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ABSTRACT. If p is an odd prime, then the Gupta-Sidki group G, is an infinite
2-generated p-group. It is defined in a recursive manner as a particular sub-
group of the automorphism group of a regular tree of degree p. In this note, we
make two observations concerning the irreducible representations of the group
algebra K[Gp] with K an algebraically closed field. First, when char K # p,
we obtain a lower bound for the number of irreducible representations of any
finite degree n. Second, when char K = p, we show that if K[Gp] has one non-
principal irreducible representation, then it has infinitely many. The proofs
of these two results use similar techniques and eventually depend on the fact
that the commutator subgroup H, of G, has a normal subgroup of finite index
isomorphic to the direct product of p copies of Hp.

1. REPRESENTATIONS OF FINITE DEGREE

If p is an odd prime, then we let G, denote the Gupta-Sidki group described
in [GS]. Specifically, G, is an infinite 2-generated p-group defined in a recursive
manner as a subgroup of the automorphism group of a regular tree of degree p.
Consequently, G, is residually finite. In fact, G, is just infinite [S1] in the sense
that every nontrivial normal subgroup of G, has finite index. For our purposes, a
key property of this group is that if H, is its commutator subgroup, then H, has
a normal subgroup of finite index isomorphic to the direct product of p copies of
itself (see [S1]).

If G is any finitely generated group and if all finite-dimensional K-representations
of G are completely reducible, then a theorem of Weil (see [F]) implies that G has
only finitely many K-representations of any given finite degree n. In particular,
this applies to the Gupta-Sidki group G, provided char K # p, and motivates the
following

Definition. Let K be a fixed algebraically closed field and, for any group G, let
fa(n) be the number of irreducible representations of K[G]of degree n. Further-
more, let F;(n) = > | fa(i) be the number of irreducible representations of K[G]
of degree < n. Thus, fg(n) and Fg(n) are either nonnegative integers or co.

Of course, irreducible representations of K[G] correspond in a natural manner
to irreducible K[G]-modules. We first consider the behavior of the functions fg
and Fg with respect to normal subgroups of finite index.
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Lemma 1.1. Let H <G with |G : H| = k < 0o and let n be any positive integer.
(i) Fg(kn) > Fg(n)/k and Fg(n) > Fg(n)/k. In particular,

lim sup log,, F(n) = limsuplog,, Fr(n).

n—oo n—oo

(i) fo(jn) > fu(n)/k? for some integer j = j(n) with 1 < j < k. Furthermore,
if k> 1 and fu(n) # 0,00, then fa(jn) > fu(n)/k>.

Proof. If V' is an irreducible K[H]-module of degree ¢, then so is V ® ¢ for any
g € G. In this way, G/H permutes the F(n) irreducible K[H]-modules of degree
< n and hence there are at least Fy(n)/k orbits under this action. Notice that
the restriction of the induced K[G]-module V¢ = V ®g ) K[G] to K[H] is a
direct sum of k modules of the form V' ® g. Thus, if X is any irreducible K[G]-
constituent of V&, then Xy is isomorphic to a direct sum of appropriate V & g.
Hence deg X = jdegV < jn and X determines the orbit of V. In other words,
each G-orbit of K[H]-modules of degree < m gives rise to at least one irreducible
K[G]-module of degree < kn and hence Fg(kn) > Fg(n)/k.

Similarly, there are at least fzr(n)/k orbits of irreducible K [H]-modules of degree
n, and therefore the above implies that

fa(n)+ fa(2n)+ -+ fa(kn) > fu(n)/k.

In particular, if fe(jn) is the largest of the left-hand summands, then kfg(jn) >
fr(n)/k and this is the required inequality for (ii). Note that if equality occurs here,
then we must have precisely fg(n)/k orbits under the action of G/H, and therefore
G/H acts semiregularly. But this implies that if V' if an irreducible K[H]-module
of degree n, then the induced module V¢ is also irreducible. Thus, we obtain at
least fg(n)/k irreducible K[G]-modules of degree nk, so fu(n)/k* = fa(jn) >
fa(kn) > fu(n)/k and hence if k£ > 1, then fgy(n) =0 or occ.

