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GENERALIZED EVALUATION SUBGROUPS
OF PRODUCT SPACES RELATIVE TO A FACTOR

KEE YOUNG LEE AND MOO HA WOO

(Communicated by Thomas Goodwillie)

ABSTRACT. For any CW-complexes X and Y, we show that G (X XY, X) =
Gn(X)®7n(Y). We use this fact to compute generalized evaluation subgroups
of generalized tori relative to a sphere.

1. INTRODUCTION

D.H.Gottlieb [1, 2] introduced the subgroups G,,(X) of 7, (X). These subgroups
are the image of wy : 7, (X%, 1,) — m,(X, o), where X is the space of maps from
X to itself and w : XX — X is the evaluation map. There is another equivalent
definition of G, (X), ie., Gp(X) = {[f] € mp(X)| I map H : X x [" — X
such that [H|zox1n] = [f] and H|xxy = 1x for u € 0I"}. He used these groups
to obtain some results about the identifications of topological spaces. Afterwards,
many authors have studied and generalized G.,(X), for instance, G.E.Lang, J.Siegel,
K.L.Lim, M.H.-Woo and J.Kim, Varadarajian and N.Oda in [5,7,8,9,12], etc. In
[12], the second author and J. Kim have generalized G,,(X) to G, (X, A). These
subgroups are defined by the image w; : 7, (X4,4) — m,(X, o), where X is the
space of maps from A to X, i : A — X is the inclusion and w : X4 — X is the
evaluation map. Equivalently, G,,(X,A) = {[f] € mn(X)| Imap H : Ax [" — X
such that [H |z xim] = [f] and H|axy =@ for u € 0I™}. G, (X, A) always contains
Gn(X)and G (X, A) =G (X)if A= X, Gp(X,A) = mp(X) if A=x0. In [6, 13],
the authors introduced the subgroups GI¢ (X, A) of the relative homotopy groups
7 (X, A) which are defined by the image wy : 7, (X4, A4,4) — 7, (X, A, z¢), where
A? is the subspace of X4 which consists of maps from A into itself. Equivalently,
GRU(X, A) = {[f] € mn(X,A)| Imap H : (X x I", A x ") — (X, A) such that
[H|zox1n] = [f] and H|xxy = 1x for uw € J*~1}. In [6,13], we showed that for a
CW-pair (X, A), Gn(4), G,(X, A), and GFel (X A) fit together into a sequence

o Ga(A) 5 Gu(X, A) 2 GR(X, A)
i el — G{%El(X7A> — GO(A) — GO(—XaA)7
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where 7y, jy and O are restrictions of the usual homomorphisms of the homotopy
sequence

O (A) (X)) 2 (X, A) — e mo(A) — (X)),

This sequence is called the G-sequence of a CW-pair (X, A). In [6,13], we showed
that in general, it is not exact; but it is exact when the inclusion ¢ : A — X has a
left homotopy inverse or is homotopic to a constant map.

The subgroups G, (X),Gn(X,A) and GE (X, A) mentioned above are called
evaluation subgroups, generalized evaluation subgroups and relative evaluation sub-
groups respectively. Only a few computations of evaluation subgroups are known
despite the fact that several authors have studied them. In order to find nice
applications to identifications of spaces or to the fixed point theory, we need to
compute many evaluation subgroups. When the second author used G, (X, A) to
obtain some results of the Nielsen fixed point theory, we needed the computations
of G,(X, A) which are proper subgroups of 7,(X) and contain G, (X) properly,
ie, Gn(X) G Gu(X,A) G mp(X). In this paper, we prove the following theorem
which gives us many examples such that G,(X) G G, (X, A) & m,(X). We shall
call such a subgroup G,,(X, A) a proper generalized evaluation subgroup.

Theorem. Let F - F x B 2 B be a trivial fibration. Then we have
Gn(F x B, F) 2 m,(B) ® Gp(F).

As corollaries, we look for the necessary and sufficient condition for the product
space X XY to have proper generalized evaluation subgroups G,, (X xY, X) relative
to X and we compute several proper generalized evaluation subgroups.

