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ABSTRACT. We prove a multiplier theorem for the Hermite-Triebel-Lizorkin
spaces introduced by Epperson in [Studia Math. 114 (1995), 87-103]. This
extends Thangavelu’s theorem [Revist. Mat. Ibero 3 (1987), 1-24; Math.
Notes, vol. 42, 1993] on Hermite multipliers for L? spaces. We also prove an
LP boundedness result for a class of Hermite pseudo-multipliers.

1. INTRODUCTION AND MAIN RESULTS

We begin with a review of some of the notation and results from [1]. Con-
sult [6] for background information on Hermite expansions. Let hy(x) denote the
kt" L?(R)-normalized Hermite function, k € No = {0,1,2,...}. Recall that the
collection {hy}72, is a complete orthonormal basis for L?, and that hy(z) is an
eigenfunction of the Hermite operator H = —% + 22 with corresponding eigen-
value 2k + 1. If m: R4 — C is a bounded function, then we let m(H) denote the
bounded linear operator on L? defined by m(H)hy = m(2k + 1)hy.

Now suppose ¢ : R — C is " and satisfies

(i) suppy C [3,2],
(i) |e(z)|>c>0ifz € [2, 1]
For each p € N define the operator @, = ¢(27#H). Let L} denote the space of

finite linear combinations of Hermite functions. For g € L% define the Hermite-

Triebel-Lizorkin norm
o0

lgllzge = 1D (241QugD ™)l Lo (w)-
pn=0
See [7, 8] for a detailed description of the Triebel-Lizorkin spaces which occur in
Fourier analysis. The parameters «, g, p are assumed to satisfy a € R, 1 < p < o0,
and 1 < ¢ < oo, with the usual interpretation if ¢ = co. The space H,? is defined
to be the completion of L} with respect to the | - || goa norm.

One of the main results in [1] is that the space HJ?is essentially independent of
the particular choice of ¢ chosen to satisfy conditions (i), (ii). To be precise, suppose
M, o2 are two different C* functions satisfying (i), (ii), and let HS(1), H3(2)
denote the corresponding spaces. Then Theorem 1.1 of [1] states that Hg(1)
and Hy(2) are identical as sets and have equivalent norms. Theorem 1.2 of [1]
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states that the spaces HS2 and L? are isomorphic and have equivalent norms, as is
expected.

A function m : Ry — C will be called an H,? Hermite multiplier if the operator
m(H) : L} — L3 has a bounded linear extension to H.

Theorem 1. Let « € R, 1 < p,q < oo. Suppose m : Ry — C is bounded and
satisfies |m' (k)| < ck™'. Then m is an H}* Hermite multiplier.

Note that this is directly analogous to Mihlin’s theorem [2] for Fourier multipliers.
Thangavelu [5, 6] first proved this theorem for LP spaces (the o = 0, ¢ = 2 case)
using special g-functions based on the Hermite semigroup. Section 2 of this paper
contains a natural, alternative approach to the proof of Theorem 1. Of course the
derivative condition on m in Theorem 1 can be replaced by a difference condition.
Let Am(2k +1) :==m(2(k+ 1)+ 1) — m(2k + 1). In the proof we only need m to
satisfy |Am(2k + 1)] < ¢(1 + k)~! for k € Ny, which is certainly implied by the
condition given on m/'.

Next we consider pseudo-multipliers. Let a : R x R4 — C be bounded, and for
g€ L? define

(1) Ag(x) = al, 2k + 1)(g, hu) b ().

k=0

Theorem 2. Suppose a(x, k) is measurable in the x variable for each fized r, and
satisfies |0la(x, k)| < (1 + k)77 for 0 < v < 5. If the operator A is bounded on
L2, then A also extends to a bounded operator on LP for 1 < p < 2.

Using a method from [1] we establish uniform weak-(L!, L) bounds on certain
truncated versions of A, from which Theorem 2 follows by Marcinkiewicz interpo-
lation. See Section 3.

