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ABSTRACT. We show that if f is a diffeomorphism of a closed surface and A is a
basic set for f, then HD({x € A : the orbit of z by f is not dense in A})
= HD(A).

1. INTRODUCTION

We consider the largeness of the set of points with non-dense orbit for a given
diffeomorphism of a compact manifold.

In general, if a homeomorphism defined on a compact metric space is topologi-
cally transitive, then such a set belongs to the first category. This fact means that
it is a small set in the sense of general topology.

On the other hand, Urbaiiski [6] has proved the following theorem: For a given
transitive C2?-Anosov diffeomorphism of a compact manifold M, the HausdorfF di-
mension of the set of points with non-dense orbit is equal to dimM. From this
theorem we can say that it has the same ‘fatness’ as the manifold.

Let A be a basic set of a diffeomorphism f : M — M of a closed manifold M.
There is no way to calculate the Hausdorff dimension of A in general. However when
M is a surface, McCluskey and Manning [5] have shown the Hausdorff dimension
of A can be represented by the topological pressures of two continuous functions.

Using this result, we shall estimate a certain probability measure on A and show
that the set of points with non-dense orbit for the restriction f [4: A — A has the
same Hausdorff dimension as A.

2. DEFINITIONS AND THE RESULT

Let M be a closed manifold and f : M — M a diffeomorphism, and let A C
M be a compact invariant set, fA = A. We say that A is hyperbolic for f if:
(a) the tangent bundle of M restricted to A decomposes as a continuous direct
sum, TAM = E* @ E", which is invariant by the differential of f, Df; (b) there
exists a Riemannian metric (adapted metric) and a number 0 < v < 1 such that
I Df)|| <~llv|| and | Df~(u)]| < v|lu| for any v € E*,u € E* . Further we say
that a hyperbolic set A for f is isolated if there is a neighborhood U of A such that
N fr"U = A. A C M is called a basic set for f if A is an isolated hyperbolic
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set for f and f|4 : A — A is topologically transitive. We say that a basic set for f
is trivial if it is a periodic orbit for f.
For each subset A of M and a > 0 we define the a-measure of A by

ma(A) = lim inf > (diaml)*
c Ueu

where the infimum is taken over all countable covers U of A by sets with diameter
less than . The Hausdorff dimension of A is defined by

HD(A) = inf{a : mq(A) = 0}.

This definition is independent of the choice of a Riemannian metric. Remark
that for each A ¢ B C M, 0< HD(A) < HD(B) < HD(M) = dimM; also
HD(A)=0if A C M is at most countable.

Our purpose is to prove the following.

Theorem. Let f : M — M be a C'-Hélder diffeomorphism of a closed surface M
and A C M be a basic set for f. For each open set V. C M which intersects with A,

HD{x € VNA:Of(z) is not dense in A}) = HD(A)
where O (x) denotes the orbit of x by f.

Remark. When A = M, ie. f: M — M is a transitive Anosov diffeomorphism,
this result is the same as Urbariski’s theorem [6].

It is unknown that the theorem is extended on manifolds of higher dimension.

In order to prove the above theorem we need a few known results.

Let (X 4,0) be a topologically mixing Markov subshift and 1 : ¥4 — R a Hélder
continuous function. Denote for each a = (a;) € X4 and k,l € Z with k < [,
glakars1 .. ar); = {b = (b;)) € Xa : a;j = bj for every j = k,k+1,...,1}.
Bowen [2] has proved that there is a unique Borel probability measure m called
Gibbs measure on Y4 for which one can find a constant C' > 1 such that for any
a=(a;) € ¥a,neN,

-1 m(olaoar ... an—1ln-1)
" exp{—P(Za,0,n)n + Y12y n(oia)}

where P(X 4, 0,n) is the topological pressure of 7 for (X4, 0).

