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ABSTRACT. A model is obtained for invertible hyperbolic and parabolic com-
position operators on H2. This model shows that the adjoints of these composi-
tion operators are similar to block Toeplitz matrices constructed with weighted
bilateral shifts and rank one operators.

In their paper, Nordgren, Rosenthal and Wintrobe [3, Thm. 5.7] present a model
for the composition operator C,, where ¢ is a parabolic or hyperbolic disk automor-
phism. A brief summary of their model, which will be considered in greater detail
and contrasted with the model from this paper later on, follows. A subspace K is
defined, which is invariant under Cy,. Then H? is decomposed into a nonorthogonal
direct sum of two invariant subspaces M and N constructed from K. Finally, Cy|ar
and Cy|n are each shown to be unitarily equivalent to inflations of Cy|x.

This paper presents a model for C5 (and hence for C, also), where ¢ is a para-
bolic or a hyperbolic disk automorphism. It is noted that when ¢ is an elliptic disk
automorphism, C,, is similar to a diagonal operator and is therefore less interesting.
The model presented in this paper is similar to but simpler and more detailed than
the model which they obtained. H? is decomposed into an orthogonal direct sum
H? = %2 ®B'Lo (Lo will be defined shortly). The compression of C} to B*Lg
is similar to a weighted bilateral shift. The restriction of C: to B'Lg is the sum
of this compression and a rank-one operator. A formula for the rank-one operator
is given and its range is a subset of B~' L. In conclusion, it is shown that C7} is
similar to a block Toeplitz matrix.

For any disk automorphism ¢, define the iterates (™) as

0O =

and forn =1,2,3, ...

(p(n) =gpo (p(n—l) and (p(—n) — (,0_1 o (p(—n—i-l)'

Let z, = ¢(™(0).

If ¢ is a parabolic or a hyperbolic disk automorphism, Nordgren, Rosenthal
and Wintrobe [3, p. 333] show that {z,} is an interpolating Blaschke sequence.
Furthermore, if ¢ has fixed points in {—1, 1}, with Denjoy-Wolff point 1, and B(z) =
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zH(i;O A2 — zHO_O;Z% é:'gp(") (z) (the Blaschke product with zeros z, and

B'(0) > 0), they show that
(1) Boypy=7B
where 7 = —1 in the hyperbolic case and 7 = 1 in the parabolic case.

Let kyn = 1/1 — |2]?/(1 = Z,2). Note that k, = K, /|| K., |, where K, is the
reproducing kernel for evaluation at the point z,, that is, (f, K. ) = f(z,) for f in
H?. Now define £ as

Lo = closed span{k,}™~ .
Since {z,} is an interpolating sequence, a result of Shapiro and Shields [4] implies
that {k,} is similar to an orthonormal set (see also Cowen [2, p. 23]). Noting

that C¥kn = \/1 — |2n)*knt1/1/1 — |2n41]?, it follows that C¥ |, is similar to the

weighted bilateral shift with weight sequence {\/1 - |zn|2/\/1 —|zns1]?}. Also
note that B'Ly L BiLg for i # j 4,57 > 0. For i a positive integer, make the
definition

Li=Lo®BLy® - @ B'Ly.
This leads to the following Lemma.

Lemma 1. If ¢ is a parabolic or a hyperbolic disk automorphism with fixed points in
{—1, 1} and Denjoy- Wolff point 1, and L; is defined as above, then L; = (Bi‘“HQ)l
and L; is invariant under C’;’f.

Proof. Suppose f is in H? and j < i. Then

(B Bka) = (B £ ) = 1= [ B (20) f(20) = 0

since z, is a zero of B. This shows that £; C (B*T'*H 2)l. The opposite inclusion
will now be shown for £y and then the other cases will be obtained by induction.
Suppose f is in Lot. Then

<f7kn> =v1- |Zn|f(zn> =0

for all n. This means that all the zeros of B are also zeros of f so f = Bg for some
g in H? and hence Lo ¢ BH?. Thus,

