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ABSTRACT. Let E be a separable strictly convex Banach space of dimension
at least 2. It is shown that there exists a nonempty compact connected set
X C E such that the nearest point mapping px : E — 2F is not single valued
on a set of points dense in E. Furthermore, it is proved that most (in the
sense of the Baire category) nonempty compact connected sets X C E have
the above property. Similar results hold for the furthest point mapping.

1. INTRODUCTION

Throughout this note E denotes a strictly convex Banach space with dimE > 2,
and 2F the family of all nonempty subsets of E. Additional assumptions about E
will be made when needed. Set

C(E) = {X € 2F|X is compact and connected}.

The space C(E) is endowed with the Hausdorff distance h, under which it is a
complete metric space.

For X a nonempty compact subset of E, we consider the nearest point mapping
px : E — 2F and the furthest point mapping gx : E — 2F defined, respectively, by

px(a) ={z € X[|z —al| =d(a, X)} and gx(a) ={zx € X[[|z —a] = e(a, X)},

where d(a, X) = inf{||x — a|| |z € X} and e(a, X) = sup{|jz — a| |z € X }.

In a metric space M, an open (resp. closed) ball with center € M and radius
r > 0 is denoted by By (z,r) (resp. B(z,r)).

By a result of Steckin [2], it is known that for each nonempty compact set X C E,
px is single valued on a residual subset of E. On the other hand, Zamfirescu [3]
has recently proved that for most (in the sense of the Baire category) nonempty
compact sets X C R%, d > 2, the nearest point mapping px is not single valued on
a set of points dense in R®. In this note it is shown that the result of Zamfirescu
remains valid in any strictly convex separable Banach space E. Furthermore, it is
proved that for most nonempty compact connected sets X C E, with E as before,
the nearest point mapping is not single valued on a set of points dense in E. Similar
results hold for the furthest point mapping.
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2. MAIN RESULTS

Theorem 1. Let E be a separable strictly convexr Banach space, with dimE > 2.
Let Cy be the set of all X € C(E) such that the nearest point mapping px : E — 2F
is not single valued on a set of points dense in E. Then Cy is a residual subset of
C(E).

Proof. Let A C E be countable and dense in E. For k € N, let Q) be the set of all
rational numbers r with 0 < r < 1/(2k). For a € A, k € N and r € Qy, put:

N, ={X €C(E)|a € X},
Now ={X € C(E)|d(a, X) > 1/k},
Nair = {X € Ny k|px is single valued at each point of Bg(a,r)}.

We claim that A, is nowhere dense in C(E). Suppose the contrary. Since N,
is closed in C(E), there exist X € N, and ¢ > 0 such that Beg(X,e) C No. If
a is an interior point of X we fix 0 < € < ¢ so that Bg(a,£) C X and define
Y = X\ Bg(a,£/2). Since Y € C(E)\ N, and h(Y, X) < ¢, a contradiction follows.
If a is in the boundary of X we take u € E\ X such that 0 < |Ju — a]| < /2 and

define Y = X +a—wu. Since Y € C(E)\ N, and h(Y, X) < ¢, again a contradiction
follows. Hence N, is nowhere dense in C(E).

Claim. Ny 1, is nowhere dense in C(E).

Postponing the proof of this claim, define

N_<UNa>u U U U Nar

a€A a€AKEN reQy

Clearly N is of the Baire first category in C(E). To complete the proof of the
theorem it suffices to show that C(E) \ NV C Cy.

Indeed, let X € C(E)\\N. Let x € E and € > 0 be arbitrary. Let a € ANBg(z,¢).
Let k € N be such that d(a, X) > 1/k, thus X € N, .

Take r € Qy, satisfying 0 < r < & — |la — z|. Since X € Ngi \ Nak,r, there
exists a point u € Bg(a,r) such that px(u) contains at least two different points.
As u € Bg(z,¢), and z € E and € > 0 are arbitrary, it follows that X € Cy. Hence
C(E)\ NV C Cy and Cy is residual in C(E), for C(E) \ NV is so. This completes the
proof.

