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THE EXTENSIONS OF THE FERENC MORICZ THEOREMS
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(Communicated by J. Marshall Ash)

ABSTRACT. We study the integrability of the r times differentiated complex
trigonometric series using modified trigonometric sums and obtain a new nec-
essary and sufficient condition for L!-convergence of the rth derivative of the
Fourier series. Some results of F. Méricz are deduced as corollaries.

1. INTRODUCTION

A complex null sequence {c;} satisfying >, |[A(cy — c_g)|loghk < oo is
called weakly even and is denoted by {cx} € W. If a null sequence {cj} satisfies
Sore i |A(ey — c—g)|k"logk < oo for some r = 0,1,2,..., then we write that
{ct,} € W,, where Wy = W. If there exists 3 > 0 such that n="a, | 0, then
the sequence {a,} is called a quasi-monotone sequence and is denoted by a,, v 0.

The partial sums of the complex trigonometric series Z|n\goo cne™ will be de-
noted by s,(c,t) = Z|k|§n cke™ t € T = R/2nZ. If a trigonometric series

is the Fourier series of some f € L', we shall write ¢, = f (n) for all n and
sn(c,t) = sn(f,1) :Nsn(f)'

Let D, (t) and D, (t) denote the Dirichlet and the conjugate Dirichlet kernel
respectively. Let E, (t) = Y p_,e* and E_, (t) = > ;_, e **. Then the rth
derivatives DY (t) and Eg)(t) of D, (t) and D, (t) can be written as

(1.1) DIty = BN (1) + EU) (1),
(1.2) iD)(t) = ES) (1) — EU)(1),

where E)(t) denotes the rth derivative of E, (¢).
C. V. Stanojevi¢ and V. B. Stanojevié [5] introduced the following modified
complex trigonometric sum:

un(c,t) = sp(e,t) — (en B, (t) + c—nE_, (1)).
The complex form of the rth derivative of this sum, obtained by Sheng [4], is
(1.3) u (e, t) = s0) (e, t) = (cn BS(8) + cn EV) (1)),
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S. Kumari and B. Ram [2] introduced another set of modified cosine and sine

sums as
n o n

fn(z) = % + ZZA(aj/j)kcoslm

k=1 j=k
and
gn(x) =3 Ala;/j)ksin k.
k=1 j=k

The complex form of the rth derivative of these modified sums is

[ent1 BSHD () = e iy ELTV ()]

—n

) gDet) =500 +

Remark 1. If |n|"¢, — 0 (Jn| — o0), then Hg,(f) - u,(f)”l — 0 (n — o00). Observe
that by partial summation, we have

ECHO(t) = —i Y B (1) +i(n + 1) ED (1)
k=0

and similarly for BV (¢). Also from (1.3) we note that
ugl:)_l(c, t) = s (e, t) — e EC) (1) — c_(n+1)E(_T,)L(t).

Hence,

r , 1 &
ulli(et) = gD (e t) = et Y B0
k=0

1 n
— C_(n+1) ) ; E(_le(t)
If we assume |n|"c, — 0 (Jn| — 00), then by partial summation and the well-known
properties of Fejér kernels, it follows that [[g%” — u{ |y — 0 (n — o).

Concerning the L!-convergence of complex trigonometric series, F. Méricz [3] im-
proved the result of C. V. Stanojevié¢ and V. B. Stanojevi¢ [5] by assuming a weaker
condition. The aim of this paper is to give sufficient conditions for the integrabil-
ity of the r-times differentiated trigonometric series using complex trigonometric
sums (1.3) and (1.4) and to obtain necessary and sufficient conditions for the L'-
convergence of the rth derivative of the Fourier series. The case r = 0 of our
theorems yields the results of F. Mdricz [3].

2. RESULTS

Let 1 < p < 2 be a real number. Denote by ¢ the conjugate exponent to p, i.e.,
1/p+1/q = 1, by I, the dyadic interval [2™~1 2™) for m > 1, and by | - ||1 the
LY(—m, 7)-norm.