(BH?)" c (Lo)" = L.
Suppose g L £;. Then g L £; 1 and by induction g = B'f for some f in H?.
Now, _ _ _
(f kn) = (B'f,B*kpn) = (g, B'k,) =0
since g L B'Ly. Thus, f = Bh for some h in H?, so g = B'T'h and it follows that
£;5 ¢ BLH2. This implies (Bi*+1H2)" C £; and we have £; = (B 1H2)".
Now, to show the invariance, let f be in H?, let j < 4, and compute:
(CEB ki, B f) = (B'kn, Cy (B f)).
Now, by equation (1), we have,
— (B B f o)
=7 (kn, BT fop) =0
since 0 < 7 <.
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; L. . .
Thus, £; = (B"™'H?)" is invariant under Cf;. |

The next lemma is important because it shows that the compression of C: to
B'Ly is similar to a bilateral weighted shift, since we already know that C}|z, is.

Lemma 2. If ¢ is a hyperbolic or a parabolic disk automorphism with fived points
in {—1,1} and Denjoy- Wolff point 1, then the compression of C;f to B'Lo,i > 1,
is unitarily equivalent to T°C’*
the hyperbolic case.

|£ , where 7 =1 in the parabolic case and T = —1 in

Proof. The compression of Cf; to Bt where P is projection onto

B Lo
BiLy. Let U; = Tpgilz, for i > 1, where T is the Toeplitz operator with symbol
B?. In this case it is multiplication by B? since B’ is in H>®. Note that T
is an isometry of £y onto B'Ly. Thus, U; is unitary and it is easily seen that
U™ =Tp:"|pig,- .

Let f be in B*Ly, so f = B'g for some g in Ly. Let h be in £;, so h = hy + hs
where h; is in £;_1 and hs is in B*Ly. Then

(F'U,CEUT f,h) = T {UiChg, ha)
gp.g?U h2>

{Ui
(
= 7g,C,.U;"ha)
(
(

’L

7(Blg, B'C,U;*h)
= 7t Bzg,TC B'U;* ho)

as a consequence of equation (1)

= <f7 C¢h2>
<C;;fa h2>
— (PCXf,h).

So Uy(r'CHU* = O

Theorem 3. Let ¢ be a hyperbolic disk automorphism with fixed points {—1,1}
= W, + R;, where W; is the
compression of C;f to B'Ly and R; is the rank one operator of B'Ly into B='Lg
given by

Ri(B'f) =
for all f in Ly.

Before proceeding with the proof, a few comments about the statements of this
theorem and the next theorem are in order. First of all, the case ¢ = 0 was excluded
because it has been shown that Ly is invariant under Cf; . Now, if we say that
Wy = C’;’f| Lo, then for ¢ > 0 we can conclude by Lemma 2 that W; is similar to a
weighted bilateral shift. Lastly, in the formula for R; we can divide by z — ¢(0)
since ¢(0) is a zero of B* of multiplicity 1.
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Proof. If ¢ is a hyperbolic disk automorphism with fixed points 1 and —1, and the
Denjoy-Wolff point is 1, then ¢ can be written as ¢(z) = (z 4+ 7)(1 + rz)” ", where
r is real and nonzero. Convenient ways to write ¢ and its inverse are

ple) = 220, ol (e) = =58

A fact that is evident now and that will be used throughout the rest of the
proof is that z, is real for all n. One of the conclusions of Lemma 1 is that
Range(C|piz,) C L;. Note that in particular, Range(C}|pz,) C BLo® Lo. It will
now be shown that Range(C|piz,) C B'Lo ® B! L for i > 2.

Let f be in Ly and ¢ > j > 2. Then

(C3B'f.B ™ kn) = (B'f,CoB"/kn)
= (B'f.(-1)"7 B Coh)

from equation (1)

- )TV B )

- zn@(z)
_ i-g VI=zn® i, 149(0)2
= 1) 1 — z,0(0) (B, 1-— w—l(zn)z>
- (_1>i_j 1 —12;;7(1;) <ij7 1-— Z:’Ln_lz + 1 (—P(zon)_zlz
o (e oo (D) £ )
) <<B<zn_1>>ff<zn_1> ¥ w(O)ij—_‘f”fwn_l))
- 0

since z,_1 is a zero of both BJ _and Bj/_z for j > 2.
Thus, Range(C’mBmo) C B'Ly @ B""'Ly. Now, using the same technique as
above, for f in Lo,

(C3B'f, B kn)

oyt Y pe BY . i
() 2 Bl )+ 900) (2 ) Go) o)
o qyi-l 1— 2,2 B . ;
()7 20 0) () o) )
)il _f0e0) (B o
= =1 1—<w<o>>2(f)(0) =1
0 otherwise.

