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ABSTRACT. After exploring some topological properties of locally finite-
dimensional shift-invariant subspaces S of Lp(R®), we show that if S pro-
vides approximation order k, then it provides the corresponding simultaneous
approximation order. In the case S is generated by a compactly supported
function in Loo(R), it is proved that S provides approximation order k in
the Ly(R)-norm with p > 1 if and only if the generator is a derivative of a
compactly supported function that satisfies the Strang-Fix conditions.

1. INTRODUCTION

Let S be a linear space consisting of functions defined on R®. S is said to be
shift invariant if f(- + «) lies in S whenever f does, for every a € Z*. S is said to
be locally finite-dimensional if the restriction of S to any bounded subset of R? is
finite-dimensional. A typical example for such spaces is the linear span S of a finite
number of compactly supported functions and their shifts. That is,

S = 850(®) :=span{p(: + a): a € Z°,p € O},

with ® a finite family of compactly supported functions. When ® consists of one
function ¢, we denote So(®) by So(p). So(®P) is usually called a finitely gener-
ated shift-invariant space. It is clear that the shift-invariance and the local finite-
dimension are purely algebraic properties. In this paper we shall show how to
probe the (simultaneous) approximation order provided by S by means of these
two algebraic properties.

Let m > 0 be an integer and k£ > 0. A subspace S of L,(R®) is said to provide
sitmultaneous approzimation order (m, k) if

(1.1) inf Y~ Y B D(f - g(-/h))llp < Crh*

ges

=0 a|=j

as h — 0+, for every f € W*(R*)NW}(R*®). Here, Cy is a constant independent of
h and D“ is the a-order differentiation operator. By convention, S is said to provide
approximation order k when it provides simultaneous approximation order (0, k).
The simultaneous approximation order of shift-invariant subspaces generated by a
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finite number of functions has been of interest in Approximation Theory and Finite
Element Analysis for a long time and it is well known [1], [11], [12] that So(¢)
provides approximation order k if ¢ € L,(R®) with p > 1 is compactly supported
and satisfies the so-called Strang-Fix conditions of order k:

(i) ¢(0) # 0;
(ii) D*p =0 on 27Z°\0, for all |a| < k.

Here, ¢ denotes the Fourier transform of . The Strang-Fix conditions have been so
well reputed because they enable us to determine the approximation order provided
by So(¢), with $(0) # 0, by examining the single generator ¢, in spite of the fact
that So() is infinite-dimensional.

It is well known that the above-mentioned Strang-Fix conditions can also be
described algebraically as follows. Denote by ¢*' the discrete convolution mapping
with ¢. Namely,

e f = > (- —a)f(e).

a€Zs

Since ¢ is assumed to be compactly supported, for each z € R®, ¢*' f(x) is a sum of
finite number of terms. As shown in his paper [11], Shoenberg observed that Sp(¢)
provides approximation order k if ¢*' maps II;_; onto ITx_; in the univariate case,
where Il;_1 is the linear space of all polynomials of degree < k. As is well known
now, the Strang-Fix conditions of order k are equivalent to that ¢*' maps IT;_1
onto IT;_1. Therefore, Sy(p) provides approximation order k if ¢ has the algebraic
property that ¢*' maps IT_; onto IIx_;. In his recent paper [8], Jia has shown the
following interesting fact: For any function f defined on R®, there exists a: Z° — C*
such that f = ¢*'a if and only if Sy(yp) locally contains f. Here, So(p) is said to
locally contain f if the restriction of Sp(yp) to any compact subset B contains the
restriction of f to B. Therefore, if $(0) # 0, then Sy(¢) provides approximation
order k if and only if So(¢) locally contains IIx_; [8]. We note that Sp(¢) locally
containing ITx_; cannot guarantee it to provide approximation order k in general.
When ¢(0) # 0, it is well known that there is a local approzimation scheme that
realizes the approximation order provided by Sy(¢) [1].

