
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 8, August 1996
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(Communicated by J. Marshall Ash)

Abstract. We discuss several metric characterizations of convexity of sets
in non-smooth finite-dimensional Banach spaces. We describe a setting in
which convexity is equivalent to the rotation-invariance of various properties,
including almost convexity, radial continuity of the metric projection, and
Chebyshevity. One of the tools used is a generalization of norm-smoothness
which involves support cones of the unit ball.

1. Introduction

Suppose (X, ‖ · ‖) is a real Banach space, K is a closed subset of X and x ∈ X .
If there exists a u ∈ K such that for every v ∈ K, ‖u−x‖ ≤ ‖v−x‖, then u is said
to be a best approximation to x from K. The metric projection from X onto K is
the set-valued mapping ΠK defined by

ΠK(x) := {u ∈ K : ‖u− x‖ ≤ ‖v − x‖, v ∈ K},
i.e., ΠK(x) is the set of best approximations to x from K. If ΠK(x) consists of a
single point for every x ∈ X , we say that K is a Chebyshev set. The question of
whether or not each Chebyshev set in a Hilbert space is convex is, according to Frank
Deutsch [8], perhaps the most famous open problem in abstract approximation
theory. A survey of the literature relating to the convexity of Chebyschev sets
can be found in [8], and an exposition of some of the major theorems can be
found in [10]. The study of this subject has raised several related questions about
convexity characterization. The present paper is devoted to the study of convexity
characterization in non-smooth, finite dimensional spaces.

Recently, L.P. Vlasov [19] introduced the concept of almost convexity and proved
two theorems to which we will refer. We now describe Vlasov’s results, beginning
with the necessary definitions. If x ∈ X and α > 0, let S[x, α] := {y : ‖y−x‖ = α},
B[x, α] := {y : ‖y−x‖ ≤ α}, and B(x, α) := {y : ‖y−x‖ < α} be, respectively, the
sphere, the closed ball, and the open ball with center x and radius α. A subset, A,
of X is said to be almost convex if for every closed ball B1 := B[x, α], which does
not intersect A and every r > 0, there is a closed ball B2 := B[x′, α′], such that
α′ > r, and B2 contains B1 but does not intersect A.

Theorem 1 (Vlasov). A Chebyshev set K in a Banach space X where the metric
projection ΠK is continuous, is almost convex.
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Theorem 2 (Vlasov). In a normed linear space X, the following statements are
equivalent.

(1) The dual space X∗ is strictly convex.
(2) Every almost convex set is convex.

We will assume for the remainder of this paper that the dimension of X is finite.
Then there is a norm ‖ · ‖ on Rn such that (X, ‖ · ‖) is isometrically isomorphic to
(Rn, ‖ · ‖), so we will work in the latter space. Much of the theory developed so far
requires that the dual space, X∗, be strictly convex. The present paper continues
the exploration of metric convexity characterization (which was begun in [11], [12])
in the setting where this assumption about the dual is not made. Since dimX <∞,
X∗ is strictly convex if and only if X is smooth (see Corollary 2.1.1 in [9]), so our
study is based in finite dimensional spaces which are not necessarily smooth. In
this context, we will develop a result analogous to Theorem 2, then use the tools
we have developed to arrive at other characterizations of convexity.

2. Near convexity and universal cones

We begin by considering a generalization of the definition of almost convexity.
Suppose K is a closed subset of X . We propose that it be said that K is nearly
convex if for every x ∈ X \K there is an α > 0 such that for every r > 0 there is a
vector xr ∈ X and a real number αr > r with

(1) B[x, α] ⊂ B[xr, αr],
(2) B[xr , αr] ∩K = ∅.

We will have occasion to use the following lemma, which compares solarity and
almost and near convexity. A subset K of a normed linear space X is called a sun
if for each x ∈ X , y ∈ ΠK(x), and λ ≥ 0, y ∈ ΠK(y + λ(x − y)). The idea of
a sun was first developed and used by Klee [13]. Suns have many of the essential
approximative properties that convex sets have. For a complete discussion of suns,
see [1].

Lemma 3. Suppose K ⊂ X is closed. Consider the following statements.

(1) The set K is convex.
(2) The set K is a sun.
(3) The set K is almost convex.
(4) The set K is nearly convex.

Then (1)⇒ (2)⇒ (3)⇒ (4), but no implication goes the other way.

