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ON TERTIARY EXOTIC CHARACTERISTIC CLASSES
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(Communicated by Thomas Goodwillie)

ABSTRACT. We prove the existence and nontriviality of tertiary exotic char-
acteristic classes extending the results of Peterson and Ravenel for secondary
exotic classes.

1. INTRODUCTION

Generalizing the approach of Adams [1], Maunder [7] defined higher order co-
homology operations and Thom’s classical construction gives corresponding higher
order characteristic classes. The problem is: Are these classes nontrivial? For
second-order, i.e. for secondary characteristic classes, Gitler and Stasheff [3] con-
structed the first nonzero secondary class which turned out to be the first in a
series of nontrivial secondary classes constructed by Peterson [8] and Ravenel [11]
for any prime p using twisted secondary cohomology operations. Hegenbarth and
Heil [4], [5], [6] did this by using ordinary secondary cohomology operations (SCO)
for p = 2; the author has extended their work for any odd prime [12].

In this paper we prove the nontriviality of tertiary (third-order) characteristic
classes. Additional difficulty arises due to very large indeterminacy. However, we
have succeeded in constructing a special fibration and a particular tertiary operation
corresponding to which the indeterminacy is zero but the class is not. Our nontrivial
class is analogous to Gitler and Stasheff’s first secondary exotic class in the sense
that it is of the lowest dimension.

We first prove the existence and nontriviality of the tertiary class defined for
a special spherical fibration, special in the sense that its primary and secondary
characteristic classes vanish. The classifying space for such fibrations is denoted by
BSG which is obtained from BSG , the stable classifying space for oriented spherical
fibrations, by killing all primary and secondary characteristic classes. Our n@@v—
ial tertiary class corresponds to a nontrivial universal tertiary class in H*(BSG).
Finally, we show that this class lifts to H*(BSG), showing thereby the nontriviality
of a tertiary exotic class for a general spherical fibration.

The paper is organised as follows. In §2, special spherical fibrations are defined
and a particular example of such a fibration is constructed. Corresponding to an
allowable relation and a tertiary cohomology operation (TCO) with zero indetermi-
nacy, a tertiary characteristic class is constructed and proved to be nonzero in §3.

Received by the editors September 2, 1994.

1991 Mathematics Subject Classification. Primary 55R40, 55512, 55S520.

Key words and phrases. Higher cohomology operations, exotic characteristic classes, Dyer-
Lashof operations, oriented spherical fibrations.

©1996 American Mathematical Society

2561



2562 NEETA SINGH

In §4, a particular TCO is taken to construct the lowest dimensional nonzero exotic
class. Lastly in §5, the nonzero tertiary exotic class defined for special spherical
fibration is lifted to general spherical fibration.

All spherical fibrations are oriented. Homology and cohomology are always with
coefficients in Z/p, p an odd prime.

2. SPECIAL SPHERICAL FIBRATIONS

Let 1 be an oriented (n — 1)-spherical fibration over the base space X. Let T
denote its Thom space and U,, € H"(T'n) be its Thom class.

Definition 2.1. 7 is a special spherical fibration if all primary and secondary char-
acteristic classes of 1 vanish.

We follow the standard technique (see [11, §4.2]) to construct a special spherical
fibration. Let ®(R) be a TCO associated with the relation Z;l:l Pkig; = 0.
Consider the following diagram: '

QK. I3

2—>E3

K,=K(Z/p,n + deg ®(R))

Ki=NK(Z/p.n+ deg ¢))
Jj>0

z>UP n

M t

K=[K(Z/p,n+ ir)
>0

Here z,, € H"(S™,Z) and t, € H"(K(Z,n),Z) are the generators for n suffi-
ciently large. P are the Steenrod powers and ¢;, j > 0, represent all the SCO
which define secondary exotic classes. pi,p2,p3 are principal fibrations induced
by [1P% []¢j, ®(R) from the path space fibrations over Ky, K1, K2 respectively.
al, o xl are liftings of z, and r = 2(p — 1).