On the other hand,
Bi
(

z——<p(0)’BZ_ ko) = |

UM

B )(2)
) M
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from equation (1)

_ Zm — 9~ (2) -0~ !(2)
- s (Z250)
m#0
_ zm—tp_l(z) 1 52
B e (1—so<o>z>’ Y

(H"Sm zm) —L ifn =1,

1=(p(0)*

0 otherwise
B 1 P
- DO ( 1—(¢(0))2> fn=1,

0 otherwise.

So
_1)im1 10 By (o fn=1,
<R1(Blf)7B1—1k.n> _ ( ) 1_(@(0))2 (z) ( ) iIIrn

0 otherwise

= (CiB'f,B" 'ky).

Now, the conclusion will follow if R;(B*f) is in B*~'Lg. For this, it suffices to
show that B/(z — ¢(0)) is in Lo = (BH2)™. Let h be in H2, so

_ - T 2m— 2 ¢(0) — = 1 s 2 — 2
= 1:[0 1— 2z <1—g0(0)z) (z—gp(O))’ Hl—zmz k)
m#0,1 m#0
-1 »(0) — 2
1—¢(0)2"1— <p(0)zh>
0)—z
= oo
= 0. O

=

The next theorem gives a similar result for the parabolic case. The basic struc-
ture for the proof is the same as that for the hyperbolic case. However, many of the
details are different because the general formula for a parabolic disk automorphism
is a little more complicated than that of a hyperbolic disk automorphism.

Theorem 4. Let ¢ be a parabolic disk automorphism with Denjoy-Wolff point 1.
Then C:|Bi£0 = W, + R;, where W; is the compression of C’: to B"Ly and R; is
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the rank one operator of B'Ly into B*"1Ly given by

Ri(Bif) = —(0) £(0)(1 = ¢(0))*B’
(1= [(0)*) (= = ¢(0))

for all f in Ly.
Proof. The general form for a parabolic disk automorphism with fixed point 1 is

o(z) = (s—2i)z—s

sz —5—21
where s is nonzero and real. It is immediately evident that z; = p(0) = s/(s + 27).
In fact, more generally, we have z, = ns/(ns + 2i) (see, for example, [3, p. 332]).
From this, it follows that

(2) Zn = Z_p.
We also have
(20(0) — 1)z — (0)
3 = .
3) ol) = L
It follows that the inverse of ¢ is given by
0 o) = =20

©(0)z —20(0) + 1

As in the hyperbolic case, it is now shown that Range(Cj|pir,) is a subset of
Biﬁo &) Bi_lﬁo.
Let f be in Ly and let ¢ > 7 > 2. Then

(CiB'f, B kn) = (B'f,CoB"kn).
Now, equation (1) gives

= (B'f,B"ICuk,)

= 1B ———)

1 —Zp0(2)
and it follows from equation (3) that

_ —12,%(B ¢(0)z —1

L e B e T T 2 (20 ~ Dz~ 2(0))
. _ 2 ©(0)z —1
S A ) ey 7 EAm )

1= |z 0(0)z —1
= X B f, —

R C== R

B 1—|z)* 0(0)z —1
Sl PREER A

1= Jzal?
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is a consequence of equation (2)

_ \/(_7 <(B(Zn_1))j f(zn—1)p(0) — (B(Zn—l))jf(zn—1)>

Zn—1

Now, it is evident that

2
(CEBf,B" 'k,) = %;—ﬁ@((g)ﬂ$>
- {%(5)(0) ifn =1,
0 otherwise.
On the other hand,
<Z_B;(p(0),3i‘1kn> — <Z—L;0(O)7kn>
= (<P ((g)))j )

follows from equation (1) and

_ T Zm Zm— 9 (2) 7(2)
- QL= (=)
m#0

_ Zm  Zm — _1(2) 1 L 5
- H |Zm|1—z p=(2) (@(O)Z—2¢(0)+1>’ L= lonl K

is obtained by equatlon (4)

0©  Zmrm 1—|z1? . _
() oo

= 0
0 otherwise
B 1—[¢(0)? e
_ ] BTGy ifn=1,
0 otherwise.

