthogonal on Rn:∫

Rn
Hµ(x)Hν(x)e−|x|

2

dx = 2|µ|µ!πn/2δµ,ν(2.5)

where

µ! = µ1!µ2! · · ·µn!.

They are eigenfunctions of the Fourier transform in Rn.
A function f ∈ L2(Rn) can be expanded in series of Hermite functions using the

formula

f(x) ∼
∞∑
k=0

Pkf(x)(2.6)

where Pkf are the Hermite projection operators

Pkf(x) =
∑
|µ|=k

f̂(µ)Hµ(x)e−|x|
2/2,(2.7)
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f̂(µ) =
1

2kµ!πn/2

∫
Rn

f(y)Hµ(y)e−|y|
2/2 dy.(2.8)

In other words,

Pkf(x) =

∫
Rn

f(y)Φk(x, y) dy(2.9)

where

Φk(x, y) =
1

2kπn/2

∑
|µ|=k

Hµ(x)Hµ(y)

µ!
e−(|x|2+|y|2)/2.(2.10)

For many interesting theorems concerning expansions in terms of these polynomials,
see [T2].

For α > −1 the Laguerre polynomials {Lαk (x)} of type α are defined by the
formula

e−xxαLαk (x) =
1

k!

dk

dxk
(e−xxk+α) =

k∑
j=0

Γ(k + α+ 1)

Γ(j + α+ 1)

(−x)j

j!(k − j)! .(2.11)

The Laguerre polynomials satisfy the orthogonality∫ ∞
0

Lαk (x)Lαj (x)e−xxα dx =
Γ(k + α+ 1)

k!
δk,j .(2.12)

Note that this implies that |x|mL
n−2

2 +m

k (|x|2)e−|x|
2/2, k = 0, 1, . . . , are orthogonal

on Rn for each m.
The set consisting of the functions Lαk (2x)xα/2e−x are eigenfunctions of the Han-

kel transform (see e.g. [Sz]):

Lαk (2x)xα/2e−x =

∫ ∞
0

Jα(2
√
xy)Lαk (2y)yα/2e−ydy, k = 0, 1, . . . .(2.13)

This implies by the Hecke-Bochner identity that the functions

L
n−2

2 +m

k (|x|2)P (x)e−|x|
2/2, k = 0, 1, . . . ,(2.14)

which span the space Hm are eigenfunctions of the Fourier transform in Rn.

3. A formula for the projection operator

Lemma 3.1. Let u = (u1, u2, . . . , un) be a unit vector in Rn, and let x ∈ Rn.
Then for k = 0, 1, . . .

Hk(x · u) =
∑
|µ|=k

(
k
µ

)
Hµ(x)uµ(3.1)

where uµ = uµ1

1 uµ2

2 . . . uµnn and
(
k
µ

)
is the multinomial index k!/µ!.

Proof. For n = 2 this formula is well known:

Hk(x cos θ + y sin θ) =
k∑
j=0

(
k
j

)
Hj(x)Hk−j(y) cosj θ sink−j θ.(3.2)

The more general formula is proved inductively. Let u be a unit vector in Rn+1.
Then we can write

u = (cos θ, (sin θ)v1, (sin θ)v2, . . . , (sin θ)vn)
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where v=(v1, v2, . . . , vn) is a unit vector in Rn. Let x = (x1, x2, . . . , xn+1) ∈ Rn+1.
Let y=(x2, x3, . . . , xn+1) ∈ Rn. Then

x · u = x1 cos θ + y · v sin θ

so that we have

Hk(x · u) =
k∑
j=0

(
k
j

)
Hj(x1)Hk−j(y · v) cosj θ sink−j θ

=
k∑
j=0

(
k
j

)
Hj(x1)

∑
|ν|=k−j

(
k − j
ν

)
Hν(y)vν cosj θ sink−j θ

=
∑
|µ|=k

(
k
µ

)
Hµ(x)uµ.