2. MULTIPLIERS

We begin by describing the main steps toward proving Theorem 1. As in [1], let
1 : R — C satisfy the same conditions (i), (ii) as ¢, and the condition

Z 27 )27 ) =1 for all z > 1.
pn=0

Let p(z) = ¢(22)9(22) + p(z)Y(z) + (27 z)p(27 x). For p € Ny define T, =
p(27"H). Note that Q, = T,Q,. Now let m be as in Theorem 1, and for each
p € No let W, = m(H)T,. Let L?(I*); denote the subspace of L?(I?) consisting
of sequences {gu}ffzo such that only finitely many g, are nonvanishing. Finally,
define

W L*(1%)f — L*(1%)f
by W({gu}izo) = {Wugu}izo- It is easy to see that for g € Lfc,
[m(H)gllggs = W {2"*Qug}) |l Lra)-

Therefore, to prove Theorem 1 it suffices to show that W is bounded on L?(1%); N
L?(19) in the LP(1?) norm topology.

Lemma 2.1. Let 1 < g < co. Then W has a bounded linear extension to L1(19).
Lemma 2.2. Let 1 < g < oo. Then W is weak-(L'(19), L*(19)) bounded.
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By Marcinkiewicz interpolation, these two lemmas suffice to show that W is
bounded on L?(I?); N LP(19) in the LP(l%) norm topology, for 1 < p < g < 0.
The case 1 < ¢ < p < oo follows from the facts that: (1) L (19) is the dual of
L?(19), and (2) Lemmas 2.1 and 2.2 continue to hold if m and p are replaced by
their complex conjugates.

The proofs of Lemmas 2.1 and 2.2 depend on integral estimates for the kernels
of the W, operators. First we need

Lemma 2.3. There exist constants c1,co > 0 independent of L > 1 such that
ZhQ < 01L1/2 —co L7

Proof. We recall the argument used to prove Lemma 3.2.1 in [6]. If 0 < r < 1, then
by Mehler’s formula

L o0
S h2(@) < B SRR (a) = V2 E (L - g2) T 2
k=0

k=0

~1/L

Substituting r = e we get

ZhQ < 01L1/2 —CzL

Lemma 2.4. There exist constants 0 < c¢1,co < oo such that for every t > 0,
€ Np, andy € R,

(2) / |Wu(if, y)|dx < 61(2#/2]5)_1/26_622,“742'
le—y|>t

Proof. Inequality (2) follows from

(3) / (LL' h y>2|WP«(w7 y)|2 dx S 012_#/26_6227“92

by an application of Schwarz’s inequality. To prove (3) we use a simple case of
Thangavelu’s Lemma 3.2.3 ([6], p. 72):

@ (0 = 9)Wal,y) = 5(B — AW, (2,0).

HereA:—a%—i—x,B:—aﬁ—i—y, and

Z A(m(2k + 1)p(27H(2k + 1)) ha () he ().

Identity (4) is easily derived from the recursion relation
2xhi(x) = (2k + 2)Y 2 by () 4 (2k) 2y (),
together with the fact that
(=L + 1)y (z) = (2k +2)' 2 hyy1 (2).
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Substituting (4) in (3), we get
(5)
| =W ds

— 00

< c/ |BAW,L(x,y)|2dx+c/ LAAW, (2, y)|? dx

< ci |Am(2k 4+ 1)p(27#(2k + 1)) +m(2k + 3)Ap(2~H(2k + 1))|?
k=0

- (2k +2)(hi g1 (y) + hi(y))
< e (10 +k)7 p27"(2k + 1))| + |m(2k + 3)27p' (27#E(K))|)?
k=0

(2 +2)(hi g1 (v) + i (),

where each £(k) is between 2k + 1 and 2k + 3. Since p is compactly supported away
from the origin, there exist integers 0 < N7 < Nj independent of ;1 € N such that
the terms in (5) vanish unless 2Ny < k < 2#N,. Thus (5) is bounded by

2F No+1
—w, 2
c E 272 R (y) < 12 2=y
k=2~ N

by an application of Lemma 2.3.

Lemma 2.5. There exists a constant ¢ < oo such that for every t > 0, p € N,
and y,z € R with |y — z| <,

(6)
/ —z|>2t (W, y) — Wiz, 2) + (y — 2) DaW,(x, 2))| dz < c(2/71)%/2,

Proof. Let J denote the interval with endpoints y, z. We can rewrite the left side

of (6) as
[ [ =D i ds
lz—z|>2t JJ

< / ly— \DRW (i, )|
J |z—z|>2t

<t? Sup/ |D3W,,(x,u)| d.
ued J|x—z|>2t
We estimate the last integral using
DWW, (z,u) = (D3 — u*)W,(z,u) + W, (z,u) = I + I1.

