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ABSTRACT. Rigorous asymptotic approximations of the WKB (or Liouville-
Green) type are obtained for a basis of solutions to y” + [a + g(t)]y = 0 in
the framework of C*-algebras. Both cases « > 0 and a < 0 are included,
thus generalizing the classical theory for scalar equations developed by F.W.J.
Olver to matrix as well as to infinite-dimensional equations.

1. INTRODUCTION

In this paper we prove WKB-type (or Liouville-Green-type) approximation re-
sults for certain second-order differential equations in C*-algebras. Such results
apply to equations like

(1) Y +la+gt)y=0, te(ab),

where —oco < a < b < 400, y and g take values in a C*-algebra, I3, with a unit
element e, g € C°((a,b); B), and « is a suitable (constant) normal element of B.
Moreover, g is assumed to be “asymptotically negligible”. In particular, the case
“a > 0" as well as that of “a < 0” are included, thus generalizing the well-known
results obtained by F.W.J. Olver [3, 4] for both oscillatory and non-oscillatory
scalar equations. Recall that “a > 0” means that a is Hermitian and its spectrum
o(a) C (0,+00) [5, Ch.11].

Below, as in [4, Ch.6] for the classical case, precise error bounds in the asymptotic
approximations for a basis of the (right) B-module of solutions to (1) are obtained,
and the double asymptotic nature with respect to the independent variable z and
the coefficient « is also shown clearly.

We emphasize that the only generalization of the WKB theory beyond the case
of scalar second-order differential equations seems to be that to matriz differential
equations which appeared in [6]. More recently, we obtained asymptotic results for
equation (1) with @ = 0 in the framework of general Banach algebras [7].

In Section 2, we state and prove our main theorems. They are based on the
analysis of certain Volterra-Bochner integral equations satisfied by the error terms
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appearing in the asymptotic representation of the basis solutions. Estimates are
derived by successive approximations. In Section 3, finally, several comments are
made and an example is worked out in detail.

2. WKB THEOREMS IN C*-ALGEBRAS

The main results of this paper are given by Theorems 2.1 and 2.2 below. In
fact, it is convenient to state separately a theorem for the case a > 0 (“oscillatory
case”). In the following, exp{-} denotes the exponential function in the complex
domain as well as in Banach algebras. The symbol o(1) represents any infinitesimal
B-valued function.

Theorem 2.1. Suppose equation (1) is given with o > 0, and g € C°((a,b); B)
such that

b
2) /wam<w.

Then, for each T € [a,b], the right B-module of solutions to (1) is generated by a
pair (y1(t),y2(t)) such that

(3)  wi(t) = explia' Y+ er(t)] . y2(t) = exp{—ia'Pt}[e +ea(t)] |

al/? denoting the positive square root of o, with

(4)
le; (@)l < exp{V()} =1, lla ()] S exp{V(D)} =1, j=1,2, t€(ab),

where

tvVT
) V()= [ llam () ds.
tAT
Proof. Assume, without loss of generality, 7 = b. Equation (1) has a solution like
y1(t) in (3) iff the error term, e1(t), satisfies the “error equation”

(6) e + 20 %! + exp {—ia'?t}g(t) exp {ia/*t} (e + 1) = 0.

In deriving equation (6) we exploited the fact that a'/? and o commute with
exp {ia'/?t}. Note that z := exp {ia'/?t} is a solution of the “unperturbed” equa-
tion 2" + az = 0. It is easily seen that every C?-solution of the integral equation
of the Volterra-Bochner type,
i f° /
er(t) = ——/ e — exp {~2ia'/2(t — 8)}]
(7) 2Jy
-exp {—ia/?s}a" 2 g(s) exp {ia'/%s}[e + 1 (s)]ds ,

also solves equation (6) (cf. [7] for a similar derivation).
Define recursively the sequence

. b
. hyaat) = =5 [ le=exp{=2ial2(t = 9)}

-exp {—ia%s}a12g(s) exp {ial/?s}[e + h;(s)|ds
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j = 0,1,2,..., where ho(t) := 0. Such a sequence is well-defined, with h; €
C?((a,b); B) for every j, in view of (2). This can be proved easily by induction on
j (cf. [7]). Then we prove that the “Liouville-Neumann” series [4]
(9) er(t) ==Y [hj(t) = hy(0)]