Let M be the fibre product of z!” and js. Since M is n-connected, we have the
composite map

oM 2 (Qrsm), ~ SG ~ QBSG,

the adjoint of which defines an orientable spherical fibration £ over X" M (see [11,
§4.2]). It follows from [2, p. 125] that T¢ ~ C; where ¢ : X"Q"M — S™ is the
adjoint of Q"¢ and Cj is the mapping cone of .

Proposition 2.3. The orientable spherical fibration £ constructed above is special.
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Proof. Tt suffices to prove that all primary and secondary characteristic classes of
& vanish. Let us consider the following diagram:

M

1

2nQrM

™+

where « is the adjoint of the identity on Q" M, o’ is the map induced by « on the
mapping cones. Since M can also be considered as the pull back space (see [11,
§4.2; al)

M PE2
) l
Sn E,

z) ot ~ %. Hence z), 0t = paox] ot ~ x. We then obtain an extension «’ : C;, — E4
of x},. The n-connectedness of M implies that H"(Cy, Z) = Z and H"(C;, Z) = Z.
Let U be a generator of H"(C;, Z). Since 2/, is a lift of x, through p;, we get
that U; = a” o o’ is a lift of U through p;. Hence [Tso Pltn o U ~ 0. Therefore
PiU =0,Vi (U=U mod p). Since T¢ ~ Cy, PiUg =0, Vi.

We have a similar argument to prove the vanishing of secondary classes. As
observed above, z!! ot ~ %, hence there is an extension o’ of z!/. Then o'’ o o lifts
U, through ps. Hence []; ¢j o pi o U1 = 0 or ;U = 0, Yip;, hence p;Ue = 0, i.e.
all secondary characteristic classes of £ vanish. O

3. TERTIARY EXOTIC CHARACTERISTIC CLASSES
FOR SPECIAL SPHERICAL FIBRATIONS

Let &€ be the special spherical fibration over the base Q"M constructed in §2.
Let ®(R) be a TCO based on the relation R : Z;l:l Pkip; = 0. Since primary and
secondary classes of § are zero, ®(R) is defined on the Thom class Ue. The tertiary
exotic class e¢(R) is defined by

ee(R) UUe = @(R)(Ug)

modulo indeterminacy.
We will assume in this section that ¢; and ®(R) have zero indeterminacies. Let
Q" and [ denote the Dyer-Lashof homology operations and homology Bockstein.
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Recall from [2, p. 114] that certain monomials in these operations of the form
BQF BQY BQ™: (1] x [1 — p?] constitute a subset of generators of H,(SG).

Definition 3.1. The relation R : Z?:l Prip; = 0 is called allowable if for any

fixed j and fixed i, where ; is the SCO based on the relation )., P P™ = 0,
BQF QY BQ™: (1] x [1 — p?] is a nontrivial element of H,(SG).
Applying Q™ to a part of diagram (2.2) and taking homology gives:

@y,
HA(Q™K,) % H.(Q"E)
(32) (Q“h)* (ann”,)*
(Q").
H(Q"M) H.(SG)

Let i be the fundamental homology class of the factor Q"' K5 in the decompo-
sition QnEg ~ 7 X Qn+lK0 X Qn+1K1 X Qn+1K2.

We have the following properties:

I. There exists a nonzero class y € H, (2" M) such that
(2").y = BQY BQ"BQ™ [1] + [1 — p?.

The proof for this is similar to the proof of Proposition 3.2 in [4] with prime 2
replaced by an odd prime p.

IL 7 = (Q"ay). Q% BQY Q™ [1] + [1 — p?].

This can be proved as follows: Consider the map K (Z,n) Flin K(Z/p,n+m;r).
Let Fp; be its homotopy fibre and Ey the principal fibration over K(Z,n). If h; €
H.(Q"E}) is the fundamental class, then applying the arguments of [11, p. 435] to
the map F; — Fpy;, we get BQ™[1] = h;. Further, let Fy be the principal fibration
induced by H?:l @; and also let Fy be the fibre of p1ps : B2 — K(Z,n). We denote
by F,; the fibre of the map [, K(Z/p, n+mir—1) — [[; K(Z/p,n+degp;). Again,
using the map F, — Fy; and applying the same arguments of [11] inductively we
get that b; = BQY Q™ [1] ¥ [~p?] where b; € H.(Q"Ey) is the fundamental class
of O"TIK, in Q"Ey ~ Z x Q"I Ky x QVHLK,.

