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ABSTRACT. Let H be a Hilbert space, O a unitary operator on H, and
{¢"}i=1,...,r. 7 vectors in H. We construct an atomic subspace U C H:

U= Ak)OF¢t: el?Vi=1,..
Z >

., T kEZ

We give the necessary and sufficient conditions for U to be a well-defined,

closed subspace of H with {Ok‘bi}i,l —— its Riesz basis. We then

consider the oblique projection Py v on the space U(O, {¢%;}i:1 ,,,,, r) in a
direction orthogonal to V (O, {¢€/}i:1,4.4,r)- We give the necessary and suf-
ficient conditions on O,{¢%;}i:1,,“,r, and {¢€/}i:1,.4.,r for Py1v to be well
defined. The results can be used to construct biorthogonal multiwavelets in
various spaces. They can also be used to generalize the Shannon-Whittaker
theory on uniform sampling.

1. INTRODUCTION

Shift-invariant spaces of LQ(R) of the form

(1.1) ZZ k)pi(x —k): ¢ €ly

i=1 ke€Z
are the building blocks for the multiresolution and wavelet theory [13, 14, 15, 8, 1, 4].
Because of their richness and simple structure, these spaces have long been used
in many other areas, such as numerical analysis [16, 6, 18], and sampling theory
[5, 3, 19, 20], to name a few. If we replace La(R) by a complex Hilbert space H,
and if we choose r functions {¢i}i C 'H, we then obtain the abstract space

(1.2)

=1,..,7

( o'} 163) > C(k) =Y d(k)OF¢': felPVieSy,

keZ i€S k€EZ
where O is a unitary operator that replaces the shift operator O¢'(z) = ¢*(z—1) in
(1.1), and where S = {1,...,7}, C = (cl, - 7cr)7 and ®7' (k) is the vector transpose
of (k) := (qubl Ok(br). Since U is generated from a unitary operator O and

from a set of atoms {¢ } cgr e will say that U is an atomic subspace of H.
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By observing the relation between wavelets and wandering subspaces in operator
theory, Goodman, Lee, and Tang [11] used atomic spaces to construct an abstract
theory of multiresolutions and wavelets in Hilbert spaces. As a result, they devel-
oped the theory of multiwavelets in L2 (R) (see also [17, 9]).

In this paper, we completely characterize the atomic spaces. We give the neces-
sary and sufficient conditions on O and {¢i}i cs for U to be a well-defined, closed

subspace of H, with {O*¢'}, cs. heg A its Riesz basis. We then relate these results
to the computation of the ortﬁogonal projection of a vector g € H on the space
U. This is done in section 2. In section 3, we give the necessary and sufficient
conditions on O, {¢? }ics, and {¢!, }ics for the existence of the oblique projection
Py . on the space U in a direction orthogonal to V. Our results can be used to
extend the biorthogonal wavelet theory of Cohen-Daubechies-Feauveau to the case
of biorthogonal multiwavelets of Ls. Our results can also be used to extend the
biorthogonal theory to spaces other than Lo(R?) and to geometries other than the

Euclidian geometry.

2. ATOMIC SPACES

The definition of the space U in (1.2) makes sense if there exists a positive
number 0 < M < oo such that
2

(2.1) > k)@ (k)

keZ

<M|clf,  vCey
H

where 15 := l9(Z) x - -+ x l3(Z) and where HCH?g =3 ||ciH122. If, in addition, we
€S

have the lower bound
2

(2.2) ml|Cll; < ||>" Ck)®" (k)

keZ

3

H

where m > 0, then U is a closed subspace of H and the set {Ok(bi}ie&kez is a
Riesz basis for U C H. Our goal is then to find conditions on O and {¢i}ie g for U
to be a well-defined subspace of H, and for {Ok¢)i}ies,kez to be its Riesz basis. To
do this, we first observe that if U is well defined (i.e., condition (2.1) is satisfied),

then we can write the norm of a vector u = > C(k)®T (k) belonging to U as

(2.3) lulz; = > C(R)AU-K)C (1),
(k,)eZ?
where the sequence of matrices A(k), k € Z, is defined to be
[A]i,j (k> = <¢i7 Ok¢j>H .