Proof. It is pointed out in [7] that (1) implies (2). The other implications are
obvious.

To see that no implication goes the other way, first note that {(x, y) : y ≤
max(0, x/3)} ⊂ `1(2) is a non-convex sun. Let K := {(2, 0), (−2, 0)}. Then, clearly,
K is almost convex but not a sun in `1(2).

Let B2[x1, x2;α] be the closed ball centered at (x1, x2) with radius α in `2(2).
Consider the “lens space” (R2, ‖ ·‖) whose closed unit ball B[0, 0; 1] is B2[−1, 0; 2]∩
B2[1, 0; 2]. Obviously, the ball B[a, b; r] in the lens space centered at (a, b) with
radius r is B2[a− r, b; 2r] ∩B2[a+ r, b; 2r].

The set K is nearly convex with respect to the lens norm. Indeed, let x = (0, 0)
and α = 1/

√
3. Consider the ball B[0, 0;α] in the lens space. The y-intercepts

of the sphere are (0,±1). Then by simple algebra, we easily see that, for every
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r > 1, B2[r,
√

3r − 1; 2r] ⊃ B2[α, 0; 2α] but (−2, 0) /∈ B2[r,
√

3r − 1; 2r]. Similarly,

B2[−r,
√

3r − 1; 2r] ⊃ B2[−α, 0; 2α] but (2, 0) /∈ B2[−r,
√

3r − 1; 2r]. Therefore,
B[0,

√
3r − 1; r] = B2[r,

√
3r − 1; 2r] ∩ B2[−r,

√
3r − 1; 2r] contains neither (−2, 0)

nor (2, 0). Clearly, B[0, 0;α] ⊂ B[0,
√

3r− 1, r]. A similar argument can be used to
show that, for points in R2 other than the origin, the conditions in the definition
of nearly convex are satisfied. Hence K is nearly convex.

However, K is not almost convex with respect to the lens norm. In fact, every
ball with radius 4 containing the unit ball must contain at least one of the points
in K. Suppose that B[a, b; 4] ⊃ B[0, 0; 1]. It is enough to consider the case where
(a, b) is in the first quadrant. Other cases can be treated similarly. In this case,
we will show that (2, 0) ∈ B[a, b; 4]. It is necessary that (a, b) be located in the
intersection of the first quadrant and B2[−4,−

√
3; 8]. Indeed, if the center (a, b) is

not in this region, then (0,−
√

3) ∈ B[0, 0, ; 1] \B2[a+ 4, b; 8]; so B[a, b; 4] does not

contain B[0, 0; 1]. It is easy to check that (2, 0) ∈ B[0, 3
√

3; 4]. For a center other
than (0, 3

√
3), a right-downward translation will guarantee that (2, 0) ∈ B[a, b; 4].

Thus, K is not almost convex.

We will now describe a condition on ‖ · ‖ which guarantees the convexity of
rotation-invariant nearly convex sets. By Theorem 2, the weakest possible condition
that in general guarantees the convexity of almost convex sets is the smoothness of
the norm. The condition we will introduce invokes a generalization of smoothness
involving cones of support to the unit ball. The norm duality map on X is the
function J : X → 2X

∗
defined by

J(x) := {x∗ ∈ X∗ : ‖x∗‖ = ‖x‖, x∗(x) = ‖x∗‖‖x‖}.
By the Hahn-Banach Theorem, J(x) 6= ∅ for every x ∈ X . Let x, y ∈ X . The cone
of support to B(x, ‖x− y‖) at y is the set

K(y, x) := {z ∈ X : x∗(z − y) < 0 for every x∗ ∈ J(y − x)}.
The definition of cone of support was given by Amir and Deutsch, in a general
setting, in [1]. We will denote the interior of a set A by int(A), and the closure of A
by A. Given y ∈ S[0, 1], let H consist of all open half-spaces which support B(0, 1)
at y. Then it is easy to see that K(y, 0) =

⋂
{H : H ∈ H}. Let Cy be defined as

is K(y, 0), except that ‘<’ is replaced by ‘≤’. Then Cy =
⋂
{H : H ∈ H}, and we

call Cy the support cone of B[0, 1] at y. Let Ĉy = [(Cy − y) ∪ (C−y + y)]. The set

C :=
⋂
{Ĉy : y ∈ S[0, 1]} is a cone with vertex 0, which we call the universal cone

of the space (Rn, ‖ · ‖). The universal cone was defined, in a conversation with the
first author, by Wu Li.

