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THE EULER CHARACTERISTIC IS STABLE
UNDER COMPACT PERTURBATIONS
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(Communicated by Palle E. T. Jorgensen)

ABSTRACT. We prove in the general case the stability under compact pertur-
bations of the index (i.e. the Euler characteristic) of a Fredholm complex of
Banach spaces. In particular, we obtain the corresponding stability property
for Fredholm multioperators. These results are the consequence of a similar
statement, concerning more general objects called Fredholm pairs.

1. INTRODUCTION

It is known that if the sequence

Otn71

9 1
a=(?),: 0-X" 2 X! %y ... Ty X" 0

is a Fredholm complex of Banach spaces (Definition 1), consisting of bounded op-
erators af : XP—XP*1 and if 8 = (BP), is another complex such that 87 — a? :
XP— XP*! are compact operators, then 3 is Fredholm, too ([15], [2]; see also [9] for
a generalization). It was conjectured that in this case a and 3 have the same index,
but no proof was known in general. This problem was raised in [15] and received
positive answers in several particular cases: for complexes of Hilbert spaces [16],
for short complexes (with three spaces) [10], for complexes satisfying the hypothe-
sis that (8P — aP*1)(8P — aP) are of finite rank [15], for complexes consisting of
Banach spaces with the approximation property [4], and for complexes which split
modulo compact operators [12] (this last assumption is equivalent to the existence
of closed linear complements for all ranges and null-spaces of a?, 8P [8]). See also
[1], [6], [7], [13] for other related problems.

If (Ty,...,T,) and (Ui, ... ,U,) are two commuting multioperators on a Banach
space X, such that one of them is Fredholm (Definition 3) and U; — T} are compact,
then the other is Fredholm, too [15]. A particular case of the previous problem
is to prove that they have the same index. The above mentioned results provide
solutions in the corresponding particular cases: if X is a Hilbert space [16], if n = 2
[10], if all the 2n operators Uy, ... , T,, commute (more generally, if the commutators
U;T; — T;U; are of finite rank) [15] etc.

By Theorems 5 and 8 we can now give an affirmative answer, in the general case,
to these problems. This is possible via some results of stability under small or com-
pact perturbations, concerning Fredholm pairs (S,7) (Definition 2). A particular
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case of this notion (namely for ST = 0, T'S = 0) was introduced in [2]; see also [3],
[4]. Most notation is similar to that in [2], [15].

I am indebted to professor F.-H. Vasilescu who introduced and encouraged me
in the study of this field.

2. MAIN RESULTS

Let G(X) be the set of all closed linear subspaces of a Banach space X. If
Y € G(X) and z € X, then d(z,Y) is the distance from z to Y. The product of
two Banach spaces X, Y is endowed with the norm ||(z, )| := (||z||* + [|y]*)*/?,
x € X,y eY. If Sisa closed operator from X to Y, then we denote by D(S), N(S),
R(S), G(S) and ~(95) its domain, null-space, range, graph and reduced minimum
modulus, respectively. We denote respectively by C(X,Y), B(X,Y) and K£(X,Y)
the set of all closed, bounded and compact operators; the notations B(X), K(X)
are used, too.

In Definition 1 we state a particular case of the corresponding notions defined in

[2].
Definition 1 [2]. A family of operators a = (a?),ez such that o € C(XP, XP+1)
and R(aP~t) C N(aP) for all p € Z, where XP are Banach spaces, will be called a
complex (of Banach spaces and closed operators). The complex « is called of finite
length if XP # {0} only for a finite number of p. Set HP(a) := N(a?)/R(aP™1).
The complex « is called Fredholm if inf, y(a?) > 0 and the function

Z>p— dimH?(a) € Z; U {cc}
is finite and has finite support. In this case, the number
ind o := Z(—l)p dim H? ()
P

is called the Euler characteristic (or the index) of a.