Here, (e, ®), denotes the inner product on H.
Using Parseval’s theorem and the fact that the convolution operator transforms
into the product operator in Fourier domain, (2.3) becomes

(2.4) |wm:/6wﬁuﬁ%mm
0
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where the Fourier transform of a sequence b(k) is defined to be
b(f) =Y bk)e ",

and where C* denotes the Hermitian transpose of C. From this definition, it follows
that A(f) is 1-periodic (i.e., A(f+1) = A(f)). Moreover, the r x 7 matrix A(f) in
(2.4) is self-adjoint for almost all f. To see this, we use the fact that O is unitary,
and simply note that

(2.5)
A

4,3

k=00
<¢)i’¢)j>H + Z <¢i,0k¢j>H e—i2mfk + <¢)i70—k¢j>H ei2mfk

£
Il
-

£
8

— <¢)Z7¢)j>H + <O—k¢i, ¢J>H e—i27rfk + <Ok¢i, ¢J>H ei27‘rfk

£
Il
-

£
Il
8

= <¢,j7 ¢)i>H + <¢j, O—k¢)i>H ei2nfk | <¢)j, Ok¢)i>H e—127 fk

=1

x>

o]

3
where we use Z to denote the complex conjugate of z. From (2.4), it also follows
that A(f) is positive. In fact, we have:

Theorem 2.1. The space U is a well-defined, closed subspace of H with Riesz basis
{Okgbi}ies,kez if and only if the r Xr matrix JA&(f) is positive self-adjoint for almost
all f € R and there exist two positive constants 0 < m < M < oo such that the
smallest and largest eigenvalues Apin (K(f)) and Amax (K(f)) satisfy:

(2.6)
m < ess inf ()\min (f&(f))) < ess sup ()\max (f&(f))) <M a.e.

sel-3.4] jel-1.4]

We should note that our definition of atomic spaces excludes finite-dimensional
spaces. For related results in finite dimensions, we refer the reader to [10]. Other
related results can also be found in [12].

Proof. Necessity. If conditions (2.1) and (2.2) hold, then—as we have shown above—
A(f) is a l-periodic and positive self-adjoint matrix for almost all f. Thus, it

has r real eigenvalues. If we assume that the largest eigenvalue Apax(f) is not
bounded above by M, then the set E, := {f € [-3, 1] : Anax(f) > n} has

202
a strictly positive measure: meas(E,) > 0 (we only need to concentrate on the

interval [—3, 3] because Amax(f) is 1-periodic). We consider the periodic vector

functions an(f +1) = an(f) defined by én(f) = (meas(En))_lﬂxEnV,\mx(f)

for all f € [—%, %], where xpg, is the characteristic function of the set F, and

V.. (f) is the eigenvector corresponding to Amax(f) with ||V, (f)||lr- = 1. By

construction, C,(f) are the Fourier transforms of vector sequences C, (k) in [}

with ||C,,|[i;; = 1. Using identity (2.4), and the fact that ||Cn||12£ =1, we conclude

that the norm of the vectors u, = Y. C,(k)®% (k) tends to infinity as n goes
k€Z

to infinity: ||u,||3, > n. This contradicts our hypothesis that ||u,||3, < M. Thus,
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Amax(f) < M almost everywhere. A similar argument using the smallest eigenvalue
Amin(f) implies that Amin(f) is bounded below by a positive constant m.
Sufficiency. If 21\( f) is positive self-adjoint for almost all f, then from (2.4) we
obtain
1 1 1

[ IEOFE < [ ENANT (NG < [ A S E TP
) icS ) 5 icS

Condition (2.6) and the properties of the Fourier transform then imply that
2

> Ck)eT (k)

kEZ

2
m|Cl? <

2
<MlCl}. O
H

Since A(f) is positive and self-adjoint, we have that Amax(f) = ||A(f)|| and that
Amin(f))~% = ||[A7L(f)|| where || @ || denotes the norm of the operators on R".
Thus, condition (2.6) is equivalent to the conditions |[|[A(f)|| < M and [|A=(f)|| <

m ™! almost everywhere. These two conditions imply that the convolution operator

o+ A (k) which takes a sequence C(k) into the sequence CxA (k) = > C(I)A(k —1),
I€EZ
is a bounded linear operator on /5 and has a bounded convolution inverse. This

last assertion is an immediate consequence of the following theorem:

Theorem 2.2. The convolution operator x X (k), generated from the r x r matriz-
sequence X (k), is a bounded linear operator on I if and only if there exists a positive
constant M such that

~ 2 ~ ~
(2.7) HX(f)H - HX(f)X*(f)H <M<oo ae.
Moreover, the norm of the convolution operator is given by