7=0
converges uniformly on (a,b). Indeed, assuming as an inductive hypothesis that

VI(t)

(10) [ () = hj—1(B)]| < R

V(t) being defined in (5) with 7 = b, which is clearly true for j = 1, we obtain

b j s
) = hy-s ) < [ o201 s
1 b ) ; B Vj'H(t)
(11) == V/(s)VI(s)ds = T

The uniform convergence of (9) then follows by V() < V(a) < oo (cf. (2)), and
more, the first estimate in (4) is obtained. Moreover,

b
i . ,
W (t) = ~3 /t 2iat/? exp {—2ia/?(t — 5)}

-exp {—ia%s}a12g(s) exp {ia/%s}[e + h;(s)]ds

(12)

from which we get

Vj+1(t)
(7 + 1)

(13) lla™ 2[R0 (8) = RE@)]] <

Therefore the series Z;‘;O [R}+1(t) — h}(¢)] also converges uniformly, so that €1 €
C'((a,b); B) and the second estimate in (4) is obtained. As for the second derivative,

Tia(t) = —exp {—ia'Pthg(t) exp {ia' Pt} [e + (1))

(14)

b
—2i / exp {—2ia'/?(t — s)} exp {—iat/2s}al/2g(s) exp {iat/2s}[e + h;(s)]ds
t

from which

VI(t)

j+1
(15) 1126 = O] < o] 52 + 2l i

G+ 1)

This shows that Z;‘;O [h711(t) — R} (t)] converges uniformly on compact subsets of
(a,b), which ensures that &1 € C?((a,b); B) and yields the estimate

(16) 171 < Ng(®)lexp{V ()} + 2llaf| (exp {V (1)} = 1) .
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Finally, it is straightforward to show that e1(¢) given by (9) solves the integral
equation (7):

ei1(t) = Z [hj+1(t) — hi ()] = ha(?)

J

N | =,

b
Z/t [e —exp {—2ia1/2(t —9)}]

j=1
-exp {—iat/2s}a12g(s) exp {iat/2s}[h;(s) — hj_1(s)|ds

. 00 b
)~ 53 [ e exp {202 o)

-exp {—ia'?s a2 g(s) exp {ia/?s}e1 (s)ds .

(17)

Note that exchanging the integral and series symbols in (17) is permissible by the
dominated convergence theorem for Bochner integral [1, Ch.3], in view of (2) and
(11).

Concerning the second solution, y»(t), the proof proceeds along the same lines
as above, with most obvious modifications. To conclude, we show that the pair
(y1(t),y2(t)) is a basis for the right B-module of solutions to (1), which is known
to be free and of rank 2 (cf. [2], e.g.). Defining, as in [7], the Wronskian matriz

y(t)  y2(t)
(18) W(t) := , W(t) € My(B),

n)  ya(t)

by reduction to the first-order case [2] it turns out that (y1(t), y2(t)) is a basis for
(1) off W(t) is invertible for every t € (a,b). Since it is immediately seen that
y1(t), y2(t) are linearly independent solutions to (1) (in view of their asymptotic
behavior), W (¢) is injective for every fixed ¢. Even though in case B = M,,(C) this
would suffice to ensure the invertibility of W (), this is not enough in general. In
order to prove it, note that ;(t), ’(t) = o(1) as t — b~ imply

exp {ia'/?t} exp {—ial/?t}
W(t) =
ia/? exp {ia'/?t}  —ial/? exp {—ia'/?t}
(19)
exp {ia'/?t}o(1) exp {—ia'/?t}o(1)
+ = WO (t) + W1 (t)

ia'/? exp {ia'/?t}o(1) —ial/? exp {—ia'/?t}o(1)
(cf. (4)), from which
(20) W(t) = Wo(t)[T+ W5 ()W (t)]

W (t) being invertible for every t € (a,b) (in fact, its entries commute and its
determinant is invertible), and I denoting the unit element of Mz(B). The invert-
ibility of W (¢) in a neighborhood of ¢t = b (and hence everywhere) follows from the
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estimate
(21) W (W1l < 1,
valid in a neighborhood of b, the triple-bar norm in M5(B) being that induced
canonically by || - || (cf. [7]). Inequality (21) can be promptly estabilished writing
out
; o(1) exp {—2ia'/?t}o(1)
(22) W' OWalt) = ta~? ,
exp {2ia'/?t}o(1) o(1)
which is infinitesimal in (Ma(B), ||| - ||]), as || exp {+2ia!/?t}|| = 1. O