Lemma 4. For every n ∈ N, the universal cone of `∞(n) consists of all the coor-
dinate axes and, for every n > 2, the universal cone of `1(n) is trivial.

Proof. Note that for every vertex, y, of the unit ball, Ĉy consists of a closed octant,
P , along with −P , and so contains every coordinate axis. Now we want to show
that every point not in a coordinate axis is not in the universal cone. Indeed,
we consider a point, say x = (x1, x2, . . . , xn) ∈ Rn, which is not in a coordinate
axis. We may assume that x1 > 0, x2 > 0 (other cases can be treated similarly).

Let y = (−1, 1, . . . , 1), a vertex of the unit ball. It is easy to see that Ĉy =
{(x1, x2, . . . , xn)|x1 ≥ 0, x2 ≤ 0, x3 ≤ 0, . . . , xn ≤ 0} ∪ {(x1, x2, . . . , xn)|x1 ≤
0, x2 ≥ 0, x3 ≤ 0, . . . , xn ≤ 0}. Thus, x /∈ Ĉy.



2408 ROBERT HUOTARI AND JUNNING SHI

For the second assertion note that if x ∈ Cej −ej , then xj +
∑
{αixi : i 6= j} ≤ 0

whenever αi is in {−1, 1} for each i 6= j. In particular, if αi = sgn(xi), we obtain∑
i6=j
|xi| ≤ |xj |.(1)

A similar argument shows that (1) holds if x ∈ C−ej + ej. If k 6= j, then (1) holds
with j replaced by k. Adding the j and k versions of (1), we see that

∑
{|xi| : i 6=

j, i 6= k} ≤ 0, which implies that xi = 0 whenever i is neither j nor k. Since j and
k are arbitrary, it must be that x = 0.

Lemma 4 shows, among other things, that the universal cone distinguishes be-
tween the two polyhedral spaces `1(n) and `∞(n). It follows directly from the defi-
nitions that the universal cone of (Rn, ‖ · ‖) is Rn if and only if the norm is smooth.
Thus, the universal cone provides a way to generalize the notion of smoothness.
With this point of view, one might say that the smoothness index of a norm on
Rn is the maximum dimension of subspaces contained in the universal cone. Thus,
the smoothness index of a smooth norm on Rn is n, that of the `∞(n) norm is 1,
and for n = 3 the smoothness index of the `1 norm is 0. The “lens” norm, whose
unit ball is the nonempty intersection of two distinct Euclidean spheres in Rn, has
smoothness index (n− 1).

The following two results, quoted from [1] and [19] respectively, do not require
that dim(X) < ∞. One of the main technical results of the present paper is an
extraction, in the finite dimensional setting, of the best of both.

Lemma 5 (Amir and Deutsch). If x, y ∈ X, then

K(y, x) =
⋃
λ>0

B(y + λ(x− y), λ‖x− y‖).

Theorem 6 (Vlasov). The following conditions for the Banach space X are equiv-
alent.

(1) The dual space X∗ is strictly convex.
(2) For any sequence of balls

Bn−1 ⊂ Bn = B(zn, rn) (n = 1, 2, . . . )

in X with rn →∞, the set
⋃
Bn coincides either with X or with some half-

space of X.

Theorem 6 is a specialization of Lemma 5 in the sense that Lemma 5 has no
requirement similar to hypothesis (1) in Theorem 6. However, it is a generalization
in the sense that its conclusion applies to a large family of chains of balls. If
dim(X) <∞, compactness enables dropping the requirement that the sequence of
balls be a chain. We first give a technical lemma.

Lemma 7. If y ∈ S[0, 1] and k ∈ N, let Bk := B(−ky, k + 1). Then int(Cy) =⋃
kBk.

Proof. Note that K(y, 0) =
⋃
kBk. Since Cy = ∩αHα ⊃ ∩αHα = K(y, 0) and

K(y, 0) is an open set by Lemma 5, we have int(Cy) ⊃ K(y, 0). Conversely, for
every z ∈ int(Cy), there exits a δ > 0 such that B(z, δ) ⊂ Cy. Thus for every α,

B(z, δ) ⊂ Hα, so B(z, δ) ⊂ Hα. Therefore, B(z, δ) ⊂ K(y, 0). Hence z ∈ K(y, 0),
so int(Cy) ⊂ K(y, 0). This completes the proof of the lemma.
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Theorem 8. If {Bm := B(xm, αm)} is unbounded and B(0, 1) ⊂ Bm for every
m ∈ N, then there exists y ∈ S[0, 1] such that int(Cy) ⊂

⋃
mBm.

