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DESCENT OF THE CANONICAL MODULE IN RINGS
WITH THE APPROXIMATION PROPERTY

CHRISTEL ROTTHAUS

(Communicated by Wolmer V. Vasconcelos)

ABSTRACT. Let (R, m) be a local Noetherian Cohen-Macaulay ring with the
approximation property. We show that R admits a canonical module.

1. INTRODUCTION

In [H], V. Hinich shows that rings with the approximation property admit a
dualizing complex. The proof involves some deep and possibly less standard results
from homological algebra. It is well known that for local, Noetherian, Cohen-
Macaulay rings the existence of a dualizing complex is equivalent to the existence
of a canonical module. The purpose of this paper is to present an elementary
proof for the existence of a canonical module in Cohen-Macaulay rings with the
approximation property.

The proof makes use of an easy observation which is called complete induction.
Complete induction imitates the often easier — but special — situation where the
completion of a local ring R can be obtained from R by completing R with respect
to a principal ideal. This method requires that the class of rings under consideration
be closed under ideal-adic completions. Unfortunately, it is not known yet if the
class of rings with the approximation property satisfies this requirement. Thus we
are forced to restrict our discussion to a certain class of rings with the approximation
property — the, so called, rings with the complete approximation property.

Rings with the complete approximation property are defined as local Noether-
ian rings R for which any ideal-adic completion of R possesses the approximation
property. M. Artin conjectured that excellent, Henselian rings have the approxima-
tion property. It is an easy Corollary from Artin’s conjecture that rings with the
approximation property also admit the complete approximation property. Since
Artin’s conjecture already has been shown for a huge class of excellent, Henselian
rings, we do not believe that restricting consideration of the class of approximation
rings to the class of complete approximation rings presents a serious limitation.
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2. PRELIMINARIES

In the following we use the notation and definitions of Matsumura’s book [M].
If (R, m) is a local Noetherian ring, its m-adic completion is denoted by R and
referred to as “the” completion of R. Additionally, we consider completions of R
with respect to I-adic topologies of R where I C R is an ideal. These are denoted
by (R,I)" or R*, if the reference to the ideal I is obvious.

In this paper we are concerned with the proof that a certain class of local Noe-
therian rings inherits the canonical module from its completion. The main technique
of the proof is complete induction which is explicitly described in [R]. Complete
induction is based on the following.

2.1. Proposition. Let (R, m) be a local Noetherian ring which satisfies some prop-
erty P and suppose that its completion R fails to satisfy P. Then there is an ideal
I C R such that:
(a) R* = (R, I)" satisfies P.
(b) For every element s* € mR* — IR* the local ring (R*, (s*))" does not satisfy
P.

Moreover, if R is excellent (resp. Henselian) so is R*.

Proof. The proof of Proposition 2.1 is an easy exercise, and also can be found in
[R]. |

By using complete induction, we have seen, in [R], that certain (divisorial) prop-
erties of a local Noetherian ring remain stable under completion. This paper may
serve as an example to illustrate that complete induction also can be used in the
opposite direction, namely, to show that some properties of the completion descend
to certain local Noetherian rings. As in [R], the class of rings under consideration
are rings with the complete approximation property. To explain this notion we first
recall the definition of the approximation property by M. Artin:

2.2. Definition. Let (R, m) be a local Noetherian ring, and R its m-adic comple-
tion. R has the approximation property if every system of equations over R which
has a solution in R is already solvable in R. More precisely, let X = (X1,...,X,)
be variables and let f = (f1,...,fn) € R[X] be an ideal in R[X]. Suppose that
there is a solution § = (¢1,...,9n) € R™ of the system of equations f = 0 in R.
Then there is an element y = (y1,...,y,) € R™ with f;(y) =0foralli=1,..., N.

Our aim is to show that local, Noetherian, Cohen-Macaulay rings with the ap-
proximation property inherit the canonical module from their completions. To
apply complete induction in this situation, we want the approximation property to
pass over to ideal-adic completions of the ring. These rings are called rings with
the complete approximation property.

2.3. Definition. Let (R, m) be a local Noetherian ring. We say that R satisfies
the complete approximation property if for every ideal I C R the I-adic completion
(R,I)" of R has the approximation property.

We believe that this is not truly a restriction on the class of rings with the ap-
proximation property. M. Artin conjectured that excellent, Henselian rings have
the approximation property. As explained in [R] it is a Corollary from Artin’s
conjecture that rings with the approximation property also have the complete ap-
proximation property. Artin’s conjecture has already been shown for a large class
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of excellent, Henselian rings; for example, excellent and Henselian rings containing
the rationals are known to possess the complete approximation property.

3. THE MAIN RESULT

This section is concerned with the proof of the following theorem:

3.1. Theorem. Let (R, m) be a local Cohen-Macaulay ring with the complete ap-
prozimation property. Then the canonical module Kr of R exists.

In order to prove the statement we first need the following well known result on
the existence of the canonical module:

3.2. Theorem [HK, Satz 6.1 (a) < (c)]. Let (R,m,k) be a local, Noetherian,
Cohen-Macaulay ring of dimension d and let C' be a finitely generated R-module.
Then the following conditions are equivalent:

(a) C = Kg, i.e., the canonical module of R exists and is isomorphic to C'.
(b) dimy Exty(k,C) = 8;q for all integers i € N.