Finally, for the reverse inequality in (i), let W be an irreducible K [G]-module of
degree < m, and let V' be any irreducible constituent of Wy. Then degV < n and
W is a composition factor of V. Since there are at most k& composition factors of
V& it follows that there are at most k such W which give rise to V, and therefore
Fr(n) > Fg(n)/k. In particular, log,, Fi(n) > log, Fa(n) — log, k, so

limsup log,, F(n) > limsuplog,, Fg(n)

n—oo n—oo

since lim,, log,, k = 0. Furthermore, the first inequality in (i) yields

log,, Fe(kn) S log,, Fr(n) —log, k

1 Fa(kn) =
o8tn F'a (kn) 1+log, k — 1+log, k ’
o
limsuplog,, F(n) > limsuplog,,, Fo(kn) > limsuplog,, Fi(n)
and the lemma is proved. O

Next we consider a special case which is obviously of interest here.
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Lemma 1.2. Let G have a normal subgroup H of finite index k and suppose that
H2GxGx---xG, the direct product of q copies of G.
(i) Fg(kn?) > Fg(n)i/k for all n. In particular, if Fg(1) > k > 1, then the
inequality Fg(n) > kn9=2 is satisfied for infinitely many n and hence

limsuplog,, Fg(n) > q— 2.

n—oo

(i) fo(in?) > fa(n)?/k? for all n, where j = j(n) satisfies 1 < j < k. Further-
more, if k > 1 and fg(n) # 0,00, then fg(jn?) > fo(n)?/k2. In particular,
if k> 1 and fg(n) > k*/@=1 for some n, then fg is an unbounded function.

Proof. It V1, Vs, ..., V, are irreducible K[G]-modules of finite degree, then, since K
is algebraically closed, it follows that V =1V, @ V2 ®---®V, is an irreducible K [H]-
module with deg V' = [], deg V. Furthermore, all such V' obtained in this manner
are distinct. Thus, for any integer n, we have Fr(n?) > Fg(n)? and Lemma 1.1(i)
implies that

Fo(kn?) > Fg(n?)/k > Fg(n)i/k.

Now assume that k > 1 and that Fg(n) > kn?=2. Then m = kn? > n and
Fg(m) = Fg(kn?) > Fg(n)?/k > (kn?2)?/k = km4~2.

Thus, if Fg(1) > k > 1, then it follows from the above that the inequality Fg(n) >
kni~2 is satisfied for n = 1 and hence for infinitely many n. Consequently,

limsup log,, Fg(n) > lim log, kn? 2 = q — 2.

n—oo

Similarly, for all n > 1, we have fg(n?) > fg(n)? and hence, by Lemma 1.1(ii),

fa(n®) > fu(n?)/k* > fo(n)?/k*

for some 1 < j < k. Furthermore, if £ > 1 and fg(n) # 0, 00, then the preceding
inequality is strict. Finally, suppose that k& > 1 and that fs is a bounded function
with the maximum value equal to fg(m) # 0. Then

fa(m) > fa(im®) > fa(m)?/k?

and k(4= > fo(m). In particular, if fo(n) > k% (4=1 for some n, then fg must
be an unbounded function. t

As we mentioned earlier, the structure of the Gupta-Sidki group is similar to
that of the group in the preceding lemma. Consequently, we obtain

Theorem 1.3. Let p be an odd prime and let G, be the Gupta-Sidki group corre-
sponding to p. If K is an algebraically closed field of characteristic # p and if F(n)
denotes the number of irreducible representations of K[G,| of degree < n, then F is
a finite-valued function and

limsuplog,, F(n) > p — 2.

n—oo
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In particular, if f(n) denotes the number of irreducible representations of K[G,| of
degree precisely n, then the function f is finite valued and unbounded.