The condition that ¢(0) # 0 has been assumed in the past study of approxima-
tion order of Sp(p). As shown by Strang and Fix [12], for any compactly supported
@ € La(R®), if Sp(p) provides an approximation order k via a controlled approx-
imation scheme, then this condition is also necessary. But Sy(p) may provide a
positive approximation order even if $(0) = 0. One well-known example is the
function

1, fo<z<I1;
(1.2) plx)=4¢-1, ifl<z<2

0, else.

It is known that Sp(y) indeed provides approximation order 1 in the La(R)-norm.
In the recent paper by de Boor, DeVore, and Ron [4], the authors obtained a nec-
essary and sufficient condition for Sy(p) to provide approximation order k in the
Lo(R#)-norm, for any generator ¢ € Ly(R?®). A corresponding result of a necessary
and sufficient condition under which Sy(¢) provides simultaneous approximation
order (m, k) has been presented in [13], for any ¢ € WJ*(R®). As shown in [13], for
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any compactly supported univariate function ¢ € Wi™(R), So(p) provides simul-
taneous approximation order (m, k) in the Lo(R)-norm if and only if there exist a
neighborhood €, of the origin and a constant C,, such that

(1.3) |o(z +2ma)| < Calal*|@(x)], Yz € Qa,

for all @ € Z\0. In particular, this implies that if Sy(p) provides approximation
order k, then it also provides simultaneous approximation order (m, k).

In the next sections we shall prove that, for any shift-invariant subspace S C
W (IR?) that is locally finite-dimensional, if S provides approximation order k, then
it also provides simultaneous approximation order (m, k). In the univariate case,
we shall prove that, for any nontrivial compactly supported ¢ € L,(R) N L, (R)
with p > 1, So(p) provides approximation order k if and only if ¢ satisfies (1.3) for
all a € Z\0, where p’ = p/(p — 1) is the conjugate number of p. In other words, in
this case, So(y¢) provides approximation order k if and only if

(1.4) D3 =0 on27Z\0,Y0 < a < k+m,

where m is the smallest integer such that D™@(0) # 0. As we shall see, any
compactly supported function ¢ € L,(R) satisfies (1.4) if and only if it is the mth-
order derivative of a compactly supported function that satisfies the Strang-Fix
condition of order k + m, with m the smallest integer such that D™@(0) # 0.
Therefore, among the compactly supported functions in L,(R) are only those that
satisfy the Strang-Fix conditions or their derivatives the candidates for generating
a shift-invariant space that may provide a positive approximation order.

2. LOCALLY FINITE-DIMENSIONAL SHIFT-INVARIANT SPACES

In this section we show some nice topological properties owned by every shift-
invariant subspace S C L,(R®) that is locally finite-dimensional.

Proposition 2.1. Let S C L,(R®) be a shift-invariant subspace with 1 < p < oo
such that S is locally finite-dimensional. For any linear mapping A: S — Ly(R*®),
with 1 < ¢ < oo, if A commutes with integer translations, then there exist two
positive constants C1 and Cy such that, for all f € S,

1/q
Cy ( min | f(-+ @) —9“%?([0..1]5)>
Q€73 |

g€ker A
2.1)

1/q
<NAfllg £ Co ( min || f(- +a) — 9”%?([0_1]5))

€ker A
a€Zs g !

when q < 00,

C ; . B S
1;;12105 gerfcléPA‘ [£(-+ ) = gllL,qo..1%)

(2.2) |
<[Afllg £ C2 sggg geIE;FA‘ 1£(-+ @) = 9gllL,q0..179)

when q = oo, where ker A| := {f € S: Af =0 on [0..1]°}.