Note that

I'==2""m(2k + 1)p(27*(2k + 1))(27*(2k + 1)) hx(2) i ().

k=0

Hence, by the method of proving Lemma 2.4 we get

r Sup/ |1 |de < ¢ Sup/ | I|dx < ct?2(21/21)71/2,
ued J|zr—z|>2t ueJ J|p—u|>t
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Again using Lemma 2.4, we have

t2 sup/ | I1|dz < ¢(2M/%1)? sup 2_“u2(2“/275)_1/26_‘222#“2 < e(28/%4)3/2,
ued J|x—z|>2t u€J

Proof of Lemma 2.1. It suffices to show that the operators W, u € Ng, are uni-
formly bounded on L?. This is trivial for ¢ = 2, so it suffices (by interpolation and
duality) to show that the W, operators are uniformly weak-(L!, L') bounded. To
do this we must show that there exists a constant ¢ < oo independent of f € L!,
A >0, and p € Ny such that

[ (WS (@)] > A} < 51l

This will be a routine application of Lemmas 2.4 and 2.5. So fix f € L' and A > 0,
and apply the Calderén-Zygmund lemma to get a collection of disjoint dyadic open
intervals {I;} such that

(a) |f(z)] < Aforae. ze€R\U;Ij,

(b) 325 151 < 5l fllee,

(© A<y Ji, | (@)] da < 2X for all j.

Let z; denote the centerpoint of I}, and for x € I; let
1 12(x — z;
o) = o [ sway+ 22 -z an
14| J1, 1] I

Also, if z € I, let b(z) = f(z) — g(x). For z ¢ |, I;, let g(z) =
Thus f = g + b everywhere. Note that if = € I}, then |g(z)| <
& U; L lg(@)] < A

By the standard argument ||g|\%2 < cA||fllz:- So, by Chebyshev’s inequality

f(x) and b(z) = 0.
8\. Also, for a.e.

4 c
{z: Wug(@)] > 2} < 5 Wagllze < Sl
Next we have to prove the correct sort of estimate for |{z : [W,b(z)| > A/2}|.
Define I7 = (2 — |1, zj + |;]). Since [U; I7| < 3 f]l1, it suffices to estimate

e e R\ JI; : [Wpub(x)| > A/2}.
J
For each j let b; = b- xz;. Then b = 3°.b; ae., [bj(z)(z — 2;)dz = 0, and
J bj(z)dx = 0. By Chebyshev’s inequality

D e e RAUL W) > 42 < A;/R\I; Wby da

For each j define the kernel

Lj ((E ) _ { W#(xay) if 2u/2|Ij| > 17
pihy Wa(z,y) — (Wa(@, 2)) + (y — 2)) DaWy(w, 2))  if 24/2| ;| < 1.

Because of the vanishing moment conditions imposed on b;, we have

[l = [ 1 [ Lol
R\ R\I* JI,

/ 1b; ()] / |4 ()| didy.
I; R\

IN
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Now according to Lemmas 2.4 and 2.5 we see that (7) is bounded by

C . _ C
5 S min{ ) @R [ )y < 1
7 J

Proof of Lemma 2.2. We need to show that there exists a constant ¢ < oo indepen-
dent of {f,} € L*(17), A > 0 such that

Q) W ful@)| )Y > A} < %”‘[fu}HLl(lq)'
pn=0

So fix {f,} € L*(17) and A > 0, let h(z) = (35, |fu(2)|?)!/?, and apply the
Calderén-Zygmund lemma to get a collection of disjoint open intervals {I;} such
that

(a) [h(z)] < Aforae zeR\U,; L,

(b) Z] ;] < )\”h”Ll
() A< % f x)|dz < 2\ for all j.

Again let z; denote the centerpoint of I;, and for x € I; let

1 12(x — z;) ‘
gu(r) = m/j fu(y)derW/Ij fu)(y — zj)dy.

For x € I; let by (x) = fu(z)—gu(x), and for z ¢ UJ; I; let gu(x) = fu(z), bu(z) = 0.
If x € I; we have by Minkowski’s inequality

Zlg )
Z||I|/fu dyl l/q Z|12|I|3 /fP« _Z dy' >l/q

|I| 5 1) 1/qdy+|1| S )l oy

Jp,O JMO
< 8A.