Let p be a Borel probability measure on a compact manifold M with distance d
for which one can find constants h > 0, D > 1, and r¢o > 0 such that u(B,(z)) <
Drh for every x € suppp and 0 < r < rg where B,.(z) = {y € M : d(z,y) < r}. For
any integer k > 1 let Ej denote a finite collection of compact subsets of suppu with
positive measure p and let | E) denote the union of all elements of Ej,. We assume
that the collection Ej satisfies the following conditions: |JEy = suppy, p(F N
G) = 0 for F,G € Ej, with F # G, and every set H € FEjyy; is contained in

a unique element I € Ej,. We write Ay = inf{density(|J Ex4+1,F) : F € Ej41}
_ #(UEk10F)

where density (| Ex+1, F) = BT and dj, = sup{diamF : F' € E}} for every
k > 1. It is known that if Ax > 0, dix < 1 for every k > 1 and limy_. o, d = 0, then
~ Zk—l log A;
HD E;) > h—limsup =L——~.
(]QU k) 2 msup =

This is a result by McMullen (see [6]).
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In order to state the McCluskey-Manning theorem [5], let f : M — M be
a diffeomorphism of a closed surface M and A C M be a basic set for f with
dimE?® = 1. Define ¢, ¢() : A = R by ¢ (z) = —log||Dyf|e«| , ¢ (z) =
—log || Dz f~Y g+||. Then there exist unique 0 < §*,6° <1 such that

P(A, fla,6%0™) =0, P(A, f7Y4,6°0%)) =0 and HD(A) = 6* + &°.
3. PROOF OF THE THEOREM
We shall prove that
HD({z € VNA:Of(x) is not dense in A}) > HD(A).

We can check the case dimE?® = 0 or dimFE* = 2, A is trivial. So, HD(A) =0
and there is nothing to prove. Thus we consider dimFE?® = 1.

Taking an adapted metric ||-||, there is a constant 8 > 1 such that minge 4 {|| Dy f]|,
1Dz f 71|} > 8. Remark that || Dy f[| = || Do f|pe|l [ Daf M = [[Daf ™" |p-|. Let d
be the distance on M induced by || - || and 6%, 8° be as above. If §* =0 or §* =0,
then the topological entropy of (A, f|4) is zero. Thus A is trivial, and HD(A) = 0.
Therefore it suffices to check with the case 6%,6° > 0. For convenience we may as-
sume that f|4 : 4 — A is topologically mixing.  (Use the spectral decomposition
[2] if necessary.)

Let 0 < ¢ < 1 be an expansive constant of f|4. As A is a basic set of a C'-Holder
diffeomorphism f, we can choose 0 < g9 < ¢/4 so small as to satisfy y — || Dy f]| ,
| Dy | are Hélder continuous functions on 2y neighborhood of A, and there is a
A € (0,1) such that if 2,z € A and d(f*x, f¥2) < &g for k = —n,...,0,...,n, then
d(z,z) <A™ (see [2]).

Let g9 > 0 be as above and pick a Markov partition R = {Ry, ..., Rs} of A such
that diamR < g and #{1 < ¢ <s:R,NR, =0} >0 for every p=1,2,...,s (see
[2)).

Let A = (Aij)i<i,j<s be the structure matrix of R and (X4,0) be the corre-
sponding Markov subshift. We denote the set of all words of length n of X4 by
XY(n). Since (X4, 0) is topologically mixing, there is a Ky > 2 such that AX >0,
ie. (AK)ij >0foreach1<1i,5<s and K > K.

Let h : Y4 — A be the continuous surjection which satisfies hoo = foh
and ﬂé:k f7Ra, = h(k[axars1 ... a)]y) for every (ag...q;) € D(k+1+1). We

denote R(k,1) = {(\;_j, f 7 Ra, : (ar...a) € 2(k +1+ 1)} for all k,I € Z with
k < I. Remark that h is Holder continuous (see [4]) and that h is bounded finite
to one (this is a Bowen’s result, see [1]), so there is an integer eg > 0 such that
H{W € R(k,0): x € W} < ¢ for every z € A and k,l € Z with k < 1. (If A is
totally disconnected, then the map h is bijective.)

By choosing €9 > 0 small enough and reordering if necessary we can assume that
Ri C VN A holds.

