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ABSTRACT. In 1916 Ramanujan observed a remarkable congruence: 7(n) =
o11(n) mod 691. The modern point of view is to interpret the Ramanujan
congruence as a congruence between the Fourier coefficients of the unique
normalized cusp form of weight 12 and the Eisenstein series of the same weight
modulo the numerator of the Bernoulli number Bj2. In this paper we give a
simple proof of the Ramanujan congruence and its generalizations to forms of
higher integral and half-integral weights.

0. INTRODUCTION

Let 7(n) be given by ¢[[o— (1 — ¢™)?* = Y02 7(n)g", and let o11(n) =
> din d'. Ramanujan [10] observed that

7(n) =o11(n) mod 691.

The modern point of view is to interpret the Ramanujan congruence as a con-
gruence between the Fourier coefficients of the unique normalized cusp form

A)=q ] -gW*  q=e"",
n=1

of weight 12 and the Eisenstein series

691

@12(2) = 5530

oo
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n=1
of the same weight. In the last twenty years this point of view has inspired a
number of very deep investigations, such as those of Katz [4], Manin [9], Ribet
[11]-[13], Serre [14], [15], and Swinnerton-Dyer [17], [18], concerning congruences
for the Fourier coefficients of modular forms. In this paper we give a simple proof
of the Ramanujan congruence and its generalizations to forms of higher weights.
Although discovered independently, our argument is very similar to the one used
in [12] for slightly different purposes. However, since this argument seems not to
be generally well known, we dare to present it to the public here.
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The Fourier coefficients of modular forms of half-integral weight (see, for exam-
ple, [1]) are very interesting arithmetic objects. In view of the Shimura correspon-
dence between modular forms of weight k + % and modular forms of weight 2k, it
is natural to ask which of the congruences for the Fourier coefficients of modular
forms of weight 2k carry over to a congruence for the Fourier coefficients of modular
forms of weight k+ % In [8] Maeda found an example in which a congruence modulo
p between two cusp forms of integral weight descends via the Shimura correspon-
dence to a congruence modulo p between cusp forms of half-integral weight, and in
[6] Koblitz observed that the Ramanujan congruence modulo 691 carries over to a
congruence modulo 691 for modular forms of weight 13/2. In this paper we show
that under some additional conditions Ramanujan congruences for modular forms
of weight 2k carry over to congruences for modular forms of weight k + %

1. RAMANUJAN CONGRUENCES FOR FORMS OF INTEGRAL WEIGHTS

Let K be an algebraic number field with the ring of algebraic integers Ok, and
let Z be an ideal of Og. Let Oz denote the ring Sz_lOK where S7 = {a € Ok :
(a,7) =1}.

Definition. We call two modular forms f and g on SL(2,Z) congruent modulo Z,
and write f = ¢ mod Z, if all Fourier coefficients of f — g are in ZO7.

Note that in the definition above we do not require, as is usually done, that the
coefficients of f and g be in Oz. The reason for this is that in the next section
we will establish congruences for the Cohen series Hy(z) (see Theorems 3 and 4
below) modulo certain prime ideals P. The Fourier coefficients of Hy,(z) are rational
numbers, and we cannot be sure that their denominators are relatively prime to P.
Our definition allows us to ignore this problem.

Let

B > )
Gr(z) = —2—;; +Y o), q=er
n=1

where By, is the k" Bernoulli number, be the normalized Eisenstein series of weight
k, and let Nj denote the numerator of the reduced fraction %. Then we have

Theorem 1. For any even integer k > 12 there exists a monzero cusp form f of
weight k with rational Fourier coefficients such that

fEGk mod Nk.

Proof. Let E = —é—in be the Eisenstein series of weight k£, normalized so that
its constant term is equal to 1. It is well known (see, for instance, [5], p.111) that

Ey(z) =14 240 Z os(n)q"™, q= e
n=1

and
Es(z) =1—-504 Z os(n)q"”, q=e*"=,
n=1

Note that E4 and Fg have integral Fourier coefficients. Using E, and Eg it is

now easy to construct a form h of weight k£ with the constant term 1 and integral

Fourier coefficients. Let f = Gy + %h. Then f is a cusp form with rational
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Fourier coefficients; moreover, f = G mod Nj. Since Ny > 1 for £ > 12 and the
first Fourier coefficient of Gy is 1, f # 0. O

Let S) denote the space of cusp forms of weight k. When dimS; = 1 we have
the following corollary:

Corollary 1.1. Suppose dimSy = 1. Let fj, denote the unique cusp form of weight
k normalized so that its first Fourier coefficient is 1. Then

fk = Gk mod Nk.