Proof. For each m ∈ N, let um := xm/‖xm‖. Since S[0, 1] is compact, there exist
λj ∈ N and v ∈ S[0, 1] such that vj := uλj → v. Let y := −v. Suppose z ∈ int(Cy).
By Lemma 7, there is a natural number k such that z ∈ B(−ky, k+ 1). Thus there
is an ε0 > 0, such that ‖z − kv‖ < k + 1− ε0. Since k is fixed and limj→∞ vj = v,
for every j there exists an εj > 0 such that k‖vj − v‖ < εj and limj→∞ εj = 0.
Thus, for every j ∈ N,

‖z − xλj‖ ≤ ‖z − kv‖+ ‖kv − kvj‖+ ‖kvj − xλj‖
< k + 1− ε0 + εj +

∣∣k/‖xλj‖ − 1
∣∣‖xλj‖

< k + 1− ε0 + εj +
∣∣‖xλj‖ − k∣∣ .

Now there are two cases. First, suppose that there exists an N > 0 such that for
every j > N, ‖xλj‖ < k. Then ‖z−xλj‖ < 2k+1−ε0 +εj−‖xλj‖. Since αλj →∞,
there exists M > N such that for every j ≥ M , 2k + 1 − ε0 + εj − ‖xλj‖ < αλj .
Thus ‖z − xλj‖ < αλj , i.e., z ∈ B(xλj , αλj ).

Second, suppose that for every N > 0 there exists some j ≥ N such that
‖xλj‖ ≥ k. Since B(xλj , αλj ) ⊃ B(0, 1), it can be seen that

αλj ≥ ‖xλj − (−xλj/‖xλj‖)‖ = (1 + 1/‖xλj‖)‖xλj‖ = ‖xλj‖+ 1.

So there exists r ∈ N such that

‖z − xλr‖ < 1− ε0 + εr + ‖xλr‖ < αλr

where the last inequality follows from the fact that limj→∞ εj = 0. Therefore,
z ∈ B(xλr , αλr ). This concludes the proof.

We will denote by L(x0, v) the ray with starting point x0 ∈ Rn and direction
v ∈ Rn, i.e., the set {x0 + λv : λ ≥ 0}.

Corollary 9. The one-dimensional subspace V is contained in the universal cone
of (Rn, ‖ · ‖) if and only if, for every α > 0 and every unbounded sequence of open
balls {Bm} containing B(0, α), V ∩ (∪mBm) contains a ray of the form L(0, v).

Proof. No generality is lost in assuming that α = 1. We first claim that if x, y ∈ Cy
and L(x, v) ⊂ Cy , then L(y, v) ⊂ Cy. Indeed, for every z ∈ L(y, v), there exists a
t0 = t0(z) > 0 such that z = y + t0v. Thus, for every β > 0, if we let r = 1− t0/β
and notice that Cy is convex, then we have that

‖ry + (1− r)(x + βv)− z‖ = ‖(1− r)(x− y) + (1− r)βv − t0v‖
= t0‖x− y‖/β.

Since x, y, and t0 are fixed, then for every ε > 0, there exists a β0 = β0(x, y, t0) > 0
such that for every β > β0, t0‖x − y‖/β < ε. Since Cy is closed and z is a limit
point of Cy, z ∈ Cy.

Now, we suppose V is not contained in C. Then there exists a vector y ∈ S[0, 1]
such that (Cy − y) ∩ V = {0}. Thus Cy ∩ (V + y) = {y}. By the above claim and
y ∈ Cy, it is not the case that Cy ∩ V contains a ray. Hence the sequence {Bm}
described in Lemma 7 is an unbounded sequence such that V ∩ (

⋃
mBm) contains

no ray.
Conversely, suppose there is an unbounded sequence {Bm = B(xm, αm)} con-

taining B(0, 1) such that V ∩ (
⋃
mBm) contains no ray. By Theorem 8, there is a
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y ∈ S[0, 1] such that int(Cy) ⊂
⋃
mBm. Since 0 ∈ int(Cy), V ∩ int(Cy) contains

no ray. Since (Cy − y) ⊂ int(Cy), V ∩ (Cy − y) contains no ray. By a symmetric
argument, V ∩ (C−y + y) contains no ray. This concludes the proof.