Since P(X4,0,6%¢™ o h) = P(A, f|a,6“¢™) = 0, and §“¢(*) o h is Holder
continuous, there is a Borel probability measure (Gibbs measure) my on X4 and
a constant C's > 1 such that

ot m4 (o[ao - - - anln) ‘
3= exp{}_7_, 64¢(W) o h(oia)} ~

for every a = (a;) € X4, n € Z".
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Similarly, we can find a Borel probability measure m_ on X4 and a constant
Cy4 > 1 such that

-1 m_(_n[a_n . ao]o)
T exp{Y]_ 6509 o h(o~Ia)}
for every a = (a;) € X4, n € Z".
Let m be a Borel probability measure on X4 such that
Csmy(ofag ... ar)i)m—(—gla—k ... aolo) (
m(_k[a_k ...ap ... al]l) =
0 (ap #
for each a = (a;) € ¥a, k,l€Z%, and C5 =m(o[l)o) tm_(o[1]o)~ .
Define a Borel probability measure p on M by
u(A) =m(h™ (AN A)
for each Borel set A of M.  Clearly suppy = Ry and p(U= . f7(0OR)) = 0

where IR ={r € A:z € R,NR, for some 1 <p < q<s}.
Ifap=1 and (a—g...a0...a;) € X(k+1+1), k,l €Z", then we have that

for z € ﬂli:_k 'R,
. »
: iRy,
Cl—l < , :u(nz:—kf - z) : <
exp{d_i_o dup(fix) + Zj:() §p) (f~Ix)}
where C1 = C3C4Cs. (Such a measure g has been constructed by Mané in [4].)

Ch

Lemma 1. There are constants Co > 1 and 19 > 0 such that
(B (x)) < Cor™P
forall x€ Ry and 0<r <rg.
Remark. The measure p is true that for some constant C7 < 1,
w(B,(z)) > CrrIPW (2 e Ry, 0<r <1o).

Applying this p to McMullen’s result, our result is obtained as follows.
Take an integer Iy > 1 so large as to satisfy C213=%"!, C?IB~%"! < 1/4 for all
1> 1.
As (X4, 0) is topologically mixing, for some 1 < pg, p1, P2, G0, q1,92 < S,
PL# P2, @1 # G2, and  Apgp, = Apgp, = Agigo = Agago = 1.

Fix an integer | > max{lo, Ko}, and pick (v_;...vo...v;) € X(20 4+ 1) with
vg # 1 and so that (pop1),(g1go) do not appear as any substring of (vg...v;),
(v_;...vp), respectively.  Set Y = ﬂ;:_l f7R,, and define

Ey = {Rl}a
Epy1 = Epya(l)

Kl
W= () f7Ra,:(a_...a0...a) € 2kl +1), ao =1,
= j=—kl
f"WnNY =0 for every n=—-kl+1,...,0,...,kl—1

where Y is the interior of Y in A, k€ N.
Then we can check that for each k> 1, di < AE=DL
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Lemma 2. (1) A4A; >0, (2) Apy1>1/2 for every k>1.
Therefore,
2521 log A; < log Ay + (k—1)log1/2
log dj. - (k— 1)llog A

for every k > 2. Other conditions of McMullen’s result are obviously satisfied.
On the other hand, since

ﬂ UE, C{z € VNA:Of(x) is not dense in A},
k=1

we have
HD{x € VN A:Of(z) is not dense in A})

> HD((| UE)
k=1
. logAi 4+ (k—1)logl/2
> HD(A) — 1
= HD(A) = lim (k — 1)l log A
log1/2
llog\

= HD(A)

Since [ > max{ly, Ko} is arbitrary, our requirement is obtained.

4. PROOF OF LEMMA 1

Mané [4] has proved Lemma 1 when A is totally disconnected. We give a proof
of Lemma 1, for the general case, as follows.
Choose (s > 1 such that for any n,m € N,

n—1

LD,
ool < Hff_ol [ Dyi=fll -
[0 1Dgiaf

for all z € A, z € M satisfying maxo<p<n—1 d(f*z, f¥2) <eo, and

—1 _
IS D= f
6 < m—1 _1 <
Hj:o ||Df*fyf ||

Cs

for ally € A, w € M satisfying maxo<g<m—1 d(f*y, fFw) < 0.
Put 6y = inf{d(z,y) : © € Rp,y € Ry, R,N Ry = 0,1 <p < q<s}>0and
ro = min{6¢/2, 9/2} > 0.