(2.8) H'*XHB(l;‘) = ess supH)A((f)H.
felo.1]

Proof. With an argument similar to the one that led to (2.4), we get
1 1

104X < [ Amnl NENE (Dr < A [ €NE (D),

0 0

where Amax(f) is the largest eigenvalue of the r x r self-adjoint matrix X (f)X*(f),

and where A := ess sup (Amax(f)). It follows that ||e XHB(lg) < A2, Conversely,
felo,1]

using a proof by contradiction similar to the “necessity” proof of Theorem 2.1, we

get that A2 < |ex XHB(lg)' The proof of the theorem then follows by simply

noting that [K(1)|* = [R(K ()] = Amest): O

As a consequence of Theorem 2.2, we also conclude that the inverse Fourier
transform of A" (f) := A~1(f) makes sense, and that A" (k) is the convolution
inverse of A(k):

D> AR)A™ (- k) = 8(k)I,
kEZ

where I is the r x r identity matrix and where 6(k) is the Dirac impulse (i.e.,
6(0) =1 and 6(k) = 0 for k # 0).
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If we assume that ||¢’|[3; = 1, then the sequences [A]; ;(k) = (¢, Ok¢j>H have
the property that |[A];;(0)| = 1 and |[A]; ; (k)| < 1for k # 0,4 # j. For this reason,
we will call A(k) the autocorrelation matriz-sequence. In fact, if H = La(R), if r =
1,and if O is the shift operator then A (k) is precisely the sampled autocorrelation
function A(k f o(z k)dx.

1. Orthogonal projection. If the autcorrelation sequence A (k) satisfies con-
dition (2.6), then U is closed. Thus, the orthogonal projection is well defined. In
fact, if Pg = > E(k)®T (k) is the orthogonal projection of g € H, then from the
orthogonality condition (Pg — g,0'¢7), = 0, we get the convolution equation

(2.9) Y E()A(-k) =G() VicZ,
keZ

where G is the 1 X r vector-sequence [G];(1) := (g, OZW>H. Equation (2.9) allows
us to write the orthogonal projection as

(2.10) Pg=>Y E&)® (k)= > GOA™(k-1)2" (k)

keZ (k,1)€Z>

where, as before, A" (k) is the inverse Fourier transform of A=1(f), and ®7 (k) is
the vector-transpose of ®(k) := (O*¢!, ..., OF¢"). Because of the simple atomic
structure of U, all the operations involved in computing the vector-sequence E(k) in
(2.9) consist of simple convolutions and additions only. This feature is often useful
for signal processing and numerical analysis because it allows for fast “filtering”
implementations.

3. OBLIQUE PROJECTIONS

Let U (O, {d)@}ies) and V (O, {qf)f,}ies) be two atomic subspaces of H that

satisfy condition (2. 6) Then, under appropriate conditions, the oblique projection
P,.vg=> Cy4(k)®I (k) of avector g € H on the space U, in a direction orthogonal

to V, must satisfy <PULVg -9, Ol¢€,>H =0 for all j € S and for all [ € Z. From
this, we obtain the convolution equation

(3.1) Z C E)Xyy (I = k) = G(I),

kEZ

where X, is the cross-correlation matrix-sequence [XUV]M (k) = < @,Ok¢{}>

and where G is the 1 x r vector given by [G];(l) = <g, Ol¢{/>7{ In the Fourier

domain, (3.1) becomes

~ -~ ~

(3.2) Cy (/)Xo (f) = G(f):

Our first observation is that the convolution operator e X, is a bounded operator
on [, a fact solely based on our assumptions that U and V satisfy condition (2.6).
To see why our last assertion is true, we pick a vector g = > D(k)®L (k) in the
space U and compute the orthogonal projection P, g of the vector g € U on the
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space V. A simple calculation shows that the sequence G in (2.9) is given by
G =D x X, . Using egs. (2.1), (2.2), (2.9), and Theorem 2.1, we get that

(3.3)
2 2 2 _ 2
D XUV”[; = ||Ex* AVHVZ‘ < My HE”V2 < mleV HPngH

-1 2 -1, -1 2
< my My gl < m'mi My DI,
where A, is the autocorrelation operator A in Theorem 2.1 associated with the

space V/ (O, {(bi, }ies) , and m,, M, are the corresponding constants in (2.6), while

the constant m, relates to the space U. From (3.3), we conclude that e x X, is
a bounded convolution operator on [5. Equivalently, as a consequence of Theorem
2.2, there exists a constant M such that, except possibly on a set of measure zero,
IXov (f)]] < M < oo. If, furthermore, we have that ||}A(;é(f)|| < m < oo, then the
oblique projection Py, is well defined.! The converse is also true, and we have:

Theorem 3.1. Let U (O7 {¢§/}i65> and 'V (O, {qbf,}ieS) be two atomic subspaces
of H that satisfy condition (2.6). The oblique projection Py is well defined if and

only if X;L(f) exists for almost all f € [0,1], and if there exists a constant m > 0
such that

(3.4) Hf(;&(f)H <m < .