It follows that ||{g#}|\qu(lq) < A Y{fu}| 1oy, and therefore by Chebyshev’s
inequality and Lemma 2.1,

{22 (O IWougu(@)|)Y > A2} < 3o HWigu oy < )\”{fu}”Ll(lq
pn=0

Next we have to estimate [{z : (37, [W,b,(2)|7)/9 > X/2}|. As in the proof of
Lemma 2.1 it suffices to handle

|{xeR\UI* Z|Wb |9 > N/2}|

i) S

(8)



HERMITE MULTIPLIERS AND PSEUDO-MULTIPLIERS 2067

Here of course b, ; = b, - xr1,. Let L{L be as in the proof of Lemma 2.1. Then by
Minkowski’s inequality and lemmas Lemmas 2.4 and 2.5

o0

()]4 1/q -
/R \N%m,j( )[)1/4 4
3 / by (y)dy| 1) da

“Jo!

i p=0 I;
/ / Z|Lﬂ(way)bu7j(y)|q)l/qdydx
R\l JI; =
/ (3 s / > |Li (e, y)| dz) dy
I =0 R\I; /)
< [ (O s /25 minf(2H 7 1) 2, 201) ) dy
I; u=0 =0
/ Z“’ 1)/ dy
I =0
/ Z|f quy
I n=0

with ¢ independent of |I;|. Substituting this in (8) finishes the proof.

3. PSEUDO-MULTIPLIERS

In this section we prove Theorem 2. Let P, = 7w(27#H), where m(z) is a C*
function supported on [£, 2] with the property that Yoo (27 a) = 1forallz > 1.

Lemma 3.1. Let a(x,k) be as in the statement of Theorem 2, and suppose that
the associated operator A is bounded on L?. Then the operators Zﬁ[:OAPN are
weak-(LY, LY) bounded, uniformly in N.

Proof. We begin by recalling how to estimate the kernel K, (z,y) of the operator
AP,. Let a,(z, k) = a(z, k)m(27"k), and let G, (z, ) denote the Fourier transform
of a, in its second variable. As in the derivation of (7) in §3 of [1], we have the
representation

Kﬂ(:r,y) — C/ &u(x,€/2)ei£/2(1 _ e1'25)—1/2 — 1 ((#®+y?) cot £~ mecscg)dé’

where c¢ is some unimportant constant. Now the conditions on ¢ imply that for every
[ € Ny there exists a constant ¢; independent of p € Ny such that |8é&u(x,§)| <

¢ 2MHD (1 4-21(€]) =5, Tt follows by inspection of the proof of Lemma 1.1 in [1] that
there exists a constant ¢ independent of p € Ny such that

9) |Ku(zy)l < Y (
o=+

c2n/2

L (L +202 |2+ oy)t

10 2K E c2%/2
< .
(10) | Yy “(‘T’y” 70: 1(1+2N/2|x+09|>2
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The proof is finished with a simple modification of the proof of Lemma 2.1, which
we very briefly indicate. Fix f € L' and A\ > 0, and let {I;}, g(z), b(z), etc., be
as in the proof of Lemma 2.1. From the L?-boundedness of A and the uniform
L2-boundedness of the operators 25:0 P, we get

N
o : 1Y APug(@) > M2} < SIIf oo
n=0

Now let L/ (z,y) be defined as in the proof of Lemma 2.1, except with K, (z,y) in
place of W, (z,y). Then from (9) and (10) we get

/R\IJZAPb |d:c</|b / Z|L3xy|d:c)

pu=0 G =0

<c/ |b;(y me{ (221 1;1) 72, 22| 1;]}) dy

SC/I 1b;(3)] dy.

Proof of Theorem 2. By Lemma 3.1 and the Marcinkiewicz interpolation theorem,
each of the operators Zﬁfzo AP, has a bounded linear extension to LP, for 1 <

p < 2. Moreover, the operator norms || Zﬁfzo AP,| Lr—r» are bounded uniformly

in N. Now let g € Lfc. Then Ag = ZZLO AP,g for a large enough choice of V.
Hence || Agllzs < ¢llg]|zr- The proof is finished by recalling that L7 is dense in LP
(see for example [3], Lemma 2). It would be interesting to find natural criteria for
the L2-boundedness of a Hermite pseudo-multiplier, since the standard methods
for obtaining L?-boundedness of an ordinary pseudo-differential operator (as in [4])
do not seem to be applicable here.
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