Definition 2. Let X, Y be Banach spaces and let S € C(X,Y), T € C(Y,X).
Then (S,T) is called a Fredholm pair if the following dimensions are finite:

a:=dimN(S)/N(S)NR(T), b:=dim R(T)/N(S) N R(T),
c:=dim N(T)/N(T)N R(S), d := dim R(S)/N(T) N R(S).
In this case, the number
ind (S,T):=a—-b—c+d

is called the index of (S,T). We denote by F(X,Y") the set of all such Fredholm
pairs.

If (S,T) € F(X,Y), then R(T) (resp. R(S)) is contained in the sum of N(5)
(resp. N(T')) and a finite-dimensional space, and so it is closed. Namely, the space
R(T) for instance is closed since it is the range of a closed operator and has finite
codimension a in the space R(T) 4+ N(S), which is closed since it is the sum of
N(S) € G(X) and a space of finite dimension b.

Any Fredholm complex can be associated with a Fredholm pair via Theorem 1,
which is proved in [1] in a more general form.
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Theorem 1 [1]. If a = (a®), is a complex, then there are S € C(X,Y), T €
C(Y, X)) with the following properties:
(a) R(S)C N(T), R(T) C N(S).
(b) ~(a) = min{3(8),+(T)}-
(¢) « is Fredholm if and only if v(S), v(T) > 0 and N(S)/R(T), N(T)/R(S) are
finite-dimensional. In this case, ind o = dim N(S)/R(T) — dim N(T')/R(S).

Proof. We give the definition of S, T for later use. We have o € C(XP?, XP*1) for
some Banach spaces XP, p € Z. Set
X = {2 = (em)rez € [[, X2 a2 := 3 lame]|? < oo},
Y= {y = (w2ns1)kez € [1, X2 ly)1? o= 30 lwaera |2 < oo}
and define the operators S € C(X,Y), T € C(Y, X) with the domains
D(S) = {(iEQk)k € X; xo € D(OéQk), (Oé2k$2k)k € Y},
D(T) = {($2k+1)k S Y; Tok+1 € D(Oz2k+1), (Oz2k+1$2k+1)k S X}
by the equalities

(1) S(zor)k = (@ wop)r, T(wops1)r := (@ azopi1)r.
Now (a), (b) and (c¢) can be easily verified. We omit the details. O
If the complex @ = (af), in Theorem 1 is of finite length and consists of

(bounded) operators af with D(af) € G(XP), then from (1) we obtain S €
B(D(S),Y), T € B(D(T),X) with D(S) € G(X), D(T) € G(Y). For the sake
of simplicity, from now on we consider only complexes and pairs of bounded oper-
ators, except for Theorems 6 and 7.

Theorem 2. Let S; € C(E,F), T; € C(F,E), j = 1,2, be such that D(S3) =
D(Sl), D(TQ) e D(Tl) anddimR(Sg—Sl) < 00, dimR(TQ—Tl) < 0. If(Sl,Tl) €
F(E,F), then (S2,T») € F(E,F) and ind (Sa,T>) = ind (S1,T1).
Proof. In the particular case D(S;) = E, D(Tj) = F this result is proved in [4]. Let
X = D(S1) = D(S2) and Y := D(T1) = D(T2). Then X has finite codimension
in X + R(Ty) + R(T2) € G(F). Indeed, since (S1,T1) is a Fredholm pair, then
R(Ty) € N(S7) + B with dim B < co. Since N(S7) C X, it follows that R(Th) is
contained in the sum of X and a finite-dimensional space. Since T5 — T; has finite
rank, the same holds for R(T5), as well as for R(Ty) + R(T%).
Similarly, we can see that Y has finite codimension in Y + R(S1) + R(S2).
There exist some finite-dimensional spaces C C E, D C F such that CNX = {0},
DNY = {0} and