Proof. By Theorem 1 Gy, is congruent to some multiple of fr modulo Ny. Since
the first Fourier coefficients of Gy and fj, are both 1, Gy, = fr mod Ng.

When k£ = 12, Corollary 1.1 yields the Ramanujan congruence modulo 691. For
k = 16,18,20,22, and 26, it implies the following congruences, first obtained by
Manin [9]:

n—1
o15(n) = 7(n) + 240 Z os(m)T(n —m) mod 3617;
m=1
n—1
o17(n) = 7(n) — 504 Z o5(m)T(n —m) mod 43867;
m=1
n—1
o19(n) = 7(n) + 480 Z o7(m)T(n —m) mod 283 - 617,
m=1
n—1
021(n) = 7(n) — 264 Y 09(m)7(n — m) mod 131 - 593;
m=1

n—1
o95(n) = 7(n) — 24 Z o13(m)7(n —m) mod 657931.
m=1

Now let dimSy, > 2. We call a cusp form primitive if it is a common eigenfunction
of all Hecke operators, normalized so that its first Fourier coefficient is equal to 1.
The coefficients of primitive forms are algebraic integers in some algebraic number
field K. The following theorem is a higher weight analogue of Corollary 1.1:

Theorem 2. Let t = dimSy, and let ¢1,...,¢¢ be the primitive Hecke eigenforms
in Sk. Let K be an algebraic number field containing the Fourier coefficients of
@1y, O, and let P be a prime ideal of Ok that divides Ni. Then there exists a
primitive Hecke eigenform ¢; in Sy such that

¢ =G, mod P.

This theorem follows easily from Theorem 1 and Lemma 6.11 of [2]. However, in
order to make this paper self-contained we present the proofs of this theorem and
an appropriate lemma in their entirety below.
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Lemma 2.1. Suppose that for some integer m there exist algebraic integers (y, ...,
Gt € K, By % 0 mod P™, such that

t
Zﬁi(bi = (oG, mod P™.
im1

Then, for some i, ¢; = G} mod P.

Proof. Pick a minimal subset of {¢1, ..., ¢+ }, say {¢1, ..., d¢}, such that for some m
there exist integers B, ..., B¢ € K, Bo Z 0 modP™, for which

4
(1) Zﬁzéf)z = ﬂon mod P™.
=1

Applying the operator T}, to (1) and eliminating the eigenform ¢;, we obtain

¢
(2) > Bi(ai(n) — a1(n))g; = Bo(ok—1(n) — 1(n))Gy,  mod P™.
=2

This contradicts minimality of the set {¢1,...,¢¢} unless or_1(n) = a1(n) mod
P. Hence, for every n, ox_1(n) = aj(n) modP. But aj(n) is the n'* Fourier
coefficient of the primitive Hecke eigenform ¢;. Hence ¢1 = G mod P.

Proof of Theorem 2. By Theorem 1 there exists a nonzero form f in M} with ra-
tional Fourier coefficients such that f = Gy mod Nj. Write f = 25:1 ~;¢; where
v; € K. Let v € K be an algebraic integer such that, for every ¢, ; = yv; is an
algebraic integer. Then 22:1 Bipi = vGr modyNg. Let ordpy = m — 1. Since
P | N, the last congruence can be rewritten as Zle Bipi = vG, mod P™. More-
over, v # 0 mod P™. By Lemma 2.1 there exists a primitive Hecke eigenform ¢;
that is congruent to G modulo P.

When dimSy is low, and in particular when dimS, = 2, Theorem 2 has an
“elementary” arithmetic flavor. As an illustration of this flavor we are now going
to consider in more detail the weight k = 24. In this case dim Soy = 2, and Sa4 is
generated over the field of complex numbers C by two cusp forms A% and AG1s.
Calculations® show that K = Q(1/144169) and the two primitive forms are

24204 2
u= (3 6910 — 12V/144169)A% + —62310&:12

324204 65520
v=( o1 T 12V144169)A? + WAGD.

The prime divisors of the numerator of Ba4/48 are 103 and 2294797. They both
split in K:

103 = (103,22 + v/144169)(103, 22 — /144169)

2294797 = (2294797,1022092 + /144169)(2294797,1022092 — +/144169).
One can check that in accordance with Theorem 2

uw= Gy mod (2294797,1022092 — v/144169)(103, 22 + +/144169)

L All specific calculations were carried out on a computer using Mathematica.
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and
v=Gos mod (2294797,1022092 + v/144169)(103, 22 — v/144169).