Proof. Tt is clear that ker A| is a subspace of S. For any f € S and g € S, the
restriction of Af to [0..1]° equals the restriction of Ag to [0..1]° if and only if

A(f—g)=Af —Ag=0 on|0.1]°.
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This proves that the restriction of the range of A to [0..1]* is isomorphic to the
restriction of the quotient space S/ker A| to [0..1]°. Since S is locally finite-
dimensional, the restrictions of S/ ker Aj and S to [0..1]® are finite-dimensional. As
is well known, any linear mapping on a finite-dimensional normed space is bounded
and any two norms on a finite-dimensional space are equivalent. Consequently,
there exist two positive constants C7 and Cs such that

(2.3) 4 gelilglA‘ If = gllz,qo.15) < AfllL,q0..17¢) < Co gerileiflA‘ ILf —gllz, 0.1
for all f € S. Since S is shift invariant, f € S implies that f(- + «) € S for any
a € Z°. Also we have that

(Af)(-+a)=A(f(- +a)), YaeZ

because A commutes with integer translations. When ¢ = oo, (2.2) follows from
(2.3) and the fact that S is shift invariant. When ¢ < oo, it follows from (2.3) that,
for any f € 5,

(Af)(@)|* dw = Z/ (Af)(z + a)|? dx

|
Rs

aczs /[0-1]°
=Y [ A )
a€Zs [0..1]°
q/p
< C¥ min / flx+a) —gPdx
a%* 2 g€ker A, ( [0__1]s| ( ) |
— 4 3 . —qll4
B CQ agz:fs geIilcllpA\ Hf( + 04) gHLP([O--l]S)'
Analogously we can establish the other inequality of (2.1). |

In the case where p = ¢ we obtain that |Af]|, < Callf |,

Corollary 2.2. Let 1 <p < oo and S C L,(R®) be a shift-invariant subspace that
is locally finite-dimensional. If A: S — L,(R®) is a linear mapping that commutes
with integer translations, then A is bounded.

For any polynomial of degree n: p, = Z‘a|<n aq(+)*, by pn(D) we mean the
differential operator

pn(D) = Z aaD?.
laj<n

It is clear that p, (D) is a linear mapping from W'(R?) to L,(R*®). For any suffi-
ciently smooth function f and any ¢ € R,

DE(f(-+1) = (DUf)(- + 1)
This shows that p, (D) commutes with integer translations.

Corollary 2.3. Let p, be any polynomial in s-variable of degree n and S a shift-
invariant subspace of W' (R®) that is locally finite-dimensional. Then there exists
a constant C' such that ||pn(D)f|lp < C|f |lp for all f in S.
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It is well known that

1/q 1/p
(Z |a(a)|q> < (Z |a(a)|p>

if1 <p<g<ooandaé€l,(Z*). From the proof of Proposition 2.1 we obtain

Corollary 2.4. Let 1 < p < g < oo and S C L,(R?) be a shift-invariant subspace
that is locally finite-dimensional and is locally contained in Ly(R®). Then, S C
Ly(R®) and there exists a constant C such that ||f || < C||f |Ip for all f € s.

Corollary 2.5. Let S C Lp(R®) N Ly(R®) be a shift-invariant subspace that is
locally finite-dimensional, with 1 < p < g < co. Then the closure of S in L,(R®) is
contained in the closure of S in Lq(IR®).

When S = Sy(®P) is generated by a finite number of compactly supported func-
tions in L, (R?), we denote by S.(®) the closure of Sy(®) in the topology of pointwise
convergence. Namely, f € S,(®) if and only if there is a sequence s; € Sy(®) such
that lim; o sj(z) = f(x) for almost every € R®. One can verify that S.(®)
consists of all functions of the form

> ¢y,

ped
for all a,: Z° — C°. As shown in [8], f is contained in S, (®) if and only if f is
locally contained in So(®). Since the topology of L,(R®) is stronger than that of
S« (®), we have the following corollary that was first observed by Jia.

Corollary 2.6. For any finite family ® of compactly supported functions in L,(R?),
S (®) N L,(R?®) is a closed subspace of Ly(R?).