If T : Rn → Rn is a linear transformation represented by an orthogonal matrix
with determinant equal to one, we will call T a rotation. Let R consist of all
rotations and, given B ⊂ Rn, let R(B) := {R(B) : R ∈ R}.

Theorem 10. The following statements are equivalent.

(1) (Rn, ‖ · ‖) has nontrivial universal cone.
(2) For every closed subset K of Rn, if A is nearly convex for every A ∈ R(K),

then K is convex.

Proof. Suppose that C contains a one-dimensional subspace L, and that K is closed
but not convex. Since we may rotate and translate if necessary, no generality is
lost in assuming that L contains a non-zero vector z such that the intersection
of Rn \ K with the closed line segment [z,−z] is the open segment (z,−z). By
scale-invariance, we may assume that B[0, 1] ∩K is empty. If K is nearly convex,
then there is an α > 0 such that for every natural number k, there is a ball
Bk := B(xk, αk) containing B(0, α) such that αk > k and Bk ∩K is empty. But
Corollary 9 implies that (

⋃
kBk) ∩ [z,−z] is nonempty. This contradiction shows

that K is not nearly convex, so (1) implies (2).
Conversely, suppose that the universal cone is trivial. Given u ∈ S[0, 1], let

Lu := span{u}. Corollary 9 implies that there exists an unbounded sequence of
open balls {Bum} containing B(0, 1) such that Lu∩ (

⋃
mB

u
m) contains no ray. Thus

there exist au, bu ∈ R such that

Lu ∩ (
⋃
m

Bum) ⊂ [auu, buu].

Now let a = inf{au − 1 : u ∈ S[0, 1]} and b = sup{bu + 1 : u ∈ S[0, 1]}. By the
compactness of S[0, 1], a, b ∈ R. Choose u0 ∈ S[0, 1], and let K := {au0, bu0}.
Clearly K is not convex. Suppose A ∈ R(K). We claim that A is nearly convex.
Indeed, by the construction of K, there exists v ∈ S[0, 1] such that A = {a′v, b′v},
where a′ ≤ a and b′ ≥ b. Thus there exists an unbounded sequence of open balls
{Bvm = B(xvm, α

v
m)} containing B(0, 1) such that

(∪mBvm) ∩A = ∅.
It is enough to consider the case that x ∈ [0, b′v). We let

d0 := supm{‖ym‖ | ym = Svm[xvm, α
v
m] ∩ [0, bv)}.

It is obvious that d0 ∈ R. Now we let d := ‖x − b′v‖ and α := d/(2d0). Clearly,
αBvm +x ⊃ B(x, α) for every m ∈ N. We want to show that b′v /∈ αBvm +x. To see
this, we consider

‖b′v − αxvm − x‖ =

∥∥∥∥b′v − x− ‖b′v − x‖2d0
xvm

∥∥∥∥
= α

∥∥∥∥2d0
b′v − x
‖bv − x‖ − x

v
m

∥∥∥∥
> α‖ym − xvm‖
= ααvm.
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Hence, b′v /∈ αBvm + x, so A is nearly convex. But, this is a contradiction. Thus,
(2) implies (1).

Theorem 10 implies that in the finite dimensional, non-smooth setting, the non-
triviality of the universal cone (a property of the norm) and rotation-invariance (a
property of the set K) combine to play a role in the discussion of the convexity of
sets similar to the role played by the smoothness of the norm in the smooth setting.

3. Characterizations of convexity in Rn

The tools used in the development of Theorem 10, in particular the universal cone
and rotation invariance, provide a point of view from which to study various other
ways of characterizing convexity. The following definition was given by Vlasov [16].
We say that K is approximately convex if for every x ∈ X,ΠK(x) is convex. The
metric projection ΠK is said to be upper semi-continuous if the set {x : ΠK(x)∩C 6=
∅} is closed for every closed set C. In [2] it was pointed out that if K is boundedly
compact, then ΠK is upper semi-continuous, and the following theorem was proven.

Theorem 11 (Blatter, Morris and Wulbert). Let X be a reflexive Banach space.
Let K be a proximinal subset of X with metric projection ΠK such that for every x
in X, ΠK(x) is compact and convex. Then if ΠK is weakly upper semi-continuous,
K is a sun.