Similarly if F3 is the fibre of p1paps : E5 — K(Z,n), then as in the previous case
the fibre inclusion Q"F3 — Q" Ej3 gives i = BQ% fQ" Q™ [1] * [—p?].

Let us refer to diagram (3.2). Properties I and II imply that (Q™h).y # 0.

Hence, (Q"h)*1 # 0 where ¢ is the fundamental cohomology class of H*(Q"T1Kj).
Consider the following homotopy commutative diagrams where ¢ = degree of ®(R):

QK, % E, E, Sl K,
' h ] z " ] o ' h = adj(h)
M : sn c, - sM
- K K
QM ! sn e u smiQnAL




ON TERTIARY EXOTIC CHARACTERISTIC CLASSES 2565

H™A(TE)

50

onp)H s0 s0n
Hq—l(QnSrz)O L Hq—l(QnM) Hq(anM) LHTHq(anQnM)

(an”ﬂ’)m (th)D (Q"IL)D (}~; o Ea)D

()8 0 n
3 Hq_l(Q"’HKQ) g Hq(QnKQ)‘ﬂ Hn+q(K2)

HTYQE,)

where (Q’Th) denotes the adjoint of Q"h, T is the Thom isomorphism, ¥* is the
suspension isomorphism and ¢* is the cohomology suspension.

From the first diagram we have e¢(R) - Ug = [ho Zac06]. Also from [2, p. 127] we
get eg(R) - Ue = 6*(X")*e¢(R). It therefore follows from the second diagram that

ee(R) - Ue = 6% ()" THQ"h)*,
Since 6* is an isomorphism, this implies that e¢(R) # 0. We have thus proved

Theorem 3.3. e¢(R) is nonzero provided R is allowable and ®(R) has zero inde-
terminacy. O

4. EXAMPLE: THE FIRST TERTIARY EXOTIC CLASS

In this section we illustrate Theorem 3.3 by giving the example of the first (lowest
dimensional) tertiary exotic class which lies in dimension (p? +p + 1)r.

Consider SCO ¢ associated with the Adem relation 3PP - BP! = 0. Using [1,
Thm. 3.7.1] and [6, Prop. 4.1] and the fact that PP (3PP - BP') = 0 we obtain the
relation Pp2<p = 0. Let ® be the TCO based on this relation. Since BQPZ QPQ1] *
[1 — p% is a nontrivial clement in H,(SG), by Definition 3.1, PP’ = 0 is an
allowable relation. Let £ be the special spherical fibration constructed in §2. We
must show that ® is defined on Ug € H™(T€) with zero indeterminacy.

Since ¢ is special, all primary and secondary classes vanish, i.e. Pi(Ug) =0 and
©(Ue¢) = 0. Hence @ is defined on Ug. The indeterminacy of ® by [7, Axiom 2] is
the image of the SCO ®3! based on the relation PP25PP = ﬁP”2 PP. The degrees
of ® and ®>! are (p? + p + 1)r and (p? + p)r respectively. We can write

Indeterminacy ® = &3 [H"T"(T¢)].
Now, any x € H"™"(T¢) will be of the form z = y U U for some y € H"(XQ"M).

Our aim is to show that ®*!(y U Ug) = 0 with zero indeterminacy. The Cartan
formula for SCO [15, Cor. 6.6] gives

Ly U Ug) = ny -} (Ue) +Za xy"Uf+Zbk b (Ue)

where a}, aJ, %.» b1 are elements of A, the mod p Steenrod algebra. We notice that
since £ is special, the only terms that may be nonvanishing on the right-hand side
are ®>!(y) (when af = 1) and Apz,y, where A, C A is the vector subspace of
homogeneous elements of A of degree k. Hence it suffices to prove that ®31(y) =0

and Ap2, ., (y) = 0 which is done in the following.
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Proposition 4.1. ®3!(y) = 0 with zero indeterminacy.