Since S, (®) N L,(R®) is also shift-invariant and locally finite-dimensional, from
Corollary 2.4 we obtain

Proposition 2.7. For any 1 < p < ¢ < 0o and any finite ® C L,(R®%) N L, (R?)
consisting of compactly supported functions, we have that S.(®)NL,(R*) C S.(®)N
Ly(R®).

For Sy(®) C L,(R?), denote by S,(®) the closure of So(®) in L,(R?). Let ¢ be
a compactly supported function in Lo(R?). As proved by de Boor, DeVore, Ron [4],
Si(p) N La(R®) is a subspace of S2(p). Since Si(¢) N Lo(R®) contains Sy(p) and
is closed, it follows that Sa2(p) = Si(¢) N Lo(R®). We shall show that this has an

extension to the case where 1 < p < 2 and ¢ € L, (R®). Recall that p’ =p/(p—1).
For the proof we need

Proposition 2.8. Let 1 < p < 0o and ® C L,(R*) N L (R?®) be a finite family of

compactly supported functions. Then, Sy (®) can be identified with the dual space

(Sp(®))* of Sp(P).

Proof. As Sp(®) is a closed subspace of L,(R®), we know that the dual space of

S, (®) is isomorphic to the quotient space Ly (R*)/(S,(®))+ [10]. Since L,(R*) and

L, (R®) are reflexive and Sp,(®) is a closed subspace of L,(R?), we have that
(Sp(@))™ = (L (R*)/(Sp(®)) )" = (Sp(®)) "+ = S,(®).

It suffices to prove the case where p < 2 because, otherwise, p’ < 2 and (S, (®))* =
(Sp(®))** = Sp(®). First we prove that S, (®) is dense in (S,(®))*. For any
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[ € (Sp(®))** = Sp(®) that annihilates Sy (®), [, |f[* = 0 because f lines in
Sp(®) C Sy (®). So f = 0. This proves that Sy (®) is dense in (S,(®))*. Therefore,
Sp(®) = (S5p(®))™ = (Sp (®))" and

(2.4) Sp (@) = (S (2))™ = (5p(@))". O

Theorem 2.9. Let 1 < p <2 and p’ = p/(p — 1). For any compactly supported
¢ € Ly (R?), Sp(p) = Su(p) N Lp(R?).

Proof. By Corollary 2.5 and Proposition 2.7,
Sp(p) C Sx(p) N Lp(R®) C Si() N L2(R?) = S2(p) C Spr ().

This implies the dual space of S.(¢) N L,(IR*) contains that of S,(¢). As we know,
Sp(p) and S. () N L,(R?) both are closed in L,(R*). From the reflexivity it follows
that some closed subspace of Sy (¢) can be identified with (S.(¢)NL,(R®))*. From
Proposition 2.8 we know that S, (¢) can be identified with the dual space of Sp(¢).
Hence, Sp(¢) and Sy (¢) N L,(R®) have the same dual space Sy (¢). Thus we obtain
that

Sp(p) = (Sp(p))™ = (Su(9) N Lp(R*))™ = Su(p) N Lp(R?). DI

3. APPLICATION 1: MULTIVARIATE APPROXIMATION

In this section we apply the results obtained in Section 2 to obtain some results
about multivariate approximation from shift-invariant spaces that are locally finite-
dimensional.

Theorem 3.1. Let S C W (R?) be a shift-invariant subspace that is locally finite-
dimensional. If S provides approzimation order k in the L,(R®)-norm, then S also
provides simultaneous approximation order (m, k).

