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ABSTRACT. We show that the K-functional

-2\ _ . . -2
K(fn=2p=_nf (I =gl +n=2IP(D)gly),

where P(D) = %(1 - mz)%, is equivalent to the rate of convergence of a
certain linear polynomial operator. This operator stems from a Riesz-type
summability process of expansion by Legendre polynomials. We use the oper-
ator above to obtain a linear polynomial approximation operator with a rate

comparable to that of the best polynomial approximation.

1. INTRODUCTION

For polynomial approximation in L,[—1,1], 1 < p < oo, it was shown [6, Chap-
ter 7] that
(1.1)

En(f)p= jof If = Plp< _inf  (If —gl»+ n" N9 )

Ky o(fin™"
geCr—1,1] 790(f n )p

where ¢ = /1 — a2, II,, is the class of polynomials of degree n and | ||, is the
L,[-1,1] norm. In fact, a polynomial P € II,, was constructed to satisfy

If=Plp < Kro(fin™")p.

The result (1.1) is best possible in the sense that a weak converse inequality for
E,(f)p exists. As a result of the considerations in this paper we obtain

(1.2) En(f)p < gecgy[f_m](Hf =gl + 7 [P(D) gllp) = Kor(f,n ™)y

(where P(D) = 4 (1 — 2?)4L) and this inequality is best possible in the same
sense, that is, a weak converse inequality with E,(f), is valid. The K-functionals
Ko o(f,n™?"), and Ko, (f,n™2"), are not equivalent though related for 1 < p < oo
(see for explicit results [3, (2.5)] in the case r = 1). For r = 1 and f(x) = «z,
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Ky ,(f,n™%), = 0 and K»(f,n"?), ~ n~2 Hence, (1.2) cannot be derived from
(1.1) or vice versa.
For Bernstein polynomials

09 B =2 (-t () = X rwr (1),

it was shown by Totik [9] (generalizing [7, section 8] and settling a conjecture there)
that

(1.4) 1f = Bufllcwon ~ Kap(f,n™ o

where L[0, 1] takes the place of Loo[—1,1] and ¢ = /z(1 — z) takes the place of
© = V1 — 22 in the definition of the K- functlonal in (1.1). Hence,

(1.5) En(f)cioa < Cllf = Buzfllcpo,-

For p # oo and for a higher degree of smoothness, the Bernstein polynomials are no
longer applicable. In this case one can define the Durrmeyer-Bernstein polynomials

1
n, k /
As a result of [4] we have for 1 <p < oo

(1.7) Kor(f,n")p ~ [(My = )" [l

where in the definition of Ky, we use L,[0,1] instead of L,[—1,1] and P(D) =
4 2(1 —z)L instead of P(D) = (1 —22)-L. The result of this paper will imply
forl<p<ooandreN

(1.8) En(H ey < CN(Mpz = 1) fllz,00,1)-

To achieve this we define a simple linear operator R,, that will yield the strong
converse inequality of type A in the sense of [7], and hence the equivalence

(1.9) I(Re = D" fll =10 ~ Kor(f, 7).

We note that for polynomial expansion in [—1, 1] the Legendre polynomials given
by

n

(1.6) M, (f,

k() f(y) dy.

kO

_d 2y d _
(1.10) P(D)Py(x) = @(1 —z°) %Pk(:r) = —k(k+1)Py(x)
and the orthonormality condition
1
(1.11) <P]€,Pg> = / Pk(x)Pg(fL') dx = 5k7g
-1

appear naturally. Therefore, the operator P(D) is not a contrived expression in the
definition of K, and in (1.2).

In section 2 the operator R,, f will be introduced. In section 3 the main converse
inequality is proved. In section 4 applications and generalizations of this result will
be discussed. The relation with best polynomial approximation is given in section 5.
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2. A SUMMABILITY OPERATOR

For the Legendre polynomial Py given in (1.10) and (1.11) the formal expansion
is given by

%) 1
(2.1) @)~ S arP(a), w;uwm:/f@&@@
k=0 -1

Pollard [8] showed that for 2 < p <4

(2:2) 1S fllp < Cpll fllp

where

(2.3) Sn(f,x) = ZakPk(x)
k=0

Askey and Hirschman [2] (see Theorem 2a there with a = 1 and v = 3) proved
that for 1 < p < 0

(2.4) lonflly < Cllfllp

where o, f is the Cesaro summability

(25)  ona(fiz) = Z (1 - %) ar Py (x ZSk fx), oo(f,x) = aoFo.

k=0

The summability method treated here is given by

(2.6) zn: (1 - 1;) 0 Py (2),

k=0

and (2.6) may be reformulated by

n—1
(2.7) Ry (f, ) > (k+ 1)Sk(f, ),
k:O

n—|—1

which places it as a special case of the Riesz summability. Being a linear operator
whose range is in II,,, R, f and its derivates are linear polynomial operators.
We can now show that, as a result of (2.4), R, f is also a bounded operator.