We prove the following theorems for the sum (1.3):

Theorem 1. Let {cx} € W, and

co 1/p
(2.1) > om/atn) (Z |Ack|p> < o0,

m=1 kel
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for some 1 <p<2andr>0. Then
(i) limp_oo s (c,t) = fO)(t) for all 0 < [t| < T,
(i) f(t) € LMT) and ||ui () = f 7]l = o(1) as n — oc,
(iii) ||5,(f)(f) — Oy = o(1) as n — oo if and only if |n|"f(n)log|n| = o(1) as

[n| — oo.

Theorem 2. Let {c} € W, and

o 1/p
(2.2) » - om/atn) ( > Ak + C_k)|p> < 00,

m=1 kel
for some 1 <p<2andr>0. Then statements (1)—(iii) of Theorem 1 hold.

Taking » = 0 in Theorems 1 and 2 we obtain Theorems 3 and 2 of F. Méricz [3]
respectively.

Considering the sums (1.4) instead of (1.3) and in view of the preceding Remark
in Section 1, statement (ii) in Theorems 1 and 2 can be replaced by:

(i) fO() € LN(T) and [|gi(e) = F7][s = 0 (n — o0).
Thus we have the following results:

Theorem 3. Under the hypothesis of Theorem 1, statements (i), (ii') and (iii)
hold.

Theorem 4. Under the hypothesis of Theorem 2, statements (i), (ii') and (iii)
hold.

3. LEMMAS

Lemma 1 (Sheng [4]). |\D£LT)H1 = (4/m)n" logn+O0(n"), n — oo, r € {0,1,2,...}.

(
Lemma 2 (Sheng [4]). Hﬁff)Hl =0(1)(n"logn), n — oo, r € {0,1,2,...}.
Lemma 3 (Sheng [4]). Let r be a non-negative integer and x € [n/n,w|, where
n>1. Then

r—1
+1/2)ksin[(n + 1/2)z + kr /2]
Py = S )
n (I’) kX_;O (Sinl’/2)r+l_k k(x)
(n+1/2)"sin[(n 4+ 1/2)x + rn /2]
+ - )
2sinz/2

where each @y denotes an appropriate bounded function dependent on r but inde-
pendent of n.

Lemma 4 (Sheng [4]). For each non-negative integer n,
llen B + c_nE(_T,)Lﬂl = o(1), n — 0o,
holds if and only if |n|"cpy log|n| = o(1), |n| — oo, where {c,} is a complex sequence.

Lemma 5. Let {cx} be a sequence of complex numbers. Then for any 1 < p < 2
andn>1,r>0

n—1 n—1 1/p
1 [ () A1 »
(3.1) 0l kz:;l cxDy(z)| de < Apen - ,;L ek ,

where Ay, is a constant depending upon p and r.
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This lemma is an extension of Lemma 2.3 of Bojanic and Stanojevié [1].

Proof. We write

1 T |2n—1 1 T/n 2n—1
LIS ant) ae= 1 [S | a

mJo =0 " Jo k=n

(32) 1 T |2n—1
+ —/ Z ckD,(CT)(x) dx

n m/n k=n

= Il + IQ, say.

Since HD,(CT)Hl = O(k™1), for the first integral in (3.2), we have
2n—1
Il { r—1 Z |Ck|}

and now by Holder’s inequality, we have

m—1 1/p
h= ( > w)

o [2n—1
//n

We now estimate I

Z CkD T)

k=n

From Lemma 3, we have

2n—1 r—1 .
1 [ (k +1/2)*sin[(k + 1/2)z + A /2]
I, = _/ Ck . P, dx
LS (B
L1 /” Q”i o Ut 1/2)" sinf(k o+ 1/2)0 +rm/2] |
" S | = 2sinz/2
< @4 () + 25 (2),
where
2n 1 Z(I)Qn 1, A
 |2n—1 .
) _1 (k+1/2)*sin[(k + 1/2)x + /2]
(I)Zn—l,)\(x) — /7r/n Ck (sinz/2) 1> Oy (z)| de.