Theorem 2. Let E be as in Theorem 1. Let Cy be the set of all X € C(E) such
that the furthest point mapping qx : B — 2F is not single valued on a set of points
dense in E. Then Cy is a residual subset of C(E).

Proof. Let A C E be countable and dense in E. Let QT be the set of all strictly
positive rationals. For a € A and r € Q7, define

Mgy ={X €C(E)|X \ {a} # 0 and ¢x is single valued
at each point of Bg(a,r)}.
Claim. M, is nowhere dense in C(E).

Postponing the proof of this claim, define

M = <U{a}>u U U Manr

a€A a€AreQ+t
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From the claim and the fact that each set {a}, with a € A, is nowhere dense in
C(E), it follows that C(E) \ M is residual in C(E). Furthermore, as in the proof of
Theorem 1, one can show that C(E) \ M C C;. Hence also C; is residual in C(E),
completing the proof. O

Set K(E) = {X € 2F|X is compact}. The space K(E) is endowed with the
Hausdorff distance, under which it is a complete metric space.
The following Theorem 3 and Theorem 4 can be proved as Theorem 1 and

Theorem 2, respectively. Theorem 3 generalizes a result obtained by Zamfirescu
[3].

Theorem 3. Let E be as in Theorem 1. Let K be the set of all X € K(E) such
that the nearest point mapping px : E — 2F is not single valued on a set of points
dense in E. Then Ky is a residual subset of K(E).

Theorem 4. Let E be as in Theorem 1. Let K1 be the set of all X € K(E) such
that the furthest point mapping qx : B — 2F is not single valued on a set of points
dense in E. Then K1 is a residual subset of K(E).

In view of Theorem 1 one has that most sets X € C(E) are perfect and nowhere
dense in E. Moreover, from Theorem 3 and the fact that C(E) is nowhere dense in
K(E), it follows that most sets X € IC(E) are perfect, not connected and nowhere
dense in E.

3. COMPLETION OF THE PROOFS
The following two lemmas are used in order to complete the proof of Theorem 1.

Lemma 1. Let Z be a normed space. Let a,u,v € Z be such that |[u — a| =
lv—all=7r, u—a# —(v—a). Then, for every X € [0,1],

‘ Mu—a)+(1-=XN(v—a)
Mu—a)+ (1 =A)(v—a)
Proof. Tt follows from Schéffer [1, p. 6].

< o —ul.

”T+a—u

Lemma 2. Let Z be a normed space. Let a,u € Z, a # u. Fort € R, set
vy =a+t(u—a). Then for every x € Bg(a,r/2), where r = ||u—al|, and for every
t' >t >1 we have

ve — 2|l < [Jlve — ]|
Proof. In the contrary case there exist 2y € Bg(a,r/2) and t; >ty > 1 such that

l[vt, —@ol| < [lvig—ol|. Clearly, |lvy, —xol| = [lvr, —all=|lzo—al > r—r/2 > [[zo—al.
Let 0 < s < 1 be such that vy, = svy, + (1 — s)a. Then

l[vtg = zoll = [Isve, + (1 = s)a — o
< sllor, — ol + (1 = s)[la — |
< sllog — ol + (1 = 8)[lvey — zoll = [Jvrg — ol
a contradiction. This completes the proof.

To complete the proof of Theorem 1 it remains to show that the following claim
is true.

Claim. Ny 1, is nowhere dense in C(E).
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Proof. Indeed, let X € Ny, and 0 < ¢ < min{r,u — 1/k} be arbitrary, where
u = d(a,X). Note that e < p/2, for u > 1/k > 2r > 2¢. Using an idea from
Zamfirescu [3], take 3 € X and g2 € E satisfying ||, — a|| = u, ¢ = 1,2, and
|51 — 72|l = €/8. Observe that §j» — a # —(§j1 — a) since, in the contrary case,
e/8 = (g1 —a) — (§2 — a)|| = 2u > 4e. Denote by v(§1, =) the arc, with end points
y1 and 7o, given by

v(G1,92) = {|(1 — N1 —a)+ A(J2 — a)

(1 =M@ —a) + A(F2 — a)||

This is well defined, for g2 — a # — (g1 — a). Furthermore, for i = 1,2, set

u+a|Ae[o,1]}.