So

0 otherwise

—»0)f0) (B _
(Ri(B'f), B k) = {\/f_g,w(z)(o) fn=1,

(CEB'f,B" k).
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Again, the proof will be complete after it is shown that R;(B’f) is in B*~!L, which
will follow if B/(z — ¢(0)) is in Lo = (BH?)". Let h be in H? and compute

2 — 2 w(0) — 2 1 e —
e 1:[0 1—Zmz (1—¢(O)z> (z—gp(O))’ Zgol—émz k)
m=£0,1 m£0
1 20—z,
1—¢(0)2 1—¢(0)z
p(0) — =z,

1—@2

=

= (=K,

0. O

The next theorem is important because, while the study of composition operators
is relatively new, a lot of effort has been put into the study of block Toeplitz
matrices.

Theorem 5. If ¢ is a hyperbolic or a parabolic disk automorphism, then C;f 18
similar to a block Toeplitz matriz of the form

W R 0 0 0
0O W 7R 0 0
0 0 W R 0

0 0 0 W 7R

where W is the weighted bilateral shift on 1? with weight sequence

1- |Zn|2

—7
\/ 1- |Zn+1|2

R is a rank-one operator, and T = —1 in the hyperbolic case and T = 1 in the
parabolic case.

Note that if 7 = —1, then we have a block Toeplitz matrix with the blocks down
the main diagonal and the diagonal above the main diagonal, respectively, being

5] - [5e)

Proof. There exists a disk automorphism w that moves the fixed points of ¢ to the
special ones. Then C’w_lC‘@C’w = C,pw-1. Thus, we may assume that ¢ satisfies
the hypotheses of one of the two previous theorems, which say that
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Wo Re O 0 0

0O W, Ry, 0 0

0O 0 W, Ry 0

c; = 0 0 0 W Ry

on Lo®BLy® B2Ly@---. Now, if U; is defined as in Lemma 2, then by Lemma 2,
Ui*VViUi = Tin;|£0 = 7'W,, and a calculation shows that Ui_l*RiUi =r"IRU;.
So if U is defined to be the unitary operator represented by the matrix on Ly @
Lo® LoD - with diagonal entries I, Uy, Us, Us, ..., then

[ Wy RU; 0 0 0
0 TWQ TRl U1 0 0
s 0 0 Wo RU;y 0
U Cap U = 0 0 0 TWQ TRl U1
on Lo®LyDLyP---. Now the conclusion follows since Wy is similar to the bilateral
weighted shift W with the proper weights. O

Let’s contrast this with what Nordgren, Rosenthal, and Wintrobe obtained (see
[3, Thm. 5.7]). First, let Ko = span{¢(™ : n € Z}. They show that Ky =
(xBH?)t = C & L, C being the complex numbers, and that the compression of C,,

to £ is similar to the weighted bilateral shift with weight sequence {y/1 — |z_,|?

/ \/1—|z_n_1|>}. By reversing the order of the basis, it can be seen that the
operator W obtained in the previous theorem is unitarily equivalent to the adjoint
of this weighted bilateral shift. Now, let = Ky + BKy. They show that I is
equal to (zBQHQ)J'. Furthermore, B*K is invariant under C,, for i = 0,1,2,... and
B2 1 B*"K whenever |n —m| > 2. Define the two subspaces

M => ®BYK, N =) eB"K.
i=0 i=0
It is shown that H? = M + N and Cy|y and Cy |y are each unitarily equivalent to
inflations of Cy, |k, that is, to the block diagonal matrix

Colk 0 0
0 Culc 0
0 0 Culc

It follows from this that Cy, is similar to a diagonal block Toeplitz matrix which,
in some ways, is easier to deal with than the model of this paper. However, the
operator on the diagonal, Cy |k, is not as detailed as the operators W and R above.
Also, this doesn’t give a model for the adjoint, C:,f, very easily.
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