Note that in the finite-dimensional setting, weak continuity is equivalent to con-
tinuity. We now have the tools we need to prove a theorem characterizing convexity
in spaces with non-trivial universal cone.

Theorem 12. Suppose that (Rn, ‖ · ‖) has non-trivial universal cone and K is a
closed subset of Rn . Consider the following statements.

(1) For every A ∈ R(K), A is Chebyshev.
(2) The set K is convex.
(3) For every A ∈ R(K), A is a sun.
(4) For every A ∈ R(K), A is almost convex.
(5) For every A ∈ R(K), A is nearly convex.
(6) For every A ∈ R(K), A is approximately convex.

Then (1) implies (2), and statements (2) through (6) are equivalent.

Proof. Suppose (1) holds. By Corollary 2 on page 237 in [10], ΠA is continuous.
Hence by Theorem 1, A is almost convex, so Lemma 3 implies that A is nearly
convex. Then Theorem 10 implies that K is convex.

It follows from Lemma 3 that (2) ⇒ (3) ⇒ (4) ⇒ (5). And, (5) ⇒ (2) follows
from Theorem 10.

If K is convex and A ∈ R(K), then A is convex, and an easy calculation shows
that (2) ⇒ (6). We conclude the proof by showing that (6) ⇒ (2). Indeed, let
A ∈ R(K) be given. If for every x ∈ Rn,ΠA(x) is convex, then it is easy to see that
the conditions in Theorem 11 are satisfied in the present finite-dimensional setting.
Thus A is a sun. It follows from (3) that K is convex.

A normed linear space E is smooth if and only if every sun in E is convex.
The proof of this fact appeared in a paper by Vlasov, a translation of which was
published in 1961 [15]. Vlasov attributes the result to Efimov and Stechkin. See
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also [3]. Theorem 12 gives a non-smooth analogue of this result in the finite-
dimensional setting. It also gives a non-smooth finite-dimensional analogue of the
following theorem of Vlasov [16]: In a smooth Banach space, every boundedly com-
pact approximately convex set is convex. It is not the case that (2) implies (1) in
Theorem 12. Indeed, let K := {(x, y) : x = 0} ⊂ `∞(2).

We will now consider the relationship between convexity of sets in `∞(n) and
radial continuity of the metric projection. The Hausdorff metric on compact sets
of Rn is defined by

H(A,B) := max{d(A,B), d(B,A)}

where d(C,D) := supc∈C d(c,D). We say ΠK is continuous at x if limz→xH(ΠK(x),
ΠK(z)) = 0. If K is a closed subset of `∞(n), we say that ΠK is radially continuous
at x ∈ Rn\K if, for every y ∈ ΠK(x), the restriction of ΠK to the ray {x+λ(x−y) :
λ ≥ 0} is continuous at x, and we say that ΠK is radially continuous if it is radially
continuous at x for every x ∈ Rn\K. In the mid 70’s, Brosowski and Deutsch
defined various types of radial continuity and showed how these are related to
convexity [4], [5], [6]. The separate properties they defined were interesting in their
own right and characterized certain phenomena. The following theorem, apparently
due to Vlasov, was cited in [8].

Theorem 13 (Vlasov). Suppose that K is a closed subset of a Hilbert space. The
following statements are equivalent.

(1) The metric projection ΠK is radially continuous.
(2) The set K is convex.

Now we will consider subsets of `∞(n) and obtain a theorem analogous to The-
orem 13. First, some definitions. The metric projection, ΠK , is said to be lower
semicontinuous if the set {v : ΠK(v) ∩ U 6= ∅} is open for every open set U . It
is sometimes convenient to use the following equivalent definition of local lower
semicontinuity. The metric projection, ΠK , is lower semicontinuous at x if for ev-
ery z ∈ ΠK(x), for every sequence {xm} → x, and for every ε > 0 there exists a
natural number N such that for all m ≥ N there exists ym ∈ ΠK(xm) such that
‖ym − z‖ < ε. Let E := {e1, . . . , en} be the canonical basis of Rn.

Theorem 14. Suppose that K is a closed subset of `∞(n). Then the following
statements are equivalent.

(1) The set K is convex.
(2) For every A ∈ R(K), the metric projection ΠA is radially continuous.

Proof. We assume without loss of generality that K is compact. If u ∈ Rn and
1 ≤ i ≤ n, we denote the ith coordinate of u by u(i).