- [SE.
yi = ¥i — — (i — a), u; = a+ — (7 — a),

i 8u
and define Y = X U191 Uyag2 U~(§1,J2). Here y;9;, i = 1,2, denotes the segment
in E with end points y; and ¢;. Clearly Y € N, i, because Y € C(E) and d(a,Y) =
w—e/d>1/k. Uy € yi191 Uyaga then d(y, X) < 3e/8, while if y € v(§1,72), by
Lemma 1 one has d(y, X) < ||§1 — 2| = €/8. Hence h(Y,X) < 3e/8 < /2.

Set

(3.1)

» = min ly2 = uall = llyr —wall Jlyr — wall — [ly2 — uafl 1 L (i, o), =
2 ’ 2 "3 ’ 16 |’

where 6(y191, y2b2) = inf{||x1 — 2| |z1 € Y171, T2 € y202}. Observe that p > 0,
because E is strictly convex and 6(y171,y282) > 0. Furthermore, Beg)(Y,p) C
Na,k, since each Z € Beg) (Y, p) satisfies d(a, Z) > d(a,Y)—h(Z,Y) > p—e/4—p >
w—e>1/k.

Let Z € BC(E) (Y, p). Set

Z =ZN Bg(a, |y — a| + p), Zi = Z0 (yi§i + pB), i=1,2,

where B = EE(O 1). We have Z; £0,i=1,2, 710 2y = a, Z1UZy = 7.
Indeed, for i = 1,2, y; € Y C Z + pB; thus, for some z; € Z, [2i — will < ps
which implies [|z; —all < [|lyi — al + p. As z; € Zi, i =1,2, the sets Z; and Z, are
nonempty. Let us show that Z1 N Z2 = @. Supposing otherwise, let z € Z1 N Z2
Then, for some v; € y;§; we have ||v; — z|]| < p, i = 1,2, and so §(y171, y282) <
lvr — va| < Jlox — 2| + |Jva — z|| < 2p, a contradiction. Hence Z; N Zy = @. It
remains to prove that Zl U Zg = Z. To this end, let z € Z. Then z € Z and
lz—al| <|lyr—al|l +p<p—c/d+e/16 = 1 — 3¢/16. Since z € Z C Y + pB, for
some y € Y we have ||z —y|| < p. if y € X U~(71,72), then ||y — a|| > p and so

> eyl > lly—all -z —af > se) 3
pzlz=ylzlly-al=lz-alzp-{r-1c) =15

a contradiction to equality (3.1). Hence y € 3191 U yage. Since z = y + ( -y)
€ (o1 + pB) (y2G2 + pB) and z € Z is arbitrary, it follows that 7 C Zy U Zs.
The reverse inclusion being trivial, we have Z1 U Z2 Z.
Now let u € ujus be arbitrary. We have

(3.2) d(u, Z) < d(u, Y1),
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where Y1 = X U (1, 72) + pg. In order to prove (3.2) take z; € Z such that
[ly1 — z1]] < p. Clearly,

3e
= 1)) < =l 4 s = gl + lyn = 1]} < s — o] + (u— g) .

Furthermore, ||uy — uz|| = €||g1 — 72|/ (8n) = €2/(64u) < /8, for € < p. Hence
|lu — 21| < o —&/4 + p, which yields
(3.3) d(u, Z) < p— Z +p.
On the other hand, let y € Y; be arbitrary. Then y = z + v, for some z €
X UY(51,92) and v € pB. As [lu—y| = |z —al| = lu—al| = [lv]| = p—¢/8—p, we
have

€
(3.4) d(u,Y1) > p— 3P

Combining (3.3) and (3.4) gives (3.2), since u —&/8—p > pu—c/d+p.

By virtue of (3.3), each z € pz(u) satisfies ||u —z|| < p—e/4+p= ||y1 — a| + p;
thus z € Z. Furthermore, (3.2) implies pz(u) NY; = @, from which, in view of the
definition of Y, it follows that pz(u) C (y1§1 + pB) U (4232 + pB). Hence

pz(u) C 21 U Zg.