X+ R(T)+R(T2)=X+C, Y+R(S1)+ R(S2) =Y + D.
Then we define the spaces
L=X+C)xD, M:=(Y+D)xC

and the operators
uj : L—M, v;: M—L, j=1,2,

by the equalities

uj(z + ¢, d) == (Sjz,¢), vi(y+d,c):=(Tjy,d)
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forallz € X,y €Y, ce C,de D. Hence L, M and (uj,v;), j = 1,2, satisfy the
same hypothesis as E, F and (S;,T}), j = 1,2, respectively. In addition, we have
D(uj) = L, D(v;) = M. In this case, we may apply [4, Proposition 2.3], whence
we obtain that (ug,ve) € F(L, M) and

2) ind (u,v1) = ind (uz, va).
We also have the equalities
(3) ind (u;,v;) = ind (S}, 1), j = 1,2
Indeed, since N(u;) = N(S;) x D and R(v;) = R(T}) x D, then
N(uj) N R(vj) = (N(S;) N R(Tj)) x D
and
N (uj)/N(u;)NR(v;) = (N(S;)x D)/ ((N(S;)NR(T;))x D) = N(S;)/N(S;)NR(T}),

and similarly one computes the other three terms which appear in the definition of
the index. From (2) and (3), we obtain the conclusion of the theorem. O

Theorem 3. For any (S,T) € F(X,Y) there exists § > 0 such that if (S,T) €

F(X,Y) with D(S) = D(S), D(T) = D(T) and ||S — S| < 6, |T =T| <6, then

ind (S,T) = ind (S, 7).

The proof of Theorem 3 follows the lines of the proof of [4, Theorem 3.1] (where
the result is stated in the particular case D(S) = X, D(T) =Y) or of [5, Theorem
3.20] (a version in which the domains also are perturbed with respect to the gap
topology).

Lemma 1. If X, Y are Banach spaces and K € K(X,Y'), then the closure of R(K)
is a separable Banach space.

Proof. Let X1, Y1 be the unit balls of X, Y respectively. Since the set K(X7) is
compact, then for any n > 1 it contains a finite set of elements y,,;, j = 1,..., Ny,

such that
Ny,

K(X1) C | (ynj +n~'12).

[

Hence the set A := {yn;;n,j} is dense in K (X;). It follows that QA := {ra;r €
Q,a € A} is dense in R(K) (where Q is the set of the rational numbers). Indeed, for
any y € R(K) with y # 0 there exists a sequence x,, € X, n > 1, such that Kz, —y.
We may assume x,, # 0. For each n we choose r,, € Q such that |||z, || — r,| < n™*
(we may also assume 7, > 0). Take a sequence a,, € A, n > 1, such that

HK(”an_lxn) —a,| < (nrn)_l'
Then r,a,—y, since

Tnan = Kz, — (”an - rn>K(Hwn||_lxn) - (TnK(Hxn”_lxn) — TnGn)
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and we have Kz, —uy, as well as (||z,| — ) K (||vn]| " t2,)—0 and

1

HTnK(”iEn”_l:En) — Tnan| =1 HK(”iEn”_lirn) —an| < ra(nrn)” = n~t—0.

So, the countable set QA is dense in R(K) and the lemma is proved. O

The main result of stability under compact perturbations (Theorem 4) is proved
via Theorems 2 and 3. To this aim, we consider a compact perturbation (S + K,
T+ L)of (5,T) € F(X,Y) and try to approximate K, L by finite-rank operators,
which is not always possible in general Banach spaces. This holds, for instance,
when we deal with Banach spaces with the approximation property. Since R(K)
is separable, then it can be embedded by i : R(K)—C|0,1] into the space C[0,1]
of all continuous functions on the interval [0, 1], endowed with the sup-norm. Note
that C[0, 1] has the approximation property. However, D(T) C Y and the inclusion

R(K) — Y also holds. Then we shall embed both D(T') and R(K) in a single
Banach space F containing Y and C[0,1] and in which we identify any y € R(K)
with iy € C[0,1]. Strictly speaking, K will be approximated by finite-rank opera-
tors which take values in the space Y x C[0, 1] factorized through the equivalence
relation (y,0) ~ (0,4y), y € R(K), namely in F := (Y x C[0,1])/G(—3).
Theorem 4. Let X, Y be Banach spaces and let (S;,T;) € F(X,Y) with D(S;) =
X, D) =Y, j =12 IfS—5 € K(X,Y) and Ty — Ty € K(Y,X), then
ind (Sl,Tl) = ind (Sg,TQ),