Proof. For any f € W*(R?), there exists s, € S such that

If = sn(-/P)llp < Crh*

with some constant Cy independent of h. Let 3 be any compactly supported
function in W"(R?®) such that Sp(¢) provides simultaneous approximation order
(m, k). For instance, we can choose 1 as a tensor product of some univariate
B-spline functions [5]. Let

Sy =5+ S()(’L/J)

That is, S; is the space spanned by S and So(¢). It is clear that Sy is shift
invariant and locally finite-dimensional. Therefore, by Corollary 2.3, there exists a
constant C' independent of h such that, for any |a| < m,

(3.1) ID%g(-/)lp < Ch™'lg(-/R)lp, Vg € S

Since So(v) provides simultaneous approximation k, there exists gp, in Sp(¢) such
that

IDX(f — gn(-/h)|lp < ByhFlel
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for all |a| < m, where By is some constant independent of h. As gj — sp, lies in S,

ID*(f = sn(-/P)llp < [1D*(f = gn(-/R)lp + [D*(gn(-/h) = sn(-/))llp
< Bl CR1lgn (k) = su -/l
< Bph* 1ol ORI f = gn (- /W)y + 1 = su(-/B)]1)
< (By +CBy+CCpRF~?l. O

From the above proof we obtain the following

Corollary 3.2. Let S C W;"(RS) be a shift-invariant subspace that is locally
finite-dimensional.  For any f € W(R®) N WF(R®) and any s, € So(®), if
I1f = sn(-/h)llp, = O(h¥), then | D*(f — sn(-/h))ll, = O(h*~1*1) for every |a| < m.

This shows that any approximation scheme having approximation order k in the
L,(R%)-norm automatically has simultaneous approximation order (m,k) in this
case.

Theorem 3.3. Let S C L,(R®) N Ly(R?®) be a shift-invariant subspace with 1 <
p < q < o0, such that S is locally finite-dimensional. If S provides approximation
order k in the L,(R®)-norm, then S provides approzimation order larger than or
equal to k — s(1/p—1/q) in the Ly(R*)-norm.

Proof. Let ¢ be a compactly supported function in L. (R®) such that 1 satisfies
the Strang-Fix conditions of order k. Then Sy(¢) provides approximation order k
in any L,(R?)-norm for all 1 < r < co. Moreover [1], there is a local approximation
scheme

Qn: WER®) — S(v) 1= 4", (Z°)

independent of r such that ||f — (Qnf)(-/h)|- = O(RF).

Let S be the space spanned by S and S(). It is clear that Sy is also shift
invariant and locally finite-dimensional. By Corollary 2.4, there exists a constant
C such that || f [l < C||flp, for all f € S;. For f € WF(R®) N WF(R*) and some
sp €8,

1f = sn(-/Mllq < 1 = @nf)C/B)lg + I Qnf)(-/h) = sn(-/h)llq
= h*/9|Qnf = sullg + O(AF)
< W1C|Quf — sullp + O(R")
= B/ PC(@Qnf ) (/) = su(-/B)|lp + O(RY)
< Ch=*WPVD(|If — (@) /D)y + 11 = sn(-/B)llp) + O(R*)
- O(hk—S(l/p—l/q))
because S provides approximation order & in the L,(R®)-norm. |

When s(1/p—1/q) < 1, k is an integer, and S provides an integral approximation
order in the Ly (R®)-norm, it follows that S also provides approximation order & in
the Ly(R®)-norm. In particular, if S is known to provide an integral approximation
order in the L,(R®)-norm for all ¢ > p, S providing approximation order k in
the L,(R®)-norm with k£ an integer implies S providing (at least) approximation
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order k in the L,(R®)-norm, for all ¢ > p. As we shall see, in the univariate case,
the approximation order of any shift-invariant space generated by a compactly
supported function must be an integer, provided p > 2.