Proof. Both F' and f are finite valued by Weil’s theorem. For convenience, write
G = G, and let H = G’ be the commutator subgroup of G,. Then H <« G and
|G/H| < o0, so
limsup log,, Fg(n) = limsup log,, Fr(n)

by Lemma 1.1(i). Next, [S1,82] implies that H has a normal subgroup L of fi-
nite index £ > 1 with L =2 H x H x --- x H, the direct product of p copies of
H. Furthermore, H/L is an abelian p-group, so K[H/L] has k irreducible linear
representations and hence Fy (1) > k. Thus, by Lemma 1.2(i),

limsup log,, Fg(n) = limsuplog,, Fr(n) > p — 2

n—oo n—oo

as required.

Finally, if f¢ were a bounded function, then Fg(n) < bn for some bound b and
hence limsup,, log, Fe(n) < 1. Thus the result about fg follows directly from
the above estimate if p > 5. On the other hand, a proof for all p > 3 can be
obtained easily from the second parts of the preceding two lemmas. Indeed, since
fa(1) > k > k¥®=1 Lemma 1.2(ii) implies that fz is an unbounded function,
and then Lemma 1.1(ii) implies the same for fg. O

We remark that the original motivation for the preceding result came from the
paper [KS] which studied algebras with representation properties analogous to those
of K[G,]. For example, [KS] observed that certain enveloping algebras U (L) satis-
fied the conclusion of Weil’s theorem in the stronger sense that they had a uniformly
bounded finite number of irreducible representations of any given finite degree.
Thus, we wondered whether this stronger property might also hold for K[G,], but
it does not since the function f is unbounded. Of course, it would still be interesting
to obtain the exact value of the parameter limsup,, log,, F'(n) since this number is
a measure of the growth of the collection of finite-degree irreducible representations
of the group algebra.

2. MODULAR REPRESENTATIONS

Again, let G, denote the Gupta-Sidki group associated with the prime p, but
now let K be a field of characteristic p. Then K[G,] is a modular group algebra
which we nevertheless believe to be semiprimitive. But until recently, no examples
of nonprincipal irreducible representations for this algebra were known to exist.
Fortunately, paper [S2] has now shown that if p = 3, then K[G3] has an infinite-
dimensional primitive homomorphic image.

In this section, we prove that if K[G,] has one nonprincipal irreducible represen-
tation, then it has infinitely many. More precisely, we do this under the additional
assumption that K is algebraically closed and nondenumerable. In the following,
we fix a field K and we use #G to denote the number of irreducible representations
of the group algebra K[G]. Thus #G is either a nonnegative integer or co. As
usual, we start with
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Lemma 2.1. Let H < G with |G : H| = k < oco. Then, for any field K, we have
#G > #H/k and #H > #G/k.

Proof. We know that G/H permutes the set of irreducible K [H]-modules and that
there are at least #H/k orbits under this action. Thus, since each such orbit gives
rise to at least one irreducible K[G]-module, it follows that #G > #H/k.
Conversely, let W be an irreducible K [G]-module and observe that W is a homo-
morphic image of (Wg)¥. Consequently, if V' is an irreducible constituent of Wy,
then W is a constituent of V&. But V¢ has at most k composition factors, so there
are at most k such W which give rise to any particular V. Thus we obtain at least
#G /k irreducible K[H]-modules in this manner, and therefore #H > #G/k. O

As expected, our proof that #G, is infinite depends on the fact that G, has a
normal subgroup of finite index isomorphic to a direct product of p copies of itself.
But here we require a more precise understanding of the inclusion and therefore
it is best to skip any additional lemmas of a general nature. In other words, we
proceed directly to

Theorem 2.2. Let p be an odd prime, let G, be the Gupta-Sidki group correspond-
ing to p, and let K be a nondenumerable algebraically closed field of characteristic
p > 0. If the modular group algebra K[G,] has a nonprincipal irreducible represen-
tation, then K[Gp] has infinitely many irreducible representations.