Proof. Set K := Sy —S1, L:=T,—Ty and (S,T) := (S1,T1). By Lemma 1, R(K)

and R(L) are separable Banach spaces. According to a classical result (see for

instance [11]), there exist some isometrical embeddings i : R(K)—C, j: R(L)—C,
where C' := C|0, 1]. Then

G(—-i) eG(R(K)xC)cG(Y xC), G(—j) e G(R(L) x C) C G(X x O).
We define the Banach spaces
E=(Xx0)/G(-j), F:=(Y xC)/G(—1)

and let 7 : X x C—FE, X\ : Y x C—F denote the canonical mappings. Let a €
B(X,FE) and § € B(Y, F) be defined by az := 7(x,0), x € X, and Sy := A(y,0),
y € Y, respectively. Let X’ := R(«a) and Y’ := R(f3). There exists a finite constant
¢ > 0 such that

(4) ozl = cllzl, v € X.

Otherwise, we can find a sequence (z,,), such that z,, € X, ||x,|| = 1 and azx,—0.
Hence d((n,0),G(—j))—0 and so there are z, € R(L), such that ||(z,,0) —
(2n, —jzn))||—0, whence we obtain ||z, — z,||—0 and ||jz,||—0. Since j is an
isometry, it follows that a,,—0, which is false. Hence (4) holds.

From (4) it follows that v(a) > 0, and so X’ € G(F). Similarly, we have
Y' e G(F).

We introduce the following notation: for any A € B(X,Y), B € B(Y, X), let
A’ € B(X',Y') and B’ € B(Y’, X’) be defined by A’ := BAa~"! and B’ := aB3~!



2046 CALIN-GRIGORE AMBROZIE

respectively. Note that A’, B’ are similar to A, B respectively, via a and 3. By an
elementary algebraic computation, this implies that

(8", 7)€ F(E,F), ind (S',T") = ind (S,T)
and
(S+K),(I'+L))e F(E,F), ind (S+K),(T+L))=ind (S+ K,T + L).

We obviously have (S + K)' = S’ + K’ and (T'+ L)) = T' + L'. Therefore, in
order to prove the conclusion of the theorem (i.e. the equality ind (S+ K, T+ L) =
ind (S,T)) it suffices to prove that

(5) ind (S’ + K', 7"+ L) =ind (5", T").
Note that C has the approximation property since it has a Schauder basis (see

for instance [11]). Hence for iK € K(X,C) there exists a sequence U,, € B(X,C)
such that dim R(U,,) < oo and

(6) i K — U,||—0, n—oo.
Similarly, we can find V;, € B(Y, C) such that dim R(V;,) < co and
(7) l7L — V., ||—0, n—oo.

For any f € C, set v € B(C, F), vf := X0, f) and 6 € B(C, E), 6f := (0, ). We
define the finite-rank operators

U =~U,a~t e BX',F), V! =6V, e BY',E).
By Theorem 2, it follows that (S" + U}, T' + V) € F(E, F) and

(8) ind (8"+U,,, T"+V,))=1ind (S, T"), n > 1.
Let us prove the inequalities
(9) [K' = Upll < 2iK = Unll, 1L = Vol < 2|51 = Vi

To verify for instance the first estimate from (9), let 2’ € X’ be arbitrary with
||| < 1. Take x € X such that 2’ = ax = =w(z,0). Since ||2/|| < 1, then

d((z,0),G(—j)) < 1. Hence there exists o € R(L) such that ||(z,0)—(xo, —jzo)|| <
1, ie. |lw — xol/®> + ||jzo||* < 1. Since j is an isometry, it follows that ||zo|| < 1,
|l — 2zo|| <1, and so ||z|| < 2. Therefore, by the equalities