Proof. Recall the second formula of Peterson and Stein [10, Thm. 6.3]. Let ¢ be
the SCO based on relation a- 3 =0. Let f: L — K and u € H"(K) be such that
f*B(u) = 0. Then

o(f*(w) = ap(B(u) € HY(L)/[I + f*(H*(K)]
where T is the indeterminacy of ¢. In our case f : XQ"M — K(Z/p,r) and
f*(¢) = y where ¢ is the fundamental cohomology class of K(Z/p,r). Since ®>! is
based on the relation PP’ BPP = ﬁsz PP we can check that the indeterminacy of
®31(y) is zero. We have

% (y) = (PP);8PP(1) + (BPP"); PP(1)

in HP'rer4r (SQR M) ) f*(HP 7P+ (K (Z/p, 7). We get R.H.S. = 0 since PP(1) =
0 for dimensional reasons. It only remains to show that f*(H?P"™P™+" (K (Z/p,r)))
= 0. Recall from [13, Thm. 3.1] that

H*K(Z/p,n) = F{P!1, : T admissible, e(I) < n}.

Since f*(1) = y, we have to show that A,2,,,.(y) = 0. Now, any admissible
monomial of degree p?r + pr cannot be of length > 2. If we consider all admissible
monomials of length 1 and 2 of excess < r and degree p?r + pr we see that when
evaluated on y they give zero for dimensional reasons. f*(HP' ™+ (K (Z/p,r)))
will also contain A4;(y) U Ag(y). Since the total degree is p*r + pr +r and A;, Ay
are both admissible of excess < r, it is clear that A; and Ay, are of length 1 only or
A; is of length 2 and Ay = 1. In both cases, the monomials kill y for dimensional
reasons. For example consider PP~!(y) U PP’ (y). Here PP~1(y) is not necessarily
zero but PP’ (y) = 0. Hence the result. |

5. LIFTING OF TERTIARY EXOTIC CLASSES

In §3 we constructed a special spherical fibration £ over Q"M and by Theo-
rem 3.3, the tertiary exotic class e¢(R) € H*(XQ"M) is nonzero. It comes from

a nonzero class e(R) in H*(§§é) In this section we prove that e(R) lifts to
H*(BSQ) i.e. there is a class ¢(R) € H*(BSG) such that p*(e(R)) = e(R). In
other words, we show that there is a nonzero tertiary class for general spherical
fibrations. The projection p : BSG — BSG is induced from the path space fibra-
tion via the map g x s where ¢ and s represent the total Wu class and the total
secondary class respectively.

We need the action of Steenrod powers on secondary exotic classes which is given
by the following propositions.

Let us denote by ¢(a,b) the SCO based on the relation with leading term SP* -
BPY. Here (i,7) = EE if i > 0 and j > 0, (i,0) = 1 = (0,4) if i > 0 and (i,j) = 0

ifi <0orj<O. V{f!é!denote by e(a,b) the secondary exotic class defined by the
SCO ¢(a,b).
Proposition 5.1. For 0 <b(p—1) <a <pband k > 1,
PFe(a,b) = (=" k= pA, A=k + (p — 1)a)
AN =Db—XNe(a+k—=XNb+ N
where > runs over all A such that (b+ X)(p—1) <a+k—X<plb+A).
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Proof. Let (P*e(a,b),0.{Q'Q'[1] x[1 — p?]}) =1
or (e(a,b), Pro{Q'QI[1] « [1 — p]}) = 1

where o, : H,(SG) — H.(BSG) is the homology suspension and P denotes the
dual of P*. Now, by the Nishida relations (see [2, p. 6])

PHQ' Q1) =Y (=) AMk = pAi(p— 1) — pk +pA)Q" FAPQI1]

= Z(—l)k+/\(k —p\i(p — 1) — pk + pA)Q—F+A
A

D DM = prilp — 1) = pA 4 pr)QTTMY P

v

=3 (=" (k- p,i(p — 1) — pk + pA)
A

c(Ai(p—1) = p)QTHFTQIT1].