Proof. For convenience, let G = G, and H = Qz’o. Furthermore, let L be the normal
subgroup of H of finite index with L =2 H x H X --- x H, the direct product of
p copies of H. If V is an irreducible K[H]-module and if D = EndgmV is its
commuting ring, then D is a countable-dimensional division algebra over K. Thus,
since K is nondenumerable and algebraically closed, it follows that D = K. As a
consequence, if V1, Vs, ..., V, are irreducible K[H]-modules, then V1 @ V2 ®---®V,,
is an irreducible K[L]-module. Set n = #H and let K denote the principal module
for both K[G] and K[H].

We first reduce considerations to K[H]. To this end, suppose U is the given
nonprincipal irreducible K[G]-module and observe that Uy = U] @ Uy & --- @ U}
is a finite direct sum of irreducible K[H]-modules. If all U/ = K, then U is an
irreducible K[G/H]-module. But G/H is a finite p-group and char K = p, so this
implies that U 2 K, a contradiction. In other words, we have shown that K[H]|
has a nonprincipal irreducible module and, in view of Lemma 2.1, it suffices to show
that n = #H is infinite.

Suppose, by way of contradiction, that n is finite. We will obtain two opposing
estimates for the size of n. To start with, if H and L are as above, then [S1,52]
implies that H/L is abelian of order k < p?. Furthermore, by taking tensor
products of all K[H]-modules, we see that K[L] has at least n? distinct irreducible
modules. Thus, by Lemma 2.1,

n=#H>#L/k > nP/k,

o) p2p >k >nP~1 >n? and hence pP > n.
To obtain a lower bound for n, we again note that

G;H;L:leLQX"'XLp
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and that L <« G and L; & H. Furthermore, each factor L; of L is normal in H,
and G permutes these factors by conjugation. Let X be the given nonprincipal
irreducible K[H]-module, and view it as a module for each K[L;]. Then, we can
consider the p + 1 irreducible K[L]-modules defined by

J times p—j times

for j =0,1,...,p. Since X % Ky and G permutes the factors L; of L, it follows
that Y5,Y7,...,Y, are in distinct orbits under the action of G.

For each j, let Z; be an irreducible constituent of Y. Since the Y; are in distinct
H-orbits, it follows that Zy, Z1,... , Z, are distinct irreducible K[H]-modules. In
fact, since Yj is a direct summand of (Z;)z, it follows that Zy, Z1,...,Z, are in
distinct orbits under the action of G on the irreducible K[H]-modules. Again, we
view these Z; as K[L;]-modules and we consider the (p + 1)? distinct irreducible
K[L]-modules of the form Z;, ® Z;, ®---®Z;,. From the structure of G as described
in [S1,§2], we see that H normalizes each L; and acts on each L; 2 H as G acts on
H. Thus, since the Z; are in distinct G-orbits, it follows that these (p + 1)P tensor
product modules are in distinct H-orbits. In particular, they give rise to at least
(p + 1)P distinct irreducible K[H]-modules. In other words, we have shown that
n > (p+ 1)P and, since this contradicts the previous upper bound estimate n < p?,
the result follows. O

As an immediate consequence of the above and the main theorem of [S2], we
obtain

Corollary 2.3. Let G3 be the Gupta-Sidki group corresponding to the prime 3, and
let K be a nondenumerable algebraically closed field of characteristic 3. Then the
modular group algebra K|[Gs] has infinitely many irreducible representations.

Hopefully, the work of [S2] is just a first step toward proving the semiprimitivity
of K[G,] for all odd primes p.

3. AFFINE ALGEBRAS

Let K be any field and recall that an affine K-algebra is just a finitely generated
K-algebra. Thus, for example, if G is a finitely generated group, then the group
algebra K[G] is affine. Indeed, as was observed in [F], Weil’s theorem is really a
result about affine K-algebras. In this final section, we offer a few brief comments
on algebras of this type and we start with a standard fact.

Lemma 3.1. Let A be an affine K -algebra.
(i) If V is a finitely generated A-module and if W is a submodule of finite codi-
mension, then W is also finitely generated.
(ii) FEvery right ideal of A of finite codimension is finitely generated. In particular,
if I and J are ideals of A of finite codimension, then so is IJ.