Throughout this paper, all spaces are CW-complexes and all topological pairs
are C'W-pairs.

2. PROOF OF THE THEOREM

Let p: F x B — B be a trivial fibration. p induces a homomorphism py :
mn(F X B,F) — 7,(B) which is one to one and onto. In order to prove the
theorem, we first introduce an exact sequence similar to homotopy sequence of a
fibration.

Lemma. The restriction p|gre(pxp,F) : GEYF x B, F) — m,(B) is one to one
and onto.

Proof. Since the map p induces the bijective homomorphism py : 7, (F x B, F) —
7 (B), it is sufficient to show that ps|grei(pxp,F) is onto. Let [f] be any element
of m,(B). Then f: (I",0I™) — (B, bp) is a continuous map of pairs. Define

H:FxBXxI"!'x0UFxbyxI"'xI—B

by
H(x,b,u,0) =band H(x,bg,u,t) = fh(u,t)
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where (z,b,u,0) € F x B x I""! x 0, (x,bg,u,t) € F x by x I"" x I and h :
I™ — I™ is a homeomorphism such that h(J"~!) = I"~! x 0 and hh = 1. Since
(Fx BxI" 1 F xbyx I"') is a CW-pair, there is an extension H : F x B x
I"~! x I — B by the absolute homotopy extension property. Define

:FxBxI"'xI—>FxB

by -
O(x,b,u,t) = (z, H(x,b, h(u,t))).

Then 6 is well-defined and continuous. Moreover, pf(xq, bo,u,t) = f(u,t), where
7o is a base point of F, O(x,b,u,s) = (x,b) for (z,b,u,s) € F x B x J* 1 and
0(z, by, u,t) = (z,by) C F X by for (z,bg,u,t) € F X by x OI"™. Let

a = 9|(m07b0)><1" : (Inaajnv ‘]n_l) - (F X BaF X bOa (anbO))'

Then
[a] = [el(szo,bo)xln] € foel(F x B, F)

because 6 is an associated map of «. Since pd(zo, bo, u,t) = f(u,t),
pila] = [pa] = [P0 (20,60)x17] = [f]-

So we have [f] € ps(GE'(F x B, F)).

Consider the following commutative diagram:

GEl(F x B,F) —2— G,(F)

| I

Tor1(B)  —L ma(F)

where 0 is the boundary homomorphism in the homotopy sequence of the pair
(E x F,F) and d is the connecting homomorphism in the homotopy sequence of

the fibration F — F x B 2 B. Since py is a bijective map, we have
d(mnr1(B)) = i0p; (41 (B)) = i0(GL (F x B, F)) S i(Gn(F)) = Gu(F).
Thus we have the following sequence which is a chain complex:
s Gu(F) 2 Go(F x B, F) 2 7, (B)
4 .. 5 Go(F) = Go(F x B, F) — mo(B).
This sequence is called the G-sequence of the trivial fibration.
Proof of the theorem. It is shown in [13, Theorem 11] that if the inclusioni : A — X

has a left homotopy inverse, then the G-sequence of the pair (X, A) is exact. Let
w1 : F' x B — F be the projection to first coordinate. Then 7 is a left homotopy
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inverse of ¢ : F — F x B. So the G-sequence of the pair (F x B, F) is exact.
Consider the following commutative diagram:

— Ga(F) —% . Gu(Fx B, F) — . GERUF x B, F) —% Gy (F) ———

H H | H

s Gu(F) —%— Gu(Fx B, F) —2 7n(B) 4 G (F) ——
where py = ppojy and d = 0o pﬁ_l. Since the G-sequence of the pair
(F' x B, F) is exact and py is an isomorphism, the G-sequence of the trivial bun-
dle is also exact. Since iy is a monomorphism, we have d(m,(B)) = 0 and p; is
an epimorphism. Now we will show the homomorphism py : m,(F x B) — m,(F)
induces a homomorphism py : G,,(F x B, F) — G, (F). Let [f] be an element of
Gn(F x B, F). Then there exists a homotopy H : F x I" — F X B such that

[H|zyxrm] = [f] and H|pyy =i for u € OI".
If we define H = pH : F x I" — F, then we have
[H|mox1"] = [pf] and H|px., = id for u € OI"™.