Lemma 2.1. For 1 <p<o0 and R,, given by (2.6) we have

(2.8) [1Bnfllp < ClLF1p-

Proof. The following proof was given by V. Totik and is much shorter than the
original proof by the author. (The earlier proof was longer and yielded some further
results which are not necessary here.)
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One can easily verify that

— n—1
(2.9) (n—|—1 Zn— )Sk(f, ) ;Okﬂak f,z)

Adding (2.9) to (2.7), we have

9 n—1 9 n—1

(n+1)n+1 > Sk(f,x) = n(fa$)+m2(k+1)0k(fa$)a

k=0 k=0

which implies

n—1
Ru(f,2) = 20m1(f, ) }:k+1okﬁ
k:O

Hence, (2.4) implies (2.8).
Remark 2.2. For 3 < p < 4 Pollard’s result and (2.7) already imply (2.8).

3. THE EQUIVALENCE RESULT

We can now state and prove our equivalence result.

Theorem 3.1. For f € Ly[—1,1], R, (f,x) given by (2.6) and the K-functional

(3.1) K(f,1%)p = Ka(f,1*)p = qiencf'2(||f —gllp + 21 P(D)gll,),
we have
(3.2) IRaf = fllp ~ K(f,n72),

where A, ~ B, if there exists C such that C'A, < B, < CA,.
Proof. As polynomials are dense in L, or in C[—1, 1] when p = oo, (2.8) implies

(3.3) Tim ([ Ruf — ]l = 0.

This follows from lim R,P, = lim (1 — ﬁ(kﬂ) )Py = Py and

=00 =00 (n+1)
[Bnf = fllp < |1Bu(f = P)llp + [If = Pllp + |1 B P = Pllp.
To prove the direct result we choose g € C?[—1,1] such that
1f = gllp + 2| P(D)gll, < 2K (f,n72),
and write
[Bnf = fllp < 1Bu(f = 9) = (f = 9)llp + [[Bng — gll,

< (C+1)2K(f,n"%), + | Rng — gllp-
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To estimate the second term we write

|Rng — gl < [|R%g — Rugll + | R2g — g

< ||Rig— Rugll + > _ IR2,9 — R% 19,

as (2.8) and (3.3) imply also lim ||R2g —g|| = 0 for any g € C?[—1,1]. We now
observe that for any f € L1[—1,1] (so that the a’s are defined)

(3'4) 77,(77, + 1)Rn(Rnf - f) = P(D)Rnfa

and that

(3.5) P(D)R,g = R,P(D)g for g€ C?*[-1,1].
Therefore,

(3.6) |R%g — Rngllp < WHP(D)QHP'

As RyR,,f = R Ref, we have
1R7.9 = Roia9llp < B9 — Bnsa Ringllp + 1 B2, 119 — R B gllp.
We now note that for f € Li[—1,1]

2
R2 f— Rypy1Rinf = — P(D)R,.f,
(3.7) )
2 — i Lim = P(D m .
Rm+1f R R +1f m(m+1)(m+2) ( )R +1f
Recalling (3.5), we have
o o0 1
> IR%g — Ry iaglly < AC|P(D)gllp > 3

2C
< =2 IP(D)gl
which, together with the above, yields
[Rnf = fllp < (C+1)2K(f,n7%), +3C - 2K(f,n™?),,

and this is the direct estimate of our equivalence.
To prove the converse result, which is a strong converse inequality of type A in
the terminology of [7], we note that using (3.1),

K(f.n72) < 17 = Raflly + 5| P(D) R, fl,
Using (3.4), we now have
I1P(D)Rn fl| <n(n+1)C||Rnf = fllp,
which completes the proof. O
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Corollary 3.2. For f € L,[—1,1], 1 < p < o0, we have

3.8) I(Rn=D)"fllp~ inf — (If =gl +n">"P(D)gly) = Kar(f;n™?)p.
geC2r[—1,1]

Proof. We use Theorems 10.2 and 10.3 of [7] (the latter with some obvious modifi-
cations) for the direct result and Theorem 10.4 of [7] for the converse result. That
is, the necessary inequalities needed for this extension were already proved earlier
in this section. (]

4. FURTHER RESULTS AND GENERALIZATIONS

We first deduce as a corollary from Theorem 3.1 and Corollary 3.2 the following
“realization” result.

Theorem 4.1. For f € Ly[—1,1], 1 <p < oo, R, given by (2.6),

(4.1) Kon(f,t")p=  inf  (IIf = gl + " [|1P(D)"gl,)
geC?7[—1,1]
and
— - e (T pE
(4.2) Lysf =) (-1) <k> REf,
k=1
we have
(4.3) 1f = Losfllp+ 02 [ P(D) L fllp ~ Kap(f,n ™)y

Proof. Using Corollary 3.2, all we have to show is

(4.4) 0" |P(D) L fllp < CKar(f, 7).

The identities (3.4) and (3.5) used repeatedly imply
P(D)'REf = (n(n+1)) Ri (R, —I)" f.