4. APPLICATION 2: UNIVARIATE APPROXIMATION

In the univariate case, there is an algebraic characterization for S to provide
approximation order k even if ¢(0) = 0 for every ¢ € SN Li(R), where S is
a shift-invariant subspace of L,(R) that is locally finite-dimensional. Let ® C
L,(R) be a finite family of compactly supported functions. Recall that S.(®) is the
closure of Sp(®) in the topology of pointwise convergence. As proved by Jia [7],
S, (®) provides approximation order k if and only if there is a compactly supported
1 € S.(®) N Ly(R) such that ¢*' maps IIx_; onto II;_;. Namely, S.(®) provides
approximation order £ if and only if there exist sequences a,: Z — C such that

Y= Z *'a, € Ly(R)
ped

is compactly supported and satisfies the Strang-Fix conditions of order k. This
result reveals an intrinsic property of Si(p) that provides a positive approximation
order, as well as of ¢ because S.(p) is the closure of Sy(p) in the topology of
pointwise convergence. As pointed out in [7], this follows that the approximation
order provided by S.(®) is an integer. Of another interest is that, when & C
L,(R) N Ly(R) with p < ¢, S«(®) provides approximation order k in the L,(R)-
norm if and only if it provides approximation order & in the L,(R®)-norm because,
as we proved in Section 2, S.(®) N Ly(R®) C S.(®) N Ly(R®) and a compactly
supported function in Ly(R) lies in L,(R).

As S, (®) is an infinite-dimensional space unless it is trivial, apparently it is non-
trivial to determine if S, (®) contains a compactly supported function that satisfies
the Strang-Fix conditions of order k, even if ® consists of a single compactly sup-
ported function in L,(R). For any given compactly supported function ¢ € L,(R),
it is more practically interesting to have a necessary and sufficient condition on
the generator ¢ itself for determining the approximation order provided by Sp(¢).
In the following we shall show that when S = Sy(p) with ¢ € L,(R) N L, (R)
compactly supported then S, (¢) and Sy(p) provide the same approximation order
in the L,(R)-norm for p > 1. In particular, we prove that, for any compactly sup-
ported ¢ € L,(R) N Ly (R), with p > 1, So(p) provides approximation order k if
and only if ¢ = D™ for some compactly supported ¢ € W;"(R) that satisfies the
Strang-Fix conditions of order k+m. In other words, So(¢) provides approximation
order k if and only if there exists an integer m > 0 such that D™$(0) # 0, and
D> =0on 27Z\0 for all 0 < a < k + m.

Theorem 4.1. Let 1 < p < 0o and ¢ € Ly(R) N Ly (R) be compactly supported.
Denote by Sp(p) and S.(p) the closure of So(p) in the L,(R)-norm and in the
topology of pointwise convergence, respectively. Then So(p) provides approximation
order k in the L,(R)-norm if and only if there exists a compactly supported function
P € Sa(p) N Sp(p) N S«(p) such that ¥ satisfies the Strang-Fix conditions of order
k.

Proof. We only need to prove the necessity because Sy(¢) and Sp(yp) provide the
same approximation order. It is clear that if So(¢) provides approximation order
k in the L,(R)-norm, then so does Si(¢) N L,y(R). Therefore, Si(¢) contains a
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compactly supported function ¢ € L,(R) that satisfies the Strang-Fix conditions of
order k. By Theorem 2.16 in [4], ¢ lies in Sa(y) if p > 2. By Corollary 2.5, Sz(¢)
is contained in Sp(¢) when p > 2. In the case p < 2, by Theorem 2.9 and Corollary
2.5, Sp(p) = Su(0) N Lp(R) C Sa(e). 0

When p > 2, we have that p’ < p. Hence, if p > 2, then the condition that the
compactly supported function ¢ belongs to L, (R) is automatically satisfied. As
an immediate consequence, we obtain that the approximation order provided by
So(¢p) is an integer if ¢ € L,(R) N Ly (R) is compactly supported and p > 1.

Corollary 4.2. Let ¢ € L,(R) N Ly (R) be a compactly supported function, with
1 < p <oco. Then, Sy(p) provides approximation order k in the L,(R)-norm if and
only if So(p) provides approximation order k in the Lo(R)-norm.

Proof. Tt suffices to prove that Sp(y) providing approximation order k in the Lo (R)-
norm implies Sy(p) providing approximation order > k in the L,(R)-norm.