Theorem 3.2. For k = 0, 1, . . .

Φk(x, y) =
(−i)ke(|x|2−|y|2)/2

πnk!

∫
Rn
|s|kHk

(
y · s|s|

)
e−|s|

2+2is·x ds.(3.3)

Proof. It is well known (see e.g. [Sz]) that

Hk(x) =
2k(−i)kex2

√
π

∫ ∞
−∞

sne−s
2+2isx ds, k = 0, 1, . . . .(3.4)

It easily follows for |µ| = k that

Hµ(x) =
2k(−i)ke|x|2

πn/2

∫
Rn

sµe−|s|
2+2is·x ds.(3.5)

Therefore we have∑
|µ|=k

(
k
µ

)
Hµ(x)Hµ(y) =

∑
|µ|=k

(
k
µ

)(
2k(−i)ke|x|2

πn/2

∫
Rn

sµe−|s|
2+2is·x ds

)
Hµ(y)

=
2k(−i)ke|x|2

πn/2

∫
Rn

∑
|µ|=k

(
k
µ

)
Hµ(y)sµ

 e−|s|
2+2is·x ds

=
2k(−i)ke|x|2

πn/2

∫
Rn
|s|kHk

(
y · s|s|

)
e−|s|

2+2is·x ds.(3.6)

Finally since

Φk(x, y) =
e−(|x|2+|y|2)/2

2kk!πn/2

∑
|µ|=k

(
k
µ

)
Hµ(x)Hµ(y),(3.7)

we obtain the result.

Note that for n = 1 (3.3) reduces to Hk(x)Hk(y)e−(x2+y2)/2/2k
√
πk! as expected.
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Using H2k(0) = (−1)k(2k)!/k! and the Hecke-Bochner formula we obtain

Φ2k(x, 0) =
e|x|

2/2

πnk!

∫
Rn

e2is·x|s|2ke−|s|
2

ds

=
2e|x|

2/2

πn/2k!|x|n−2
2

∫ ∞
0

Jn−2
2

(2r|x|)r2k+ n
2 e−r

2

dr

=
e−|x|

2/2

πn/2
L
n−2

2

k (|x|2)(3.8)

where we have used

Lνm(x) =
exx−ν/2

m!

∫ ∞
0

sm+ν/2Jν(2
√
xs)e−s ds,(3.9)

see e.g. [Sz]. On the other hand,

Φ2k(x, 0) =
e−|x|

2/2

22kπn/2

∑
|µ|=2k

Hµ(0)

µ!
Hµ(x).(3.10)

Therefore we obtain

Corollary 3.3. For k = 0, 1, . . .

L
n−2

2

k (|x|2) =
1

22k

∑
|µ|=2k

Hµ(0)

µ!
Hµ(x).(3.11)

Note that Φ2k+1(x, 0) = 0 for all x and k = 0, 1, . . . .

Theorem 3.4. Let Rρf(x) = f(ρx) where ρ is a rotation. Then for k = 0, 1, . . .

PkRρf(x) = RρPkf(x).(3.12)

Proof. This follows from the observation that

Φk(ρx, ρy) = Φk(x, y), k = 0, 1, . . . ,(3.13)

which follows easily from (3.3).

4. A proof of Thangavelu’s formula in the radial case

Theorem 3.2 leads to a proof of Thangavelu’s formula in the radial case.
One can evaluate the integral∫

Σn−1

H2k(x · u′) du′(4.1)

by first integrating over the parallel

Lθ = {u′ ∈ Σn−1 : x′ · u′ = cosθ}
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and then integrating over θ, 0 ≤ θ ≤ π. Then since ωn−2 sinn−2 θ is the measure
of Lθ, we have∫

Σn−1

H2k(x · u′) du′ = ωn−2

∫ π

0

H2k(r cos θ) sinn−2 θ dθ

= ωn−2

∫ 1

−1

H2k(rt)(1 − t2)
n−3

2 dt

=
2πn/2(−1)k(2k)!