k=n
Since @) are bounded, it can be shown by Hoélder’s inequality that

L[ d v
(1) — z
@271—17)\(:17) =0(1) n (/7r/n (Sinx/z)(r+l—>\)l7>

T |2n—1

Z er(k +1/2) M sin(k + 1/2)2 + A1 /2]
k=n

q 1/q
dac)
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Since

T dx < ﬂ-(?“—i-l—)\)p ™ dx
T/n (Sinx/2)(T+1_A)p N m/n x(r-‘rl—k)p

< m (r+1-X\)p—1
T (r+l1-XNp-1 ’

it follows that

o) (z) < . e nrA=1/p
LA =\ (r+1-Ap—1

([T

A
1
> e <k + 5) sin[(k 4 1/2)z + A\ /2]
Now, by using Hausdorff-Young inequality, we get

k=n
1T q 1/q
(£ ‘)
™ Jo

on—1 1/p o1 1/p
<2 (Z ek (k + 1/2)A|P> < 2lHApA (Z |ck|”> .

q 1/q
dac) .

nZ_ cr(k+1/2)" sin[(k + 1/2)x + Ar /2]

k=n

k=n k=n
Thus,
2n—1 1/p
B4 A(@) < AQn" (% > |ck|p) :
k=n
Therefore
2n—1 1/p
L) (z) < A" (% 3 |ck|P>
k=n
Similarly,
21 1/p
4 () < A" (% > |ck|P>
k=n

Combining the above estimates, we get

| 2n] 1/p
L+ 1, < APTTLT (E kz_: |Ck|p> .

This completes the proof of Lemma 5.

Lemma 6. Let r be a non-negative integer and 0 < € < w. Then there exists
Are > 0 such that for alle < |t| <7 and alln > 1,

IED )], |ET) (1] < Aven” /1]
and

D ()] DI ()] < 24,007 /1.
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Proof. The case r = 0 is trivial. For » > 1, we have
ZIJ =N (AR Bk (t) + (n+1)"E, (1),
k=0

and so

|En ()] < (Aoe/[t]) {(Z |N€T> (n+ 1)T} < Apen”/t|
for some constant A,.. Since
EG (0] = (=1 B (=),

we obtain |EU") (#)] < Ayen”/|t|. The other two inequalities follow from the equa-
tions (1.1) and (1.2).

4. PROOFS OF THE THEOREMS

Proof of Theorem 1. Performing Abel’s transformation on the rth derivative of the
partial sums of a general trigonometric series, it is easy to see that

T) C t Z ACkD( —|— Z A k= Ck (t)
+ anfp (t) + c_nEY,{(t).

By the use of Lemma 6 and Hoélder’s inequality, we get

= T A’I"
S AaD ()] < lim. |+1 <Zk’”|Ack|>

k=1

2791

m AH_le: Z E"| Ack] forn=2"—-1

j=1 \k=2i-1

J—
=

1/p
i Art NS gi/ern)
i A S (S aar) <o
Jj=1 k?EIj
and
r+1 r
ZlAc e = el EQO] < =0 {Zk Ae- k—ck>|}
<ATJrl Zkrlo E|A(c—g —ck)| p < 00
>~ |t| g —k k 5
k=3
where A, is a suitable constant. Also lim,,_co{c,E (T)( t)+c_p _n( )}—0f0r0<

|t| <, as {c;} is a null sequence. These imply that f)(t) =332, Acka (t) +
Yoo Ale—k — ck)E(_le(t) exists for 0 < |¢| < m, and thus the proof of (i) is com-
pleted.
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Furthermore, from the above and (1.3), for ¢ # 0, we have