The proof of Theorem 3.1 is given below. This theorem can be restated in terms
of an “angle” between the spaces U and V. In particular, we define the angle
6(U, V) between the spaces U and V by

(3.5) cos(A(U,V)) := 1enUf 1Pyl
[u]l#=1

Although (U, V) = 6(V,U) for the atomic spaces U and V (as we will see below),
this is not true for arbitrary spaces. We have:
Theorem 3.2. If the atomic spaces U (O, {d)ﬁ,}ies) and V (O, {d)@}ies> satisfy
condition (2.6), then

(i) cos(0(U,V)) = cos(0(V,U)) = E}Ses[oiﬁ]f ()\min (Euv(f)>>, where Ey (f) is de-

fined by (3.10) below.

(ii) cos(8(U,V)) = cos(A(V*+,U"L)).

(iii) The oblique projection Py, is well defined if and only if cos(6(U,V)) > 0.
Remark 3.1. The identity (ii) in Theorem 3.2 holds even if U and V are not atomic
spaces.

Remark 3.2. We would expect a condition similar to the one in (iii) for the existence
of P, to be necessary, in general. In this case, the condition is also sufficient.

Proof of Theorem 3.1. Necessity. Our goal is to find a solution to the convolution
equation

(3.6) C+X,, =B

IThe oblique projection Py v is well-defined if and only if, for each vector g € H, there exits
a unique representation of the form g = w1 4+ v1 with u; € U and v € VL.
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where B is an arbitrary vector-sequence of 5. To find a solution C, we construct
the vector g € V, given by

g=>Y_ (BxAI") (k)DL (k)

keZ

where A" is the inverse of the autocorrelation matrix-sequence A (k). Since we
are assuming that the oblique projection is well defined, we construct the vector
Pyvg =Y Cyu(k)®L(k). A simple calculation using the fact that

<PULVQ -9, Ol¢¥/>H =0

shows that Cy * X, = B. Moreover, C, is the only solution to (3.6). To see
why this claim is true, we assume that there exits a nonzero sequence C € [}
such that C * X, = 0. A simple calculation then shows that the nonzero vector
u = Y C(k)®T (k) is orthogonal to V. Using the fact that P, is well defined,
we get that P, ,u = 0. But since u € U, we also get that P, ,u = u. Hence, we
deduce that © = 0, a fact that contradicts our assumption that C # 0. Therefore
the only solution to the homogeneous equation is C = 0. It follows that our
constructed solution C, is unique, and the operator e x X, has an inverse. From
a calculation similar to (3.3) and from Theorem 2.2, we then conclude that (3.4)
holds. _
Sufficiency. If g € H, then the sequence [G];(1) = <g, Ol¢€,>H is given by

(3.7) (9.0'¢1), = (g9v,0'¢}),, = > D(k)A,(I—k),

keZ

where g, = Y D(k)®L (k) is the orthogonal projection of g € H on V. Since by
keZ
assumption A, satisfies condition (2.6), Theorem 2.2 then implies that G € I}.

If we assume that condition (3.4) holds, then from Theorem 2.2 it follows that
C, = G x X! belongs to 5. It is not difficult to see that the vector u, =
> Cy(k)®L (k) belongs to U and that the vector e, = g — u, is orthogonal to V.
Moreover, the decomposition g = u4 + €4 is unique. This follows from the fact
that if u = Y C(k)®7T (k) is orthogonal to V, then (from <u, Ol¢€>n = 0) we get
C x Xy = 0. The last equality implies that C = 0 by assumption. Thus, u = 0.
It follows that the only vector uw € U which is orthogonal to V is the trivial vector

(ie., UN VL = {0}). From this, we conclude that the decomposition of g into
components in U and V' is unique. O

Proof of Theorem 8.2. If Pyu = Y E(k)®L (k) is the orthogonal projection of the
vector u = > D(k)®T (k) € U on the space V, then by a simple calculation that
uses the results of section 2.1, we obtain the relation

(3.8) E(f) = D(f)Xov (HAT ().