Theorem 2.2. Suppose equation (1) is given with o = 3?2, o(8) C {\ € C :
Im A > 0}, but 3IX € o(B) such that Im A > 0, B being an invertible normal
element of B. Assume that g € C°((a,b); B) is such that

b
(23) [ lexp {=i8t3g(t) exp (i8t) e < .
Then there exists a solution to (1),
(24) u(t) = exp {ift}le +e(t)] ,
with

le@]l < exp{V(t)} =1, [I67''()] < exp{V(t)} —1,

(25) V(t) = /tb 16~ exp {~ifs}g(s) exp {iBs}|dt .
On the other hand, assuming that

(26) [ e Gis3a e (it < o0
then there is a solutioni

(27) v(t) = exp{—ift}le +n(t)],

with

In@)Il < exp {W()} =1, 877" ()]l < exp{W(t)} -1,

(28) W(t) = / 18~ exp {iBs}g(s) exp {—ifs} |ds .

Moreover, when (23) and (26) both hold, and Im XA > 0 for all A € o(B): If b =
+o00 and W(400) < log2, then the right B-module of solutions to (1) is generated
by the pair (u(t), z(t)), with
(29)

2(t) = exp{—ifBt}e+ o(1)], 2'(t) = —ifexp{—ifBt}e+o(1)], as t — +o0;
if a = —o00 and V(—o0) < log 2, the right B-module of solutions to (1) is generated
by the pair (w(t),v(t)), with
(30) w(t) =exp{iBtile+o(1)], w'(t) =iBexp{ift}e +0(1)], as t - —oc0.

Before proving Theorem 2.2, some observations are in order.
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Remark 2.3. If W(+00) > log2, one can merely restrict (a,b) to (aq,b), with
a < a; < b, to obtain f:;oo [lexp {iBt}g(t) exp {—ifBt}||dt < log2. However, the
second solution, z(t), exhibiting the behavior in (27) will be different. Similar
considerations apply when V(—o0) > log2.

Remark 2.4. When « and f are as in Theorem 2.2, but o(8) C R, then the
hypotheses of Theorem 2.2 coincide with those of Theorem 2.1. In fact, 3 is Her-
mitian by the spectral theorem [5] in this case, and hence @ > 0. On the other
hand, condition (23) (or [26]) is equivalent to (2), since || exp {£i8t}| = 1 (actually,
|lexp {£iBt}g(t) exp {FiBt}|| = |lg(¢)|]). Tt is worthwhile, at this point, to note that
condition (23) [or (26)] and (2) are also equivalent when: (i) (a,b) is a bounded in-
terval; (ii) (a,b) is unbounded, and 8 and g(t) commute for all ¢ in a neighborhood
of 400 (or —oc0); (iii) o(0) is a singleton. We stress that, in general, (23) and (26)
are not equivalent.

Remark 2.5. When « is a normal (invertible) matriz, possessing at least one non-
real eigenvalue, then there exists a square root, 3, which is normal (invertible), and
with non-real spectrum in the (closed) upper half-plane. In fact,

a= P! diag(A1,...,\n) P,
in this case, P being unitary. Therefore, we can choose

3= P! diag(\\/?, ..., \/2) P,

with Im )\;/ 2 > 0 for each j, since we can select the appropriate branch of the

square root for each j.

In a general C*-algebra, the spectral theorem ensures that a square root, 3, with
the required properties does exist whenever « is a normal (invertible) element with
non-real spectrum, completely contained in the (closed) upper or lower half-plane.

Proof of Theorem 2.2. The proof of (24)—(26) can be obtained following closely the
steps in Theorem 2.1. Indeed, focusing on the representation for w(t) in (24),
exactly the same error equation in (6) as well as the integral equation in (7) are
obtained for e(t) (with 3 replacing o'/?). In estimating £(t) (and its derivatives)
by successive approximations, the stronger condition (23) is now needed (rather
than (2)). Again, all results concerning the second solution, v(t), around ¢ = a are
obtained similarly.