(K' —=U)2' = pKa tax —yUpa tax
=Kz — yUpz = \(Kz,0) — X0, U,2) = M(Kz, —U,x)
we obtain the estimates
(K" = Up)a'|| = d(Kz, =Una), G(=i)) < [|(Kz, —Unz) — (Ko, —iKz)|
= [(0,iKz = Unz)|| = [|[iK = Up)z| < i = Unl| ||z < 2[[iK — Un||.
If we now take the supremum over z’, then we obtain the desired estimate. The
inequality ||L' — V|| < 2||jL — V,,|| holds similarly, and so we have (9).
If n > 1 is sufficiently large, then we have
(10) ind (S"+ U, T"+V,))=ind (S’ + K',T'+ L'),
via (6), (7), (9) and Theorem 3.
By (8) and (10), we obtain (5) and the theorem is proved. O
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Theorem 5. Let XP, p € Z, be Banach spaces and let a = (aF),, B = (OP), be
complezes of bounded operators and of finite length such that o®, 8P € B(XP, XP*1).
If a is Fredholm and P — o € K(XP,XP*Y), p € Z, then B is Fredholm and
ind § =ind a.

Proof. If a complex (3 is a compact perturbation of a Fredholm complex « as above,
then (3 is Fredholm, too [15]. By the construction in the proof of Theorem 1, the
Fredholm complexes a, 8 can be respectively associated with some Fredholm pairs
(8, 7), (8',7) € F(X,Y) such that D(S) = D(S") = X, D(T) = D(T") =Y,
where X = [[, X* and Y = [], X***'. Moreover, by (c) we have

(11) ind (S,T) =ind «, ind (S’,7") = ind §.

Since BP — aP € K(XP,XPT) p € Z, then ' — S € K(X,Y) and T — T €
K(Y, X). According to Theorem 4, it follows that

(12) ind (S, T") =ind (S, 7).

From (11) and (12), we obtain the desired conclusion. d

Lemma 2 [9]. Let S € B(X,Y) and T € B(Y, Z) be such that TS = 0. We have
dim N(T)/R(S) < oo and R(T) closed if and only if for every bounded sequence
(yn)n CY such that (Tyy)n is totally bounded in Z, we can find a bounded sequence
(Zn)n C X such that (Y, — Sxp)n is totally bounded.

The following version of Theorem 4 is concerned with a particular case of Fred-
holm pairs of closed (not necessarily bounded) operators.

Theorem 6. Let S; € C(E,F), T; € C(F, E) be such that R(S;) C N(T}), R(T;) C
N(Sj), ] == 1,2, and D(Sl) == D(Sg), D(Tl) == D(Tg) If (Sl,T1> € f(E,F) and
the operators

K = SQ - Sl : D(Sl)HD(Tl), L= TQ - T1 : D(Tl)HD(Sl)

extend to some compact operators K € K(D(S1),F), L € K(D(Ty), E) respectively,
then (SQ,TQ) € .7:(E, F) and ind (Sg,TQ) = ind (Sl,Tl).

Proof. Set S := Sy and T :=T;. Let X be the space D(S) endowed with the graph
norm | z |%:= ||z||? + ||Sz||?, x € X. Since S is closed, then X is complete. Let Y’
be the (Banach) space D(T) endowed with the norm | y |%:= |ly||* + | Ty|*, vy € Y.
Then SX CY and S € B(X,Y), since

| Sz = ||Sz|® + | TSz|* = [ISz]|* < [l«|* + [|Sz]|* =| = |*, = € X.

Similarly, we obtain T € B(Y, X).