Thus {(e(a,b), 0. {QF QI M1]*[1 —p?]}) =1. Nowa=1—k+Xand b=j— A
implies that i = a+k — X and j = b+ A. The condition j(p — 1) < i < pj becomes
b+XNp—-1)<a+k—XA<p(b+)) and we get that e(a+k — X\, b+ ) is dual to
o {QUHF QU]+ [1 —p?]} 0

Similarly, if we consider the relation with leading term P®P?. we get
Proposition 5.2. For 0 <b(p—1)<a <pband k > 1,
P*e(a,b) = Z(—l)k“)‘(/{ —phpa—a—k+A—1)
c(Apb=b—=A—=1De(a+k—-Nb+ N
where >, runs over all A such that (b+ X)(p—1)<a+k—X<plb+A). O
Proposition 5.3. e(R) is a primitive element in H*(E_S@)

Proof. We consider the special fibration 4 = p*(v) over BSG where ~ is the uni-
versal spherical fibration over BSG. Since 7 is special, the action of primary and
secondary cohomology operations on the Thom class U of 7 is zero. Here we use
the Cartan formula for TCO [15, Cor. 6.6]. If m* is comultiplication induced by

the H-space multiplication m : BSG x BSG — 5\96’, we get:
m*(e(R)(7)) =e(R)( x 7) U (U x U) = ®(R)(U x U
—®(R)(U) x U + U x ®(R)(U)
[other terms vanish since 7 is special]
=(e(R)YF)UT) x U +U x (e(R)(7) UT)
—(e(R)A) x 1+ 1 x e(R)(3)) U (T x O).
Thus, e(R)(F X 7) = e(R)(¥) x 1 +1 x e(R)(7). O
Recall from [16, Thm. 2] and [2, p. 117] that as Hopf algebras over A,
H*(BSG) = P(q;) ® E(fq:) @ C

where ¢; are Wu classes and H,(BSG) = P(g;) ® C, where g¢; are generators in
degree 2i(p — 1), i > 1. Cy = @), F'ByX where B, X consists of admissible
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monomials of length n and F is a free commutative algebra. Each F'B, X is a sub-
A-Hopf algebra of H,(BSG). We write (C1), = FByX and (C2)s = Q),,»3 F BrX.
Let C; and Oy denote the vector space duals of (C). and (Cy). respectively. Hence
C, which is the vector space dual of C,, equals C7 ® Cs. O

Proposition 5.4. Image s* = C.

Proof. Since s represents total secondary class which is C7, C; C Image s*. To
prove that Image s* C (7 we must show that a - C; C Cy for all a € A. In other
words, the action of the Steenrod algebra A on secondary exotic classes should
yield only secondary exotic classes. But this is precisely the case in view of Propo-
sitions 5.1 and 5.2 O

Theorem 5.5. There exists a tertiary exotic class e(R) € H*(BSG) such that
p*(e(R)) = e(R).

Proof. Recall from [11, Prop. 3.1.2] that Image ¢* = P(¢;) ® E(6¢;). Also by
Proposition 5.4, Image s* = C7. Thus we have by [13, Cor. 4.9]

H*(BSG)/Kerp* = H*(BSG)/(Image(q x s)*) = Cs.

From [13, Thm. 5.7] it follows that as algebras over A, H*(B_S‘a) ~ Cy ® S where
S is a universal algebra which, on appealing to [14, p. 66], is given as S = Z/p®c,
H*(BSG). Theorems 4.9 and 4.10 of [9] imply that the coexact sequence Cp —

H *(é_gé) s gives an exact sequence
0 — PCy — PH*(BSG) — PS
where P denotes the submodule of primitive elements. By [13, Prop. 5.5], Kerj* =

(C9), hence e(R) € Kerj*. This implies that e(R) € PC5. Since Cs is a sub-Hopf
algebra of C, by Theorem 4.10 of [9] we have an exact sequence 0 — PCy — PC —

PC. Consider the following commutative diagram

0 PC PH*(BSG) ——— P[P(q,) ® E(Bq,)]
p*
0 PC, PH¥(BSG) ——= Ps

with exact rows. Since e(R) € PCjy, there exists ¢(R) € PH*(BSG) such that
p*(e(R)) = e(R). 0
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