Hence,

n=|P(D) Ry fllp < Cil|(Rn = )" flp
< C2K2r(fv n_2r)p’

from which (4.4) follows easily. O

The realization implies the natural relation for hierarchy of measures of smooth-
ness on the K-functionals. Hence, realization, though weaker in a sense than (2.8),
is important. The first result actually follows already from Corollary 3.2.
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Corollary 4.2. For Ko, (f,n™2"), given in (4.1)

(4.5) Koryo(f,n 20, < OKo(f,n2),.

Proof. In view of Corollary 3.2 we just have to observe that

If = Lors1fllp < (T = Rn)(f = Lo f)lp
S = Lo fllp + 1 Bu(f = Lo )l
which, using (2.8), implies (4.5). O
The Marchaud-type inequality also follows.
Theorem 4.3. For K. (f,t), given in (4.1) we have

1 2(r+1)
(46) K2r(f7 t2r)p < Ct2r </ K2r+2(f7 U )P du) )
t

u2r+1

Proof. We write for n = [1/]

Kop(f,t*)p <1 = Lpgr fllp + 27| P(D) L i1 f
< C1Korpa(f,n 2 72), + 27| P(D)" Ly i1 f || p-

We now choose k so that 28 < n < 281 and write

k

Ln7r+1f = Ln7r+1f - L2k,r+1f + Z(Lﬂ,r—o—lf - L22*1,T+1f> + Ll,r-i-lf'
=1

Using L1 y+1f = C, and hence P(D)"Ly ,41f = 0, and
Lot pir [ — Lot p i1 fllp < 2C1 Ko ya(f, 2 2r+DE=0)

we have, using the Markov-Bernstein inequality,

k=1
Kor(f,1%7)p < C1Kopya(f,n272), + 27 Z 09277201 Koy yo(f, 2720410
=0

+ 2C5Cy 7 0% Koo (f,2720T0F),,

Using monotonicity of Kop1o(f,u), and of u®, we now complete the proof. O

We note that we do not have a free term as usual in Marchaud-type inequalities.
While this follows from the proof above, it is related intuitively to the fact that if
for some r, P(D)"g =0 and g € C?"(—1,1), then g(x) = A.

The near best polynomial approximant P, which is a polynomial satisfying

(4.7) If = Pallp < CEn(f)ps

where E,(f)p = infpem,, || f—P||p, can also serve as a realization of the K-functional
K2T(f7 t2r)p ||p'
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Theorem 4.4. For 1 <p < oo and P, given by (4.7) for the given p we have

(4.8) 1f = Pallp + 07 [|P(D)" Pallp ~ Kav(f,n ™).

Proof. Obviously,
(4.9) If = Pallp < Cllf = Loy fllp < CKar(f,n ™",
Furthermore,
n=2 | P(D)" Pullpy < n™*"||P(D) Loy fllp +n~ 2 | P(D) (Pa = Lus f)]|p-
Since (4.9) yields the estimate
1Pn = L fllp < 2CKor(f,n ")y,

we complete the proof using the Markov-Bernstein inequality. O

One should note that P, satisfying (4.7) may also serve as a realization of
K, ,(f,n™")p [6, Chapter 7] and that this does not imply equivalence of
Ko (f,n™2"), and Koy o (f,n™2"),.

We can also define delayed means using R,, f by

2n+1 n+1

4.10 Vof=2——Ronf——— R,
(4.10) F=2 g e =gy el
such that
(4.11) V,P=P for Pell,.

Obviously, for n > ng

[Vafllp < 2Cflp

where C' is given by Lemma 2.1.

This obviously implies (for n > ng)
(4.12) VS = fllp < (2C + 1) En(f)y,

which makes V,, f a near best polynomial approximant.
In Theorem 4.4 we may replace P, by V,, f since

1f = Vafllp < CrEL(f)p

and since for P, f satisfying (4.4) we have, using the Markov-Bernstein inequality
(Vof € gy, and P, € 11, C Tay,),

1 r
o I1P(D) (Pa = Vaf)llp < Col| Pa = Va flp
S OBEn(f)p S C4K2r(f7 n_QT)p~
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5. RELATION WITH BEST POLYNOMIAL APPROXIMATION

One observes that

(5.1) En(f)p < (R = )" fllp-
Hence, using (3.8),
(5.2) En(f)p < CKa(f, n_2r>p~

The estimate (5.2) has the following matching weak converse inequality.

Theorem 5.1. The K-functional Ko.(f,t*"), given in (1.2) is estimated by the
rate of best polynomial approximation in the weak-type inequality given by

(5.3) Kop(f,£27), <C" > (n+ 1) ' En(f),
0<n<1/t

Proof. The proof is quite routine, choosing ¢ such that ¢ = max{k; 2* < 1/t} and
g to be Py, the best 2% degree polynomial approximation to f in L,[—1,1]. We
then expand Pse by

4

Py(x) = Z(P2k+1 (z) — Por(z)) + Pi(x).

k=0
The Markov-Bernstein inequality implies

(5.4) |P(D)" P, < Cm?"||Ppll, for P, € I1,,.

This yields

(5.5) Kol < 08 (30 QOB D)y + Bal )y )
1<2k<1

which implies (5.3), using the monotonicity of E,(f),, Kor(f,t*"), and m?". O
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