If S3(¢) provides approximation order k, then S2(yp) = Sy N Lo(R) contains a
compactly supported function 1 that satisfies the Strang-Fix conditions of order
k. When p > 2, from that Sa(p) C Sp(p) it follows that S,(p) also provides
approximation order k. In the case p < 2, we have that ¢ € S.(©)NL,(R*) = Sp(¢),
because 1 is compactly supported. So S,(¢) provides approximation order k. O

As we know, for a nontrivial compactly supported ¢ € La(R), So(p) provides
approximation order k if and only if, for each a € Z\0, there exist a neighborhood
Q, of the origin and a constant C,, such that (1.3) holds. So we have

Theorem 4.3. For any nontrivial compactly supported function ¢ € L,(R) N
L, (R), with p satisfying 1 < p < oo, So(p) provides approzimation order k if
and only if, for each o € Z\0, there exist a neighborhood Q,, of the origin and a
constant C,, such that

(4.1) |p(x 4 2ma)| < ColzlF|@o(x)], Va € Q.

For any nontrivial compactly supported function ¢ € L;(R), there exists an
integer m > 0 such that D*®(0) = 0 for all nonnegative integers o < m but
D™$(0) # 0. As one can verify, (4.1) is equivalent to that D@(27a) = 0 for all
integers 0 < 8 < k + m, where m is the smallest integer such that D™@(0) # 0.
When m > 0, it is clear that

arle)i= [ " o)t

is a compactly supported continuous function and for almost every = € R we have
that Dy1(x) = ¢(x). Thus we obtain

- D(x

Giw) =22 vezo
i

and p1(0) = —iD@(0). When m > 1, define

@m:/w —(JET;?T;, p(t) dt.

by induction we can prove that ¢, is compactly supported, D™ p,, = ¢, and

(4.2) Pm(z) = (‘fgyl Va # 0.
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Note that lim;—g @m(z) = (—i)™D™@(0) # 0.

Corollary 4.4. Letp > 1, p € L,(R) N Ly (R) be a compactly supported function,
and m be the smallest integer such that D™@(0) # 0. Then, So(p) provides approz-
imation order k in the Ly(R)-norm if and only if ¢ = D™y for some compactly
supported function 1 € Wi (R) that satisfies the Strang-Fix conditions of order
k+m.

Corollary 4.5. For p > 1 and any compactly supported function ¢ € L,(R) N
L, (R), So(p) provides approzimation order k > 1 if and only if it locally contains
Ilg_q.

Proof. We only need to prove the sufficiency because the necessity has been proved
by Jia [8]. Since Sy(ip) locally contains a nontrivial subspace IIx_1, ¢ is not trivial.
So, ¢ = D™ for some compactly supported ¢ € W"(R) that satifies $(0) #£ 0.
Note that D™Sy(¢) = So(¢). It follows that So(¢) locally contains ITg4y,—1. Since
¥(0) # 0, we know that So(t) locally contains Il 1 if and only if ¥ satisfies
the Strang-Fix conditions of order k+m. Therefore, Sy(¢) provides approximation
order k. O

Example. Let ¢ be the function defined by (1.2). It is clear that ¢ is bounded
and is the first-order derivative of the following B-spline:

x, if0<x<1;
(4.3) Pr)y=q2—z, ifl<z<2
0, else.

One can verify that 1 satisfies the Strang-Fix conditions of order 2. Thus we know
that So(¢) does provide approximation order 1 in the L,(R)-norm for p > 1.

As we know, if $(0) = 0, then Sy(p) cannot provide any positive approximation
order in the Li(R)-norm. When ¢ € Li(R) is compactly supported and ¢(0) # 0,
it is well known that Sp(p) provides approximation order k¥ > 0 if and only if ¢
satisfies the Strang-Fix conditions of order k. So the approximation order provided
by So(p) in the L;(R)-norm is an integer.
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