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ABSTRACT. A theorem on the commuting property of Taylor’s spectrum for
crisscross commuting pairs is proved in this paper.

It is well known that for two operators A and B on a Banach space X equality
o(BA)\{0} = c(AB)\{0} holds; that is, I — BA is invertible if and only if [ — AB
is invertible and

(I-BA)™ =I+B(I-AB)'A.

In the paper [3], while Crimus and Ecker study the set of matrices which can
be simultaneously diagonalized by two unitary matrices, the property of crisscross
commuting is introduced and it guarantees that the tuples of multiplication op-
erators are commuting, i.e., if A and B are crisscross commuting pairs, then AB
and BA are commuting tuples of operators. This may have some applications to
mathematical physics.

In the paper [2] we proved that for crisscross commuting pairs A = (Ay,..., Ay)
and B = (B, ..., By) it holds that

(1) Sp(AB) U {(0,...,0)} = Sp(BA)U{(0,...,0)},

where AB = (A1 By, ..., A,B,) and Sp(-) denotes Taylor’s spectrum. In this paper
we will discuss the problem for Taylor’s essential spectrum.

First, we introduce some notation.

Let A\, (e) be the exterior algebra generated by ey,...,e, and O, = {I = {i1 <
ig < - < axt: I C{1,...,n}}. For I € O, we denote e = €;1---€;,. Note
that when I = ®, e; = ep = 1. In this case, A, (e) becomes a Hilbert space with
orthonormal basis {e;: I € O,}. If we denote A (e) = Span(er: I € Oy, |I| = p),
then A, (e) = @,_o A"(e). In the Hilbert space A, (e) we define operators F;,
i=1,2,...,n, by E;x = e;x. It is obvious that

(2) EiEj + EJEl =0, E:Ej + EJEZ* = 6;1.
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Let T = (T1,...,T1) be a commuting tuple of the operators on Banach space X.
Corresponding to T, there is a complex sequence

(3) DT;obxe@/\o(e)&---hxe@/\"(e)&&

where Dy =Y | T;® E;. If ker(Dy) = R(Dy—1) for k =0,1,...,n, then T is non-
singular. If R(Dy_1) is closed and dimker(Dy)/R(Dy—1) < oo for k =0,1,...,n,
then T is Fredholm with its index defined by ind(T) = > j_,(—1)* dim H*(T),
where H¥ = Ker(Dy,)/R(Dy_1). Of course, we can consider D as an operator on
X ® A\, (e). It is obvious that T" is Fredholm if and only if R(D7) is closed and
dim ker(Dr)/R(Dr) is finite.

The following is the main result of this note:

Theorem 1. Let A = (A41,...,A,) and B = (By,..., By) be crisscross commuting
pairs on Banach space X, i.e., they satisfy the conditions:

(4) AiBjAk = AkBin7 BiAjBk = BkAjBi.

Let T =(e1 — A1B1,...,6n — ApyB,) and S = (61 — B1As,...,en — BRAy), where
there exists at least one k such that e, # 0. Then T is Fredholm if and only if S is
Fredholm and in this case

(5) ind(T) = ind(S), dim H¥(T) = dim H*(S), k=0,1,...,n.

Proof. Without loss of generality, we may suppose €; = 1 and denote

n n

Dy = Z (ex — Ak By) ® Ek, Dy = Z (ex — BrAy) ® Ey.
K=1 K=1
We can regard A; andB; as operators on X ® A, (e) by Aj(zx ®er) = Ajz ® ey and
Bl(ZE (24 6[) = Bl$ XKer. It is easy to know A»LDQ = DlAz and Ble = DQBl from
the conditions.

If T is Fredholm, then there exist a finite-dimensional subspace M such that
ker(Dy) = R(D1) + M, i.e., M is equal to H(T). Suppose = € ker(D3). From
A1Dy = D1 Ay we know that D1 Ajx = Ay Dax =0, ie., Ajz € ker(D;). Therefore
there exist a vector y € X ® A, (e) and v € M such that

Ayx = D1y + u.

Let v = By + Efz; then we have

Dov = DyBiy + DQET{E

k=1

= BlAll’ — Blu — ZSk ® ETE]C$ + Sll’

k=1
= B1Ai1x — Biu— E{Dax + (I — B1A1)x
=z — Bju.
Thus we get
xz = Dov + Byu.

Therefore R(D) has finite codimension in ker(Ds) and dimker(Ds3)/R(D3) <
dim B1M < dim H(T). Thus S is Fredholm and dim H(S) < dim H(T). From
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symmetry, we know that dim H(S) = dim H(T), and B; is bijective from H(T)
onto H(S). It is obvious that Bj is also one-to-one and maps H*(T) onto H*(S)
for k =0,1,...,n. Thus the relations (5) are proved. |

Corollary 2. Under the conditions of Theorem 1 we have
$p.(AB) U{(0, .., 0)} = Sp.(BA) U{(0, .., 0)}
where Sp,(A) is Taylor’s essential spectrum of A.

In particular we have

Corollary 3. For operators A and B on Banach space, (I — AB) is Fredholm if
and only if (I — BA) is Fredholm and in this case

ind(I — AB) = ind(I — BA), dimker(I — AB) = dimker(I — BA).
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