Hereafter we assume that (23) and (26) both hold true. It is not clear, however,
whether u(t) and v(t) are linearly independent solutions to (1) (and thus, a fortiori,
whether they generate the right B-module of solutions). When b = 400 and Im A >
0 for all A € o(3), following Olver’s classical approach in [4, Thm.3.1, Ch.6] for the
exponential case, we can show that the error term 7(t) in (27) has a limit and that
7' (t) = o(1) as t — +oo. For every 6 > 0, choosing a1 = a1(6) € (a, +00) such that

+oo
(31) / | exp {ifs}g(s) exp {—ifs}|dt < 5 ,

1
we obtain first, after standard calculations,
7' ()] < exp{—2m(t —a1)} (exp {W(a1)} — 1) + é exp {W(+00)},

m:= min Im \.
A€o (B)
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Hence, n'(t) = o(1) as t — o0, being m > 0 and ¢ arbitrary. Finally, writing
n(t) + 26721 (t) using the Liouville-Neumann expansions of n(t) and /() [4], we
obtain
(33)
T I I | PR

I7(t) = n(s)ll < === exp {WOHW () = W(s)| + ==l Ol + 7' (s)I])
and thus, letting ¢, s — +oco (independently), we see that n(t) has a finite limit,
say n(+00). Therefore, from (28), since ||n(+00)| < exp{W(+o0)} —1 < 1 by
condition W (4o00) < log2, we derive

2(t) := v(t)[e + n(4+00)] 7t = exp {—iBt}[e + o(1)] ,

(34)  Z(t) =v'(t)[e+n(+o0)] ! = —iBexp{—ift}e +o(1)], as t — +oc.

We are only left with the proof that the pair (u(t), z(t)) generates the B-module
of solutions, i.e. that the Wronskian matrix W(¢) (cf. (18)) is invertible at every
t. Other than in the proof of Theorem 2.1, we need the multiplicative splitting

exp{ifthe +o(1)]  exp{—ift}e +o(L)
W(t) =
iBexp {iBt}e +o(1)]  —ifexp {~iBt}e + o(1)
(35)
exp {—ift} 0 exp {2ift}e + o(1)] e+o(1)
0 exp {—ift} exp {2ipt}[if +o(1)] —if+ o(1) ,

which shows that W (¢) is invertible (about t = 400 and hence everywhere) iff such
is the second factor on the r.h.s. of (35). This is true because such a factor can be
split into the sum of an invertible element and an infinitesimal element of Ms(B),
as in the proof of Theorem 2.1. The case a = —oo (cf. (30)) can be treated in a
similar way. O

The “purely exponential” case a < 0, included in Theorem 2.2, deserves a sepa-
rate statement, since it corresponds to the analogue scalar case [4, Thm.2.1, Ch.6],
and, at the same time, slightly sharper estimates are obtained:

Theorem 2.6. Suppose equation (1) is given with o < 0, and (23) [or (26)] is
satisfied with 3 = i(—a)'/2. Then, all conclusions of Theorem 2.2 hold true with
the only modification that V (t)/2 [or W (t)/2] replaces V (t) [or W (t)] in the estimate
(25) [or (28)].

Proof. The only thing to observe is that, in (7), ||e — exp {—2i(—a)Y/?(t — s)}| <
1 (t > s) in this case. In fact, denoting by Ag the elements of the spectrum
of /3, those of the normal element e — exp {—2i(—a)Y/?(t — s)} are given by 1 —
exp{—2Xg(t—9)} <1 (t>s). |

Remark 2.7. Under the additional assumptions that « and g(¢t) commute for all ¢
in a neighborhood of 400, the existence of a solution, z(t), with the asymptotic
behavior in (29) can be proved by a straightforward application of an abstract
version of L’Hépital’s theorem [9]; see also [8]. Indeed, in such case, z(t) can
be represented as z(t) = u(t) :OO u~2(s)ds, and u(t) commutes with 3 (which
fact can be proved via the series representation of the error term, (t)). Hence,
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exp {ift}z(t) = [e + (t)] exp {2i0t} ft+oo u=2(s)ds ~ exp{2iSt} ft+°° u=2(s)ds =:
g H(t) f(t) with g(t) = exp {—2iBt}. By L’'Hopital’s theorem proved in [9], it then
follows that lim;—, ;oo exp {iBt}z(t) = limy_ o0 (¢'(t))"1f'(t) = e; cf. [9, §3.1].
The asymptotic behavior of 2/(t) as ¢ — +oo can also be obtained by a similar
application of L’Hopital’s rule.