Suppose that K is convex but there exists A ∈ R(K) and x ∈ Rn\A such
that ΠA is not radially continuous at x. Since continuity of the metric projection is
equivalent to lower semicontinuity of the metric projection in the finite-dimensional
setting, there exists y ∈ ΠK(x) such that ΠK restricted to {x+λ(x− y) : λ ≥ 0} is
not lower semicontinuous at x, i.e., there exists a sequence {λm}, which decreases
to 0, a vector z ∈ ΠK(x) and a positive real number ε such that, with xm :=
x + λm(x − y), we have d(z,ΠK(xm)) ≥ ε for every natural number m. We also
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have

‖xm − z‖ ≤ ‖xm − x‖+ ‖x− z‖
= ‖xm − x‖+ ‖x− y‖
= ‖xm − y‖
= d(xm,K)

where the last identity is true because K is a sun. Thus z ∈ ΠK(xm), a contradic-
tion.

Conversely, suppose K is not convex. Then, rotating and rescaling if necessary,
there exists β > 0 such that, with z = βen, we have [z,−z] ∩ K = {z,−z} and
B(0, 1)∩K = ∅. Since K is compact, there exists γ > 0 such that B(−ηen, 1)∩K
is empty for 0 ≤ η < γ but nonempty for η > γ. Choose w ∈ ΠK(−γen).

By Lemma 4, span{en} is contained in the universal cone of `∞(n). By the
choice of w and Corollary 9, z ∈

⋃
m>1Bm, where Bm := B(ym, rm), with ym =

w+m(−γen−w) and rm = ‖ym−w‖ = m‖γen+w‖. Thus there is an m0 > 1 such
that Bm ∩K is empty for 1 < m < m0 but nonempty for m > m0. Let x := ym0 .
We will show that ΠK is not radially continuous at x.

Let Fw be the union of all of the faces of B[x, rm0 ] which contain w. If b ∈ Fw
and m > m0, let σ satisfy the equation x = σym + (1 − σ)w. Then σ ∈ (0, 1).

If b̂ := σb + (1 − σ)w, then b̂ ∈ Fw, so ‖b̂ − x‖ = ‖w − x‖ and it follows that
σ‖b− ym‖ = σ‖w − ym‖. Hence b ∈ B[ym, rm]. It follows that for every m > m0

FwıS[ym, rm].(3)

By the definition of m0, for every m > m0,

d(ym,K) < rm.(4)

Suppose that mj ↓ m0 and there exist hj ∈ ΠK(ymj ) such that hj → w. Since
no hj is in B(x, rm0), there exists an N ∈ N such that for every j ≥ N the line
segment [ymj , hj ] must intersect Fw. By (3), ‖ymj − hj‖ ≥ rmj , which contradicts
(4). Thus ΠK is not radially continuous at x.
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convex sets,, J. Math. Anal. Appl. (to appear). MR 95b:41041
12. R. Huotari and W. Li, Continuity of metric projection and geometric consequences, (submit-

ted)
13. V. Klee, Convex bodies and periodic homeomorphisms, Trans. Amer. Math. Soc. 74 (1953),

10-43. MR 14:989d
14. V. Klee, Convexity of Chebyshev sets, Math. Annalen 142 (1961), 292–304. MR 22:12367
15. L.P. Vlasov, Chebyshev sets in Banach spaces, Soviet Math. Dokl. 2 (1961), 1373–1374. MR

24:A1596
16. L.P. Vlasov, Approximately convex sets in Banach spaces, Dokl. Akad. Nauk. SSSR 163

(1965), 18–21. MR 34:6497
17. L.P. Vlasov, Chebyshev sets and approximately convex sets,, Math. Notes Acad. Sc. USSR 2

(1967), 600–605. MR 35:5904
18. L.P. Vlasov, On Chebyshev sets, Sov. Math. Dokl. 8 (1967), 401–404. MR 35:5903
19. L.P. Vlasov, Almost convex and Chebyshev sets, Math. Notes Acad. Sc. USSR 8 (1970),

776–779. MR 43:2476

Department of Mathematics, Idaho State University, Pocatello, Idaho 83209

Current address, R. Huotari: Department of Mathematics and Statistics, Utah State Univer-
sity, Logan, Utah 84322-3900

Permanent address, J. Shi: Allianz Insurance Company, 3400 Riverside Dr., Suite 300,

Burbank, California 91505

E-mail address: huotari@isu.edu