Step 1. Foreachx € A, 0 <r <rg, and l,n €N, if Corexp{— Z?:_Ol M (fix)}
< rg and Cgrexp{— Zi;é o) (f~'x)} < 1o, then

B,(x) C Bffo (x,—1,n)

where Bf (x,—l,n) ={z € M :d(fiz, fiz) <ro for j=—I,...,0,...,n}.
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Proof. We first show that for y € B,.(x), d(fix, fiy) <ro forevery j =1,...,n if

Cerexp{—>_i", L oW (fiz)} < .
To see this, we choose € >0 so small that Cs(r +¢) exp{— Z?:_Ol oMW (fix)} <
ro and take a smooth curve £ : [0,1] — M such that £(0) ==z, ¢(1)=y, and

SN E@s) 1 ds <r +e.
1) < / 1€(s)llds

Since
<r+e <eg (0<t<1),

we have

d(fzx, fE(t) / IDF(E(s)) ds
Ees)d
< / | Decoy f11 - 1€(5) 1 ds

< Coexp{—¢™ (z)) / 1é(s)lds (0 <t<1).

Assume that foreach 1 <k—1<n, 0<t<1, and j=1,2,...,k—1,

A, PE(0) < Crexpl= 3" 6 (i) / 1€(s)ds.

=0

Then we have

n—1

A(f7, 7€(1)) < Colr + &) exp{— Y o (f'a)}
1=0
<rp <E&op.

This implies that

d(fa, fre(t) /||ka ))llds

t k—1

< / 1:1 1D e £ - 1€(5) 1 ds

k—1 t
exp{— W (fix (s)|ds
< Che(= 36 >}/0 1€(s)d

for each 0 < ¢ < 1.
Using the induction, foreach 0 <¢ <1 and j=1,2,...,n

A, £5(0) < Coexp{=3_ o (1) [ [€]ds
i=0 0

n—1

< Cg(r +¢)exp{— Z AL (fiz)} <.

=0

Therefore, d(fiz, fly) <ry (1<j<n) if t=1.
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Similarly, we can check that d(f~Jz,fJy) < ro for j = 1,...,01 if
Cor exp{~ Y12 6 (f~"0)} < ro. 0

Step 2. Foreachxz e A, 0<r <rg, let

n1 = min {n VAR C’Grexp{—Zgb(“)(fix)} > 7"0} )

=0

ng = min {n ezt : Cﬁrexp{—z¢(s)(f_ix)} > T‘Q} .

=0

Then there exist m = m(x,r9,—na,n1) < s?eq and Wi,...,W,, € R(—nz,n1)
such that

Wi N Bfg(x, —ng,ny) #Z0  for every k=1,...,m,

By(z)nAc ) Wi
k=1

Proof. For y € A, define Ry ={Q e R: RNQ # 0 for some y € R € R} and
P, = UQeRy Q. Remark that P, C B, (y) N A, and if z € A,d(y, z) < o, then
for any @ € R containing z, @ € R,.

Put

n1
W= (] f7Ra, € R(—ng,m):
Jj=—n2

Ry, C Ptip  for every j=—na,...,0,...,m

P(.’L’, _n27nl) =

By Step 1, we have

B.(x)NAC Bl (z,—n2,m) N A

C U w

WeP(xz,—n2,n1)

C ﬁ f_ijjw.

Jj=—mn2

Let P(z, 10, —n2,n1) = {W € P(x, —nz,n1) : Bf (z,—n2,n1)NW # 0}. Then we
have that ~m = #P(x,r9, —n2,n1) < s%eg. To prove this, take l; = R niz, lo =
fRf-n2y, and ay,...,0q,,0B1,...,0, € {1,2,...,s} such that P, = Uij:l R,
Pponsy = U2, Rg,.

Then, P(z, 19, —n2,n1) = U;lzl Uf;:l Qp.q Where Q,, . = {W € P(z, 19, —ng,n1):
W C f12Rg, N f~™Ra, }.