3. COMMENTS AND EXAMPLES

The following remarks generalize to the abstract case certain properties of the
Liouville-Green approximation for the scalar case; cf. [4, Ch.6].

Remark 3.1. When g¢(t) is Hermitian, in Theorem 2.1 the basis solutions, y;(t),
y2(t), are “conjugate” [5, Thm.11.15], while in Theorem 2.2, if § is “purely imag-
inary”, i.e. [ = iy with 4 Hermitian, then u(¢) and v(¢) are Hermitian. In the
latter case, when + is positive z(t) and w(t) are also Hermitian (cf. Theorem 2.6).
All these facts can be ascertained by using the series representations of the error
terms along with the continuity of involution.

Remark 3.2. The typical feature of the classical Liouville-Green approximation of
exhibiting a “double asymptotic nature” with respect to the independent variable
and the parameter « persists in the abstract case. In fact, (5), (25), and (28) show
that the error terms are of order O(|ja~/2||). Note that a2 — 0 iff a=* — 0.
In fact, by the spectral theorem, ||~ Y2| = p(a='/?) = (p(a=1))/? = ||a~1||"/2.

A further observation is displayed in the following

Remark 3.3. In Theorem 2.2, the basis solutions u(t) and z(t) (or v(t) and w(t))
can be termed recessive and dominant, respectively, as in the scalar case. In fact, it
is natural to define “recessive” every solution y,(t) of (1) such that another solution
ya(t) exists with y; ' (t)y.(t) — 0 as t — +oo (and y4(t) is termed “dominant”).
Now, it is easy to show that the subset of all recessive solutions is a cyclic submodule
(of the right B-module of solutions of (1)). In fact, suppose that y,.(¢) is any given
recessive solution of (1) and y, = uc; + zc2, yqg = ucs + zcq, ¢; € B. Then,
27 uey + co = (27 tues + 04)y;1yr — 0 as t — +o00, and hence ¢y = 0. It follows
that u(t) is the only solution of (1) possessing the asymptotic behavior in (24).

New features of the Liouville-Green approximation appear in the higher-dimen-
sional case with respect to the classical scalar case. Indeed, we have the following

Remark 3.4. In the non-commutative case, Theorem 2.2 may be applicable also
with g(t) non-integrable, e.g. even when g(¢) is of exponential order. Take for
instance B = M»(C), (a,b) = (1,+0c0), and

A0 0 h(t)
(36) o= , Im Ao >Im A\ >0, g(t) := )
0 A2 0 0

with h(t) = O(exp{put}), p < Im Ay — Im Ay. Then, exp {—i8t}g(t) exp {ift} is
integrable on (1,400) since its only non-zero entry is h(t) exp {i(Aa — A1)t}; cf.
(23).

The following observation will be used in the concluding example:
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Remark 3.5. From (3) in Theorem 2.1, obtains
(37) yh (1) = ia!? exp {ia' Pt}e + £(1)]

with () = e1(t) —ia 2} (t). Hence ||£(t)]| < 2[exp {V(t)} —1]; cf. (4). Similarly
one can estimate the error term in the asymptotic representation of y(¢), and also
in Theorem 2.2 as for u/(t), v'(t).

Example 3.6. Counsider, in (1), g(t) = Ot ?), p > 1, (a,b) = (1, +0), and a > 0.
Then

P
yr2(t) = exp {ial/t} [ o (Ha‘l/?u—l)] |
=

1—

(38)  yia(t) = ial/? exp {£ial/2t} {e +0 <|a—1/2|| ;—pl)] :

see Remark 3.5. Note that, in this case, the double asymptotic nature of the
Liouville-Green approximation manifests also with respect to the parameter p (as
p — 400). Also, it is worth emphasizing that the constants implied by the O-
symbols in (38) can be immediately obtained from that in g(t) = O(t™P), thus
allowing for a precise evaluation of the error bounds in (38). This fact can be
useful for numerical purposes, for instance in the matriz case, where ||a~/2|| can
be explicitly estimated computing the eigenvalues of a.
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