Γ(k + n
2 )

L
n−2

2
k (r2)(4.2)

where in the last step we have used the well-known formula of Uspenski (see [Sz]):

Lαk (x) =
(−1)kπ−1/2Γ(k + α+ 1)

Γ(α+ 1
2 )(2k)!

∫ 1

−1

H2k(
√
xt)(1− t2)α−

1
2 dt, α > −1

2
.

(4.3)

Letting |y| = r and |x| = γ we obtain∫
Σn−1

Φ2k(x, y) dy′ =
(−1)ke(r2−γ2)/2

πn(2k)!

·
∫
Rn
|s|2k

{∫
Σn−1

H2k(ry′ · s′) dy′
}
e−|s|

2+2is·x ds

=
2k!

Γ(k + n
2 )
L
n−2

2

k (r2)L
n−2

2

k (γ2)e−(r2+γ2)/2.

Therefore if f(x) = f0(|x|) ∈ L2(Rn) we obtain Thangavelu’s formula:

P2kf(x) =

∫
Rn

f(y)Φ2k(x, y) dy

=

∫ ∞
0

f0(r)

{∫
Σn−1

Φ2k(x, ry′)dy′

}
rn−1 dr

= R
n−2

2

k (f0)L
n−2

2

k (γ2)e−γ
2/2.(4.4)

It is easy to see that P2k+1f(x) = 0.
Uspensky’s formula can be generalized to give a proof of Thangavalu’s formula

in the general case. However, the constants become very unwieldy. At any rate,
the generalization is given in Section 6.

5. A short proof of Thangavelu’s formula

Lemma 5.1. If |ν| < m or |ν| − m is odd and P (x) is a spherical harmonic of
degree m, then ∫

Σn−1

(x′)νP (x′) dx′ = 0.(5.1)

Proof. Let |ν| = k so that xν is a homogeneous polynomial of degree k. Thus we
can write

xν = P0(x) + |x|2P1(x) + · · ·+ |x|2lPl(x)(5.2)
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where Pj is a spherical harmonic of degree k − 2j, j = 0, 1, . . . , l; see [SW]. There-
fore, since spherical harmonics are orthogonal on the unit sphere, we have the
result.

Let Hµ,m(x) be a “cut” Hermite polynomial. That is, all terms of degree ≤ m−1
are dropped. Then Lemma 5.1 shows that∫

Σn−1

Hµ(rx′)P (x′) dx′ =

∫
Σn−1

Hµ,m(rx′)P (x′) dx′.(5.3)

Theorem 5.2. Let P (x) be a spherical harmonic of degree m. Define for k =
0, 1, . . . .

Fk(x) = L
n−2

2 +m

k (|x|2)P (x)e−|x|
2/2.(5.4)

Then

PjFk(x) =

{
Fk(x) if j = 2k +m,

0 otherwise.
(5.5)

Proof. (For m = 0 this follows from Corollary 3.3.) Note that each Fk(x) can be
written as a linear combination of Hermite functions of degree ≤ 2k+m. Therefore

the theorem will follow if we show that F̂k(µ) = 0, |µ| < 2k + m. Consider the
function ψµ(r) defined for r > 0 by

ψµ(r2) =
1

rm

∫
Σn−1

Hµ(ry′)Pm(y′) dy′.(5.6)

By Lemma 5.1, if |µ| + m is odd or |µ| < m, then ψµ(r2) = 0. If |µ| = 2j + m,
j = 0, 1, . . . , then

ψµ(r2) =
1

rm

∫
Σn−1

Hµ,m(ry′)Pm(y′) dy′.(5.7)

In this case ψµ(r) is a polynomial of degree j so that if j < k we have∫ ∞
0

ψµ(r)L
n−2

2 +m

k (r)e−rr
n−2

2 +m dr = 0.(5.8)

Therefore, if |µ| < 2k +m by switching to polar coordinates we have

F̂k(µ) =
1

2kµ!πn/2

∫
Rn

L
n−2

2 +m

k (|y|2)Pm(y)Hµ(y)e−|y|
2

dy

=
1

2kµ!πn/2

∫ ∞
0

ψµ(r2)L
n−2

2 +m

k (r2)e−r
2

rn+2m−1 dr

= 0.(5.9)

This completes the proof.