Therefore ps([f]) belongs to G, (F) and hence py induces a homomorphism py :
Gn(FxB,F) — G,(F). If we define a homomorphism ¢ : G,,(F x B, F) — 7,(B)®
Gn(F) by ¢(a) = (pg(a), m14(c)), it is easy to show that ¢ is an isomorphism. Thus
the theorem is proved.

3. COMPUTATIONS OF GENERALIZED EVALUATION SUBGROUPS

Corollary 1. For any spaces X andY, G,(X x YY) 2 1, (X) ® G, (Y) for all
n.

Proof. Since X L X xY 22 Y is a trivial fibration, it follows from the theorem .

Corollary 1 enables us to find many CW-pairs (X, A) such that G,(X) &

Gn(X,A) G m(X). Such a pair (X, A) is said to have the proper n-th general-
ized evaluation subgroup.

Corollary 2. The pair (X xY,Y) has the proper n-th generalized evaluation sub-
group if and only if G,,(X) is a proper subgroup of 7,(X) and G, (Y) is a proper
subgroup of m, (Y).

Proof. 1t follows from the following relations
Go(X xY) —10 Gu(XxY)Y) —— (X xY)
Gu(X) & CGu(Y) —— Ta(X) ® Cu(Y) —— m(X) & T (Y)

where the first and the second isomorphisms are restrictions of the third one and
i’s are inclusions.
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Corollary 3. The pair (X x X,X) has the proper n-th generalized evaluation
subgroup if and only if G,,(X) is a proper subgroup of m,(X).

Example 1. If n is even, then 0 = G,(S™) G 7,(S™). So (S™ x S™,S8") has the
proper n-th generalized evaluation subgroup. More precisely,
Gn(S™ X S™) = Gn(S™) & Gn(S™) =0G Gn(S™ x ", 8™) =Z G 7n(S" x ") = Z B Z.
If n is odd and n # 1,3,7, then G,,(S™) = 2Z G 7,(S™). So (5™ x §",5™) has the
proper n-th generalized evaluation subgroup. More precisely,
Gn(S" X 8™) =2Z®2Z G Gn(S" x 8™, 8™) =Z®2Z G m(S" x S") = Z & Z.

If we use Corollary 3 and the computations of 7,,(S™) and G,,(S™), then we
can compute generalized evaluation subgroups of the pairs (S™ x ™, S™).

By the fact that m,41(S™) is cyclic of order 2 for every n = 3 and computations
of G,,(S™), we have the following.

Example 2.
0, n=1,
Zed7Z, n=2,
Z, n=3,
G (57 X 5™ SnH) = Zs, n > 3 and n is odd,
Z,®Z, n=06,
Zs ®27Z, n >3 andn is even.

By the fact that m,12(S™) is cyclic of order 2 for every n = 3 and computations
of Gp12(S™"?), we have the following.

Example 3.
Z, n=1,
Z, n=2,
Zo ®27Z, n =3,
Gn2(5" X 57, Sn+2) = Zs, n > 3 and n is even,
Zo ®Z, n=>5,
Zs ®27Z, n >3 andn is odd.

By the computations of m,13(S™) and G,,43(S™"3), we have the following.
Example 4.
Ge(S® x 89,8%) = Zs,
Gr7(S3*x 8", 82 Z® 71, DZ,
Zoy 27, ifn =5 and n is even,

Ghis(S™ x S™H3 gnt3) =~
+3( ) Zsy, if n =5 and n is even.

By the computations of m,;4(S™) and G, 4(S™"), we have the following.
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Example 5.
G7(S®x 87,8 =7y, ® Z,
Gg(S* x 58,8%) = Z,,
Go(S° x §9,8%) = Z, ¢ 2Z,
0 if n is even
Gn+4(sn % Sn+47 Sn+4) ~ ’ . : ;
27, if n is odd.
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