Proof. (i) Let A be generated by aj,as,...,a, and choose a K-subspace X C
V' which complements W. By assumption, X is finite dimensional with K-basis
T1,%2, ... T, and let vy, va, ... , vy generate V as an A-module. Since V =W X,
there is a natural projection map m: V — W, and we let W, be the A-submodule
of W generated by the finitely many elements m(x;a;) and m(vy) for all ¢, j, k.
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Since v € 7w(v) @ X for any v € V, it follows that z;a;,vi, € Wy & X for all
1,7, k. With this, it is easy to see that Wy & X is a submodule of V' containing
the generators vy, vs,...,v;. In other words, Wy & X =V = W ¢ X and, since
Wo C W, it follows that W = W) is finitely generated.

(ii) Since A is a finitely generated right A-module, part (i) above implies that any
right ideal of A of finite codimension is finitely generated. Now let I and J be ideals
of A of finite codimension. Then I/IJ is a finitely generated right A/J-module, so
dimg I/IJ < oo. Thus, since dimgx A/I < 0o, the result follows. O

As a consequence, we obtain a lovely observation of L. W. Small. Recall that a
K-algebra A is said to be just infinite if A is infinite dimensional, but all proper
homomorphic images of A are finite dimensional.

Proposition 3.2. Let A be an infinite-dimensional affine K-algebra. Then A has
a homomorphic image A which is prime and just infinite.

Proof. Since all ideals of A of finite codimension are finitely generated, it fol-
lows from Zorn’s lemma that A has an ideal M maximal with the property that
dimg A/M is infinite. Thus A = A/M is a just-infinite homomorphic image of
A and, of course, A is also affine. Finally, if I and J are nonzero ideals of A,
then they have finite codimension, so Lemma 3.1(ii) implies that I.J also has finite
codimension. In particular, I.J # 0 and A is prime. O

It follows from the above that if G is any finitely generated infinite group, then
K|[G] has a prime ideal P of infinite codimension. Of course, this can also be
proved directly from the general description of the prime radical of K[G] as given
in [DZ] or in [P, Theorem 8.4.16]. We remark that the infinite-dimensional primitive
homomorphic image of K[G3] constructed in [S2] is a prime, just-infinite K-algebra.
Thus, the real content of the main result of [S2] is that such an image can be chosen
to be primitive.

Finally, we can use the preceding result to give slightly shorter and more trans-
parent proofs of the algebraic generalizations of Weil’s theorem. For example, the
following is [BG, Proposition 2.1].

Theorem 3.3. Let A be an affine K-algebra satisfying a polynomial identity, and
let d be a fixed integer. If the nil radical of every finite-dimensional homomorphic
image of A has nilpotence degree at most d, then A itself is finite dimensional.

Proof. Suppose, by way of contradiction, that dimg A = co. Since the hypotheses
on A are inherited by homomorphic images, Proposition 3.2 allows us to assume
that A is prime. Hence, since A satisfies a polynomial identity, Posner’s theorem
(see [H, Theorem 7.3.2]) implies that A is contained in M, (F), the ring of n x n
matrices over some field extension F' of K. Indeed, since A is a finitely generated
K-algebra, we can assume that A C M, (R) = R, where R is a commutative affine
K-algebra contained in F'. Let I be a maximal ideal of R and set Z = M,,(I) <R.

By the Hilbert Nullstellensatz, I has finite codimension in R and hence, by
Lemma 3.1(ii), the same is true of any I*. In particular, R /Z* is a finite-dimensional
homomorphic image of R containing A = A/(ANZF). But (ANZ)/(ANZF)is a
nilpotent ideal of A so, by assumption,

(ANT) C AnZF C TF = M, (I%).
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Thus, since (-, I¥ = 0 by the Krull Intersection Theorem, we have (A NZ)? = 0.
Finally, A NZ has finite codimension in the affine algebra A, so the same is true
of (ANZ)? by Lemma 3.1(ii). Hence dimyg A = dimg A/(ANZ)% < oo and the
theorem is proved. O

Of course, when d = 0, this is the main result of [F]. A short geometric proof of
the latter also appears in [KS].
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