FO @) —u (e, t) = i A D (1) + i Alc_y, — cx)ET)(0).
k=n

k=n
This implies that

Z ACkD(T

Lemma 1, Lemma 2 and Lemma 5 imply that

o l/p
£ =D (e)lh < Ay Y 2m 0t (Z |A0k|p>

m—j k€l

£ = uiD ()l < +Z|A ek = er) 1S

1 k=n

+0 (Z |A(c—k — cx)|E" logk> =o(1), n — o0,

k=n
by the hypothesis of the theorem; here j = j(n) denotes the integer for which
211 < n < 29, Since uly(c,t) is a polynomial, it follows that () € L(T), which
proves assertion (ii).
We further notice that

£ = 5Ol = 17D = ul () +ul () = s ()l
<O = alD )+ [ul () = s ()
= 1f© — D@l + IF () ES) + F(—n)EY)|s
and
IF () ED + F(=n)EV) 1 = ul () = s (£l
<D = s+ 1F7 = uP ()]s
Since || £ —u ()1 = o(1), n — oo, by (ii), and || f(n) ES”+F(—n)E)) 1 = o(1),

n — oo, if and only if n” f(n)logn = o(1), |n| — oo, by Lemma 4, then assertion
(iii) follows.

Proof of Theorem 2. As before, an application of Abel’s transformation yields

n—1
s (e, t) Z Ack DY () + 3 Ale—y, — er) B (1)
k=0

+ an,<;”> (t) + c_n B (8).
Then making use of (1.1) and (1.2), we get

n—1

ZAck+ck +ZZAC k_Ck)D()()

k=0
<mwa+a B (0).

The rest of the arguments are similar to the proof of Theorem 1, and therefore we
omit them.
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Proofs of Theorems 3 and 4. We observe that under the assumptions of Theorems
1 and 2, {cx} € W, and (2.1), respectively (2.2). Thus Zm:n |k|"|Acg| — 0 (n —
00), which together with ¢, — 0 (|n| — oo) implies that |n|"¢, — 0 (|n| — o0).
Hence, by Remark of Section 1, Theorems 3 and 4 follow.

5. CONCLUSIONS

1. A sequence {ci} of complex numbers is said to belong to the class S, of
Sheng [4] if

(5.1) {ex} € Wi,

(5.2) there exists a sequence {Ay} of positive numbers such that

A A0 and ZkO‘Ak < oo for some a >0
k=1
and

Ace|P
(5.3) QTHZ' ckl O(1) forsomea >0, 1<p<2.

Conditions (5.2) and (5.3) anly (2.1). In fact, by (5.3) and quasi-monotonicity
of {Ak},

1/p
< Z |Ack|p> < K2m/p2m(‘”_T)A2m71

kel

with an absolute constant K > 0. Hence,

oo 1/p o
Z om(1/q+r) ( Z |Ack|p> <K Z om/ptm/agma 4,
m=1

kel,, m=1

_oltap Z 2™ Agm < 0o due to (5.2).
m=8

Therefore Theorem 1 implies the following:

Theorem A (Sheng [4]). Let {cx} € S;,,., @ >0 andr € {0,1,2,...,[a]}. Then,
fort#£0

(i) limy—oo 8% (c,t) = FO(2),

(it) f0)(t) € LY(T)

(iii) ||5$lr)(f) — Oy = o(1) as n — oo if and only if |n|"f(n)log|n| = o(1) as

|n| — oo.

2. The following examples show that Theorems 1 and 2 are not comparable to
one another.

Example 1. Let a null sequence {c;} be defined by Acj, = 1/2™"m3 for k = 2™,
Acy = —1/2™"m3 for k = —2™ with m > 0, and let Ac; = 0 otherwise. Then,
Sore i |A(er — c_g)|k"logk < oo and (2.2) is satisfied, but condition (2.1) is not
satisfied. Thus, only Theorem 2 applies in this case.
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Example 2. Let a null sequence {cx} be defined by Acy = 1/k"*2 for k > 1,
Acy = 1/2m"m3 for k = —2™ with m > 0 and Acy = 0 otherwise. Then,
Y opeq |Aer — c—k)|k"logk < oo and (2.1) is satisfied, but condition (2.2) is not
satisfied. Thus, only Theorem 1 applies in this case.
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