We are now ready to prove Theorem 3.1:

Proof. Suppose that there is a local Cohen-Macaulay ring (R, m) with the complete
approximation property for which the canonical module K fails to exist. Then
there is such a ring (R,m) of minimal dimension d. Since local Artinian rings
possess a canonical module, we obtain that d > 0. We now proceed by complete
induction on R. Since the completion R of R admits a canonical module K f> DY
Proposition 2.1 there is an ideal I C R such that:

(i) The canonical module of the I-adic completion (R, I)" of R does not exist.
(ii) For every element s € m(R,I)" — I(R,I)" the canonical module of
(R, (I,s))" exists.

By assumption (R, )" is also a ring with the complete approximation property
and we may replace R by (R,I)". Thus we can assume that R is a local Cohen-
Macaulay ring with the approximation property for which the canonical module K
fails to exist. Moreover, there is a reduced nonmaximal ideal I C R such that for
every element s € m — I the canonical module of the (s)-adic completion (R, (s))"
exists. Pick an R-regular element s € m — I and let R = (R, (s))". Let K be the
canonical module of R.

There is a short exact sequence of finitely generated R-modules

(%) 0—L—R"—K-—0
where we may consider L as a submodule of the free module R".

(a) Claim: Suppose that for a positive integer m € N there is an exact sequence
of finitely generated R-modules

(%) 0—L—R"—K—0
satisfying
(a.1) R"/(L+ s™R™) = R"/(L + s™R")

as R/sR-modules (again L is considered a submodule of R™), and
(a.2) s is a K-regular element.

Then K is a canonical module of R.
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Proof of (a): We need to verify the condition in (b) of Theorem 3.2. Condition

(a.1) implies that
K/sK = K/sK

as R/sR-modules. Since s is a R-regular element, the module K /sK is a canonical
module of R/sR. We use criterion (b) in Theorem 3.2 together with Rees’ Lemma
[M, Lemma 2(i), p.140] to conclude that K is a canonical R-module.

(b) To construct an exact sequence (++) which satisfies conditions (a.1) and (a.2)
we consider part of a resolution of K,

(b.1) RSB LR K —0

where L = im ¢. Since s is R-regular, then Tor{?‘(f(,f%/sf%) = 0. Therefore the
sequence (b.1) remains exact after tensoring with R/sR; i.e., the sequence

(b.2) RZR YR K0
is exact where R = R/sR = R/sR and K = K /sK. This shows that
(b.3) (im @ + sR*)/sR* =im @ = ker ) = ¢~ (sR"™)/sR’.

We denote by V the submodule ¢~(sR") of R’. Since V contains sR’, the R-
module V is extended from RY; i.e., if we consider R’ canonically as an R-submodule
of R, the module V = RNV extends to V=V ®z R.

(¢c) We now suppose that there is a sequence of free R-modules and homomor-
phisms

(c.1) R' 2 R' Y, Rr
satisfying the following three conditions:
¢ ®pids = @ mod sR,
(c.2) ) )
P ®rids =Y mod sR".
This means that for all # € R' we have (¢ @ idz)(Z) — $(Z) € sR and, similarly,
(¢ @R idg)(F) — ¥(§) € sR™ for all §j € R*.
(c.3) im ¢ C ker .

(c.4) im ¢ + sR* = V.

Put L = im ¢ and K = R"/im 9. Our aim is to show that, under the above
conditions, the exact sequence

(%) 0—L—R"— K-—0

satisfies conditions (a.1) and (a.2) (for m = 1). In particular, K is a canonical
module of R. We first need to verify:
(d) Claim: Suppose conditions (c.1)—(c.4) hold. Then the sequence (c.1) is exact.

Proof of (d) Let a = (ay,...,as) € kertp. Then ¥(a) = ¢(a) — 1(a) € sR™ by
(c.2), implying that a € ¥~'(sR") N R’ = V. By (c.4) there are elements b € R
and ¢ € R’ with a = ¢(b) + sc. Formula (c.3) implies that sy(c) = 0 and thus
¥(c) = 0 since the element s is R-regular. This shows that ker+ = im ¢ + sker
and hence kervy = im .
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(e) The second congruence in (c.2) yields that LR + sR™ = L 4+ sR", implying
(a.1) R"/(L + sR™) = R"/(L + sR").

It remains to show that the element s is also K-regular. To see this we tensorize
the sequence (c.1) with R = R/sR and by (c.2) obtain the exact sequence

(b.2) RtLRei»Rn%f(%O.

Therefore Torf'(K, R) = 0 and hence s is K-regular since s is R-regular.
(f) Finally, it is an easy exercise, using the approximation property of R, to
construct a sequence (c.1) which satisfies conditions (c.2), (c.3), and (c.4). O

3.3. Remark. Complete induction allows us to replace the completion of R by its
completion with respect to the principal ideal (s) of R. This maneuver allows us
to establish, almost trivially, that K is a canonical R-module. Without complete
induction the proof of (a) seems much harder technically, if at all possible, following
the above line of proof.

It is well known that in local Noetherian Cohen-Macaulay rings the existence of
a canonical module is equivalent to the existence of a dualizing complex. Therefore:

3.4. Corollary. Let (R,m) be a local Cohen-Macaulay ring with the complete ap-
prozimation property. Then R admits a dualizing complex.
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