We prove now that K € K(X,Y), L € K(Y, X). Let x,, € X, n > 1, with (| z,, |)n
bounded. Then ||z,]|, ||Sz,|| are bounded. Since K is compact with respect to the
norms on F, F, then the sequence Kz, contains a subsequence which is convergent
in F. We may denote it also by Kx,,. Hence there is y € F' with Kz,,—y in F, and
soy € R(K) C D(T). Since L is bounded, then we obtain LKz, — Ly. Afterwards,
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since || Sz, is bounded, then by considering again a subsequence we may assume
that LSz, is convergent in E. Then the equality

TKx, = —LSx,, — LKz,

obtained via T5S5 = 0 implies that T Kz, is convergent in FE. Together with
Kz, —vy, this implies y € D(T') and TKx,—TYy, since T is closed. Hence

| Ko =y [P= [|[Kzn = yl* + | T(Kzn — y)|*—0,

and so we proved that the sequence K x,, contains a subsequence which is convergent
in the norm | - |, for any sequence z,, which is bounded in the norm | - |. Therefore,
K € K(X,Y) (and similarly one obtains L € K(Y, X)).

Since (S,T) € F(X,Y), then by Lemma 2 it follows that (S + K,T + L) €
F(X,Y), and so (S+ K,T + L) € F(E,F). Indeed, the characterization of the
Fredholmness of a pair in the terms of Lemma 2 is invariant under compact per-
turbations. To see this, note that compact operators take bounded sequences into
totally bounded sequences, the sum of two totally bounded sequences is totally
bounded, etc.

By Theorem 4, applied to the pairs (S,T) and (S + K, T + L) from F(X,Y), it
follows that ind (S + K,T 4 L) =ind (S,T), and so the theorem is proved. O

Prof. F.-H. Vasilescu pointed out to me that versions of Theorem 5 could be
stated in the more general context of Definition 1 if it is assumed that P — a?—0
as | p | —oo, the convergence and the compactness of 8? — o being considered with
respect to either the norm topology, or the graph norm induced by a? on D(a?).
Via Theorem 6, one obtains Theorem 7 which is an example in this sense.

Theorem 7. Let o = (aP),, 8 = (8”), be complexes of Banach spaces and closed
operators (Definition 1) such that D(aP) = D(BP) C XP, p € Z. If o is a Fredholm
complex, all BP — oP are compact with respect to the norms on XP, p € Z, and
|6P — aP||—0 as | p | —oo, then B is Fredholm, too and ind 8 = ind «.

Proof. We can apply Theorem 6 to the pairs obtained from « and g by the con-
struction in the proof of Theorem 1. Let 67 € K(D(aPr), XP*1) be the extension of
B —aP, p € Z. The compact extensions K and L are direct sums of the operators
6%? p € Z, and 6%+ p € Z, respectively. We omit the details. O

To state the classical definition of the Koszul complex (see for instance [14]), fix
n > 1 and denote by A the exterior algebra with n generators, namely the algebra
generated by n elements oy,...,0, with o; Aoy = —0; Aoy, 1,5 =1,...,n. Let
AP C A be the linear space of the homogeneous p-forms. We define S; : A—A,
j: 1,... , N by ij ::O'j/\g.

A (commuting) multioperator on the Banach space X is a family

T=(T,....T,) € B(X)"

such that T;1; = T;T;, 4,7 =1,... ,n.
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Definition 3. The Koszul complex of a multioperator T = (T1,...,T,) € B(X)"
is the complex (o), defined by

ol = ar|X @ AP X @ APH,

where

ar = ZTj ®5: X@A-X®A.
j=1
The multioperator T is called Fredholm if its Koszul complex is Fredholm. In this
case, the number ind 7' := ind (af.), is called the indez of T'.

Theorem 8. LetT = (Th,... ,T,) and U = (Uy, ... ,U,) be two commuting multi-
operators on a Banach space X. IfT is Fredholm andU;—T; € K(X), j=1,... ,n,
then U is Fredholm, too and ind S = ind T.

Proof. Let (o), and (af;), be the Koszul complexes associated with 7" and U,
respectively. Since U; — TJ eK(X),j=1,...,n, then

’}:ZU —T)®S; e KX @A, X QAP p=0,...,n—1,

and so we obtain the desired conclusion via Theorem 5. O
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