Theorem 5.3 (Thangavelu’s formula). Define

Rδk(f0) = 2
k!

Γ(k + δ + 1)

∫ ∞
0

f0(r)Lδk(r2)e−r
2/2r2δ+1 dr.(5.10)

Then if f(x) = f0(|x|)P (x) ∈ L2(Rn), then one has P2k+mf(x) = Fk(|x|)P (x)
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where

Fk(r) = Rδk(f0)Lδk(r2)e−r
2/2(5.11)

with δ = n
2 +m− 1. For other values of j, Pjf = 0.

Proof. Since f ∈ L2(Rn), we have f0(r) ∈ L2((0,∞); r2δ+1 dr). Thus

f0(r) =
∞∑
i=0

Rδi (f0)Lδi (r
2)e−r

2/2(5.12)

converging in the L2((0,∞); r2δ+1 dr) norm. This implies that

f(x) =
∞∑
i=0

Rδi (f0)Lδi (|x|2)e−|x|
2/2P (x)(5.13)

converging in L2(Rn). But Pj are bounded operators in L2(Rn); therefore the
result follows from Theorem 5.2.

6. A generalization of Uspensky’s formula

Let Pλm(t), m = 0, 1, . . . , denote the ultraspherical polynomials of order λ. Then
since for u, x′ ∈ Σn−1

Z(m)
u (x′) = cm,nP

n−2
2 +m

m (u · x′)(6.1)

where Z
(m)
u (x′) denotes the zonal harmonic of degree m and pole u (see [SW]),

Thangavelu’s formula could be proved from the following generalization of Uspen-
sky’s formula.

Theorem 6.1. For k, m = 0, 1, . . . , λ > −1∫ 1

−1

H2k+m(rt)Pλm(t)(1− t2)λ−
1
2 dt = cm,kr

mLλ+m
k (r2)(6.2)

where

cm,k =
H

(m)
2k+m(0)λm

m!γmL
λ+m
k (0)

,(6.3)

γm = 2m
Γ(m+ λ)

m!Γ(λ)
(6.4)

is the coefficient of tm in Pλm(t) and

λm =

∫ 1

−1

[Pλm(t)]2(1− t2)λ−
1
2 dt.(6.5)
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Proof. We use the Rodriguez formulas; see e.g. [Sz]. For simplicity, let cm,k below
be a constant which may change with each usage. We have∫ 1

−1

H2k+m(rt)Pλm(t)(1− t2)λ−
1
2 dt

= cm,k

∫ 1

−1

H2k+m(rt)

((
d

dt

)m
(1− t2)λ+m− 1

2

)
dt

= cm,k

∫ 1

−1

((
d

dt

)m
H2k+m(rt)

)
(1− t2)λ+m− 1

2 dt

= cm,kr
m

∫ 1

−1

H2k(rt)(1− t2)λ+m− 1
2 dt(6.6)

= cm,kr
mLλ+m

k (r2).

Let Hj,m(x) denote the jth Hermite polynomial with all terms of degree ≤ m − 1
dropped. Then∫ 1

−1

H2k+m(rt)Pλm(t)(1− t2)λ−
1
2 dt =

∫ 1

−1

H2k+m,m(rt)Pλm(t)(1− t2)λ−
1
2 dt(6.7)

so that cm,k can be calculated by dividing both sides in (6.6) by rm and setting
r = 0.
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