Fix1<p<l;, 1<gqg<lysuchthatQ,,#0, andput n=n(p,q) =19,

1 2 :
Let W, , Wy, ..., W, denote all elements belonging to Q4.
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We can choose (apws ... wky—10) € (Ko +1) and take

Ko—1
Zpq €W 0 ( m f~™7*R,,) such that f"1+"2+K°zpq Zp g
k=1
foreachi=1,2,...,n
Then we have that for 1 <14,j <mn,
d(f 2 4 12 ) < d(f*2 o fFx) +d(ffe, 52 )
<2e04+20 <c
for k= —ns,...,0,...,n1,

d(frthzl L frthe ) < diamR,, <c
for k=1,...,Ky— 1.

Thus, z,,=2), foreach1<1i,j<n, and therefore
n
1 i
Zpq € ﬂ Wpa = ﬂ w.
i=1 WEQ, 4

Since f{W € R(—nz2,n1) : zzl,ﬂ e W} <ep, wehave $9,,<eo
Therefore,
m = ﬂp(xvr()a —na2, nl)
I o

= ZZﬂQW] < s?ep. O

p=1g=1
Step 3. There exists Cy > 1 such that
W(By(x)) < CorP
forall x€ Ry and 0<r <ry.

Proof. Fix ¢+ € Ry and 0 < r < ry. Take ni,ny € ZT, m < sey, and
Wi, ...,Wp € R(—na2,n1) as Step 2. For k = 1,...,m, pick yp € Wi N
B! (z,—n2,n1). Then we have

exp Z o (fiyr) < Coexp Z o™ (f'x)

=0

eXpZ¢(S’(f‘jyk) < Cgexp Y o\ (f ),

=0 §=0
from which

p(Wi) < Crexp{> 8“6 (fiyr) + > 6" (f Tyw)}

=0 7=0
< Clcé +6° eXp{Z 6u¢(u fz + Z(SS S) f 7 )}
7=0

< clcéfD“)(@)&“”‘?

To
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Therefore,

—H
where Cy = 52607”0

5. PROOF OF LEMMA 2

Proof of (1). As 1—1> Ky, we pick (a_;...ap...qa;) € X(2l+1) witha_; =
q1, G—i41=qo, ao =1, ai_1 =po, and a; =p1.

Put Wy = ﬂé‘:q f_jRaj; then Wy € (JE2 and so A; = % >

M(Wo) > 0. O
Proof of (2). Fix k>1 and W = ﬂfl:_kl f‘jRaj € Exy1, (@—gi--.a0...ap) €

Y(2kl + 1). By the definition of Ej,;, we have that ffWNY = 0 for
j=—kl+1,...,0,...,kl —1 and that

f_le ny 75 @ iff (a(k_l)l ce akl) = (’U_l . .’Uo),

f—k:l-lW Ny 7§ @ iff (a(k—l)l-l-l . akl) = ('U—l .. .’U_1),

FrERWAY £0 i (ap-1aw) = (v_v—_i41),
fle ny 75 @ iff (a_kl ce a_(k_l)l) = ('UO . .’Ul),

ka_lW ny 75 @ iff (a_kl ce a_(k_l)l_l) = (’Ul “e ’Ul),

FEVTWAY £0 iff (a-pa—ps1) = (vi_1v).
For 7 =0,1,...,1—1, put

W = h(_kl[a_kl cea @0 QRIV— 41 -~-U—j+l](k+1)l) (f_kl_j wny #@),
J .
0 (otherwise),

wt = h(—(k-’,—l)l[vj—l e Vj—1G—f ... AQ - - - akl]kl) (ka—jW Ny # (Z)),
J .
0 (otherwise).
Then we have W\ |JEp2 = Ujo(W; UW;"), and take € W, c W if
W7 #0for j=0,1,...,1—1. Then,
pWy) _ Cresp{SED 646 (f1w) + Fo50, 60 (f )}
p(W) = Crtexp{2F, sug() (fia) + 5 659(5) (f~Ix))

(k+1)1

=Clexp{ ) "¢ (f'x)}

i=kl+1

_su 1
<ciptt <o
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Similarly, for every j=0,1,...,1—1

W+ ;
1( j)gcfﬁ_é.lgl'
w(W) 41
Thus,
pUER20W) o p(WAU Eg2)
w(W) w(W)
-1 - +
pW;7)  w(W;h)
>1-— Lo 4 J >1/2.
2Cqwy ) 2V
Therefore, Agyq > 1/2 for any k> 1. O
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