Using the above relation and (2.4), and using the superscript * to denote the Her-
mitian transpose, we obtain

(3.9) IPeally = [ Y(OE (N (D,
0
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where Y (f) := D(f)AY2(f) and where Z,, (f) is given by
(3.10) Zov(f) = Rov (DR, (1),

(3.11) Rov(f) = Ag () Xow (HAT2(f).

From the definition of Y (f) and from relation (2.4), we also get that
1

(3.12) Jully = [ Y (1
0

Combining equalities (3.9) and (3.12), and using the fact that =, (f) is a positive
self-adjoint matrix for almost all f, we get the lower bound

1
(3.13) ;ﬂw&s/?uﬁwwﬁvﬂ#
0

where p = cos(0(U,V)) = fes[s ilnfl] (Amin(f)) (here Amin(f) is the smallest eigen-
Clm2:2

value of EUV(f)) Since éUv(f) is a positive self-adjoint matrix, we conclude from
(3.13) that Z,,(f) has an inverse and ||/E\;&(f)|| is bounded by a constant if and
only if the lower bound p > 0. From this last assertion and from egs. (3.10) and
(3.11) and Theorem 3.1, we get part (iii) of Theorem 3.2.

The proof of (ii) can be found in [19]. We show it here for completeness. Let
U+ denote the orthogonal complement of U. Using the fact that

2 2 2
IPuvllz + IPyrvllyy = lvll3
we get that
(3.14) inf |Pyov|7, = sup [P, |3,
B‘l/ Bl

\2

where B{ is the ball of radius 1 in V. Using (3.14) and the general identity

(3.15) [Pwoly = sup (w,v)y
By,
we obtain
inf [Puvlly, = sup [Py avlly = sup | (ut,0),,|
By By, By.B |
(3.16)

1 . 1L
= sup [[Pvur, = inf [|Pyout]l,
ol vt
from which (ii) follows.
Finally, to prove part (i), we first observe that

(3.17)

Xyolis(k) = (64, 0%6)),, = (OFh, 0t ) = (61,0780 )

where Z denotes the complex conjugate of z. A simple computation in Fourier
domain yields

(3.18) X (f) = X5 (f),
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where XVU (f) is the matrix associated with the oblique projection Py, , ;, and where
the superscript denotes the Hermitian transpose. It follows that the operators
Euv and 2y (see egs. (3.10) and (3.11)) can also be written as

(3.19) Eov(f) = Rov (/)RS (f) = R, () Ry,
(3.20) Evu(f) =Rou(NRL,(F) =Ry, (HRuv (/).

Using the last two relations, we infer that if A(f) is an eigenvalue for 2, (f) (i.e.,
f{vuﬁfwx = Az), then we have that f{’(,uf{w, (f{*vux) = (f{*vux) Hence, A is

also an eigenvalue of 2, (f). Since =, (f) and Z,, (f) have the same eigenvalues,
we conclude from (3.9) and (3.13) that cos6(U, V) = cos0(V,U) = p. |

If the conditions of Theorems 3.1 or 3.2 are satisfied, then the oblique projection
can be written as

(3.21) Povg= > GEXI(1-K()
(k,1)€Z2

where X% (k) is the inverse Fourier transform of X;& (f). The operations involved
in computing the coefficients of the series (3.21) consist of simple convolutions and
additions only. As previously mentioned, this feature is useful for implementation.

4. EXAMPLES AND CONCLUDING REMARKS

The oblique projection in shift-invariant subspaces of Ls is implicit in the general
theory of biorthogonal wavelets of A. Cohen, I. Daubechies, and J.C. Fauveau
[7]. Our results can be used to extend the biorthgonal wavelet theory to spaces
other than Ly. This has been done for the sequence space Iy, which is useful in
digital signal processing [2]. Other extensions of interest would be to biorthogonal
multiwavelets and to geometries other than the Euclidian space. In particular,
mutiresolution on the sphere would be useful in geophysics.

Shift-invariant spaces have also been used to generalize the Shannon-Whittaker
theory on uniform sampling [3], and the oblique projections have been used to take
into account nonideal acquisition devices [19]. The present results may also be
useful in multimodal signal and image processing.
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