One can also rewrite these congruences in elementary way, i.e. using only arithmetic
functions 7(n) and oy (n):

Z 7(a) (T(b) (324204 + 264) +62230011 (b)) =093(n) mod 103,

691

324204 65520
nng(a) <T(b)< oL 791119)+W011(b))5 o93(n)  mod 2294797.

a,b>0

Here 01(0) stands for the number — By, /2k.

2. RAMANUJAN CONGRUENCES FOR FORMS OF HALF-INTEGRAL WEIGHT

The number of ingredients that enter in the proof of Theorem 1 is surprisingly
small. All we need are the following facts:

1) The space of cusp forms has codimension 1 in the space of modular forms.
2) There exists a modular form with integral Fourier coefficients and the constant

term equal to 1.
Let M];:l(ll) be the subspace of the space of modular forms of weight k + 1
2
on I'yg(4) consisting of those modular forms whose n'" Fourier coefficients vanish
whenever (—1)*n = 2,3 mod4, and let S;" , (4) denote the space of cusp forms in

k+3%
M];:_l(él). Then by [7], Proposition 1,
2

M2 (4) = CHL @ S, (4),

where
Hk(z):ZH(kan)qna q:eQﬂ'iz’
n=0

is the Eisenstein series of Cohen [1]. We note that H(k,0) = ((1 — 2k) = — 32

and for n square-free H(k,n) = L(1 — k, X(_1)*,), Where xp is the real quadratic
character xp(d) = (2).

By Proposition 1 of [7] M]:r%(él) = My & My_o if k is even, and M]:r%(él) =
My_3 & My_5 if k is odd. The isomorphism from My @& My_o, k even, (resp.
My_3 ® My_5, k odd) to M];:%(él) is effected as follows:

(9(2), h(2)) — g(42)0(2) + h(42) Ha(2)

(resp. (9(2),h(2)) — g(42)Hs(2) + h(4z)Hs(2)),

where 0(z) = 3, 4", ¢ = ¥ and Hy(z) = —4-Mx(2) is the Cohen series,
normalized so that its constant term is equal to 1. It is easy to check (see [1],
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Corollary 3.2) that 6(z), He, H3 and Hy all have integral Fourier coefficients. It
follows that for any k there exists a form h(z) € M ,;" . 1(4) with integral Fourier
2

coefficients and the constant term equal to 1. Thus the conditions 1) and 2) above
are satisfied, and we have:

Theorem 3. Let N), denote the numerator of the reduced fraction %, Then
there exists a cusp form f € S;;_l(él) with rational Fourier coefficients such that

2
Hi=f mod Nj,.

The following corollary was first observed by Koblitz [6] in the case when k = 6.

Corollary 3.1. Suppose dimSl;:_l(él) = 1. Let fx denote the unique cusp form in
2
S’;ﬂ:l(él) whose first non-zero Fourier coefficient equals to 1. Then
2

e = {H(k, Dfs  ifkiseven N

H(k,3)fr ifk is odd

Proof. Using Proposition 1 of [7] and Corollary 3.2 of [1], one can show that S];:_L (4)

2
contains a cusp form with integral Fourier coefficients and the first non-zero coef-
ficient equal to 12 if k£ is even and to 144 if k is odd. Since for any k such that
dimS]:r% (4) =1 we have (N}, ,12) = 1, it follows that fi has Nj,-integral Fourier
coefficients. By Theorem 3, Hj is congruent to a constant multiple of f; mod-
ulo NJ,. Comparing the first non-zero Fourier coefficient of this multiple with the
corresponding coefficient of Hy, we get the corollary above.

Let p be a prime. If f = Y77 janq™, ¢ = €2™%, is in M

k+%(4), we can define

the Hecke operator T,/ , (p*) by
2

ﬂﬂ;;ﬁ)—fﬁ(dﬁn%+(ﬁjﬁﬁ)ﬁk%ﬁw+p%”a<ﬁ>)f

= p p?
where we put a(z) = 0 if x is not an integer. The operators TI:’ +§(p2) form an
algebra which is isomorphic to the Hecke algebra of May, (this isomorphism sends
T;+%(p2> to Tak(p)); moreover, by Theorem 1 of [7] MI;:% (4) and My, are isomor-
phic as Hecke algebra modules.

More generally, one can define Hecke operators T}, 1 (p?) on the space
M, 1 (T'o(N)) of modular forms of weight k + 1 and level N where 4|N. These op-
erators are Hermitian and self-adjoint with respect to the Petersson inner product,
and commute with each other. Therefore the space Sy, 1(I'o(N)) of cusp forms of
weight k + % and level N has a basis of Hecke eigenforms.

Let 1 € Sy 1(T'o(V)) be a Hecke eigenform for the operators T, 1 (p?) with the
corresponding eigenvalues A,. Let b(n) be given by the formal identity

(3) Z bnTL_S = H(l — )\pp_s _|_p2k—1—25)—1.
n=1

p
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Let ¢(z) = .07 b(n)g", ¢ = €*™**. Shimura [16] showed that ¢(z) € Mak(Io(N'))
for some integer N’ and that if k > 2 then ¢ is a cusp form. In fact, the identity
(3) shows that ¢ is a Hecke eigenform of weight 2k and that ¢|Tox(p) = A\p¢. The
map that sends 1 to ¢ is called the Shimura correspondence or the Shimura lifting.

We will now attempt to show that the Ramanujan congruences descend via the
Shimura correspondence from forms of integral to forms of half-integral weights.
Since in half-integral weight a congruence for the eigenvalues of the Hecke operators
no longer implies a congruence for the Fourier coefficients of the corresponding
Hecke eigenform, Lemma 2.1 is no longer valid. However, a weaker version of

Theorem 2 survives:

Theorem 4. Let K be a field containing all the eigenvalues of the Hecke operators
on Mosy, and let P be a prime ideal in Ok that divides Noy. Suppose that Hy #
0 mod P. Then there exist Hecke eigenforms 1; € S’;ﬂ:l (4) such that

Hy = Zwi mod P

and the primitive forms ¢; € Sap, corresponding to v; under the Shimura correspon-
dence satisfy ¢; = Gor, mod P.

Corollary 4.1. Suppose a primitive form ¢; € Sor satisfying ¢; = Gor, mod P is
unique. Suppose further that Hy Z 0 mod P. Then there exists a common Hecke
eigenform 1p; € ST ,(4) corresponding to ¢; under the Shimura correspondence

k+3
such that
Hi = ¢; mod P.

Proof of Theorem 4. Write the form f of Theorem 3 as a sum of Hecke eigenforms:
f= 25:1 ;. The ¢; correspond to ¢; € Sy under the Shimura correspondence,
and we may assume that ¢; = Gor, mod P, i = 1,...,¢, and ¢; # Gor mod P
if i > £. Then for any ¢ > ¢ there exists a Hecke operator T'(n;) such that the
eigenvalue «;(n;) # oak—1(n;) modP. By Theorem 3

t
Hy = Z%’ mod P.

=1

Applying the operators T , (n?) and eliminating the eigenforms ¢;, i > ¢, we

k+1
obtain

t 4 t
(4) H (o26—1(n;) — ai(ny))YH EZ H a;(n;) —a;(n;))e; mod P.
i=0+1 j=1
Note that because Hj # 0 mod P the sum on the right hand side of (4) is not
empty. Since Hf:Hl(crgk_l(ni) —a;(n;)) 0 mod P, we can divide by it to obtain
our theorem.

We do not know how to prove the uniqueness hypothesis under which Corollary
4.1 holds; nor do we have an argument that shows that Hy #Z 0 mod P. The latter
is clearly the case if Bay/2k is relatively prime to H(k,1) = ((1 — k) if k is even
and to H(k,3) = L(1 — k,x—3) if k is odd. A quick look at the tables (see [19])
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shows that for k < 60 Bagy/2k is relatively prime to By /k. Moreover, |Bay/2k| is

asymptotic to % whereas |H(k,1)| is asymptotic to 251;:)?!and |H(k,3)| is

k—1
asymptotic to 2%. This suggests that large prime divisors of Bax/2k do

not divide H(k, 1) or H(k,3). Of course, it may happen that Bay/2k has only small
prime divisors.

As for the uniqueness hypothesis, it is clearly valid when dimSs;, = 1, and an easy
computer calculation shows that it holds for any P dividing Nay when dimSey = 2.
Several heuristic arguments showing why we should expect uniqueness to hold fairly
often can be found in [3]. Thus Ramanujan congruences often carry through the
Shimura correspondence from forms of integral weight on SL(2,Z) to forms of
half-integral weight on T'o(4).
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