Let 2z € Zs be arbitrary. Let y € yaf2 be such that ||y — z|| < p. By Lemma 2,
ly —wrll = [ly2 = uall. Since [Juy — 2]l = flus —yll = p = [[ur — w2l — p, we have

(3.5) ur — | < d(ur, Zs) + p.

Clearly d(u1, Z1) < |lus — y1| + p, for Z1 N Be(y1,p) # . Moreover, [luy — 1| <
[lur — y2|| — 2p, by virtue of the definition of p. Thus, d(u1, Z1) < ||u1 — y=2|| — p.
Combining this with (3.5) gives

(3.6) d(u1, Z1) < d(uy, Zs).

Analogously one can show that d(us, Z1) > d(ua, Z3). From this, (3.6) and the
continuity of the function u — d(u, Z1) — d(u, Z3) from ujus to R, it follows that
there exists at least one point u € ujuy such that d(u, Z1) = d(u, Zs). Furthermore,
it is easy to see that d(u, Z) =d(u,Z), 1 =1,2, and so Pz (u) C pz(u), i =1,2.
Consequently, pz(u) contains at least two different points, since Zl ﬂZg = . Hence
Z € Nak \ Nak,r. Since Z is arbitrary in Beg)(Y, p), it follows that Be)(Y, p) N
Nuk.r = @, completing the proof.

To complete the proof of Theorem 2 it remains to show that the following claim
is true.

Claim. N, is nowhere dense in C(E).

Proof. Indeed, let X € M, , be arbitrary. Let 0 < ¢ < min{r,v}, where v =
e(a, X). Let §1 € X and §o € E satisty ||§; —al| = v, i = 1,2, and ||§; — 92| = /4.
Fori=1,2, set

- £,
yi = Ui + 7— (9 — a), u; =a+ — (¥ — a),

2v 8v
and define Y = X Uy191 Uyega Ug152. Clearly, Y € C(E) and h(Y, X) < 3e/4.
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Let Z € Beg) (Y, p) be arbitrary, where p is given by (3.1). Set
Zi =70 iy + pB),  i=1,2.

It is evident that 77, Zs # @. Furthermore, Z; N Zs = @. Supposing otherwise, let
z € Z1 N Zy. Then for some v; € y;7;, i = 1,2, we have ||z — v;]| < p, i = 1,2, and
50 3p < e(y171, y282) < ||lv1 — v2|| < 2p, a contradiction. Let u € ujus be arbitrary.
Since each y € Y1 = (X U §1s) + pB satisfies |u — y|| < |ly — a|| + ||u — a| <
(v + p) +¢/8, we have

(3.7) e(u, Y1) < v+ g +p.

Let z € Z N Bg(y1,p). Clearly,
e(u, Z) Z [lu—z| =z lu =l — llz — vl
> flur =1l = [lur —ull = p = flur — yal| = [lur — uall — p.
Moreover, ||uy —y1|| = v+3¢/8, and ||u; —ua|| = €||§1 — §=||/(8v) = £2/(32v) < ¢/8,
since € < v. Hence,
(3.8) e(u,Z) > v+ Z —p.
By virtue of (3.7) and (3.8), observing that v 4+ ¢/8 + p < v +¢/4 — p, it follows
that
e(u, Y1) <e(u, 2).

This implies ¢z (u) N'Y; = @ and so, from the definition of Y, ¢z(u) C Z; U Zs.
Let z € Z1. Let y € y171 be such that ||y — z|| < p. Using (3.1), we have

ur — 2l < flur =yl +ly — 2l < llwa —wnll +p < [lur —w2ll = p
< lur = oll + [lv = g2l = p < [lur — vl < e(ur, Z2),
for some v € Zs N Bg(y2, p), and so, since z € Z; is arbitrary,
e(ur, Z1) < e(uy, Za).

Likewise one can show that e(uz, Z1) > e(uz, Z2). Then, arguing as in the proof of
the preceding claim, one proves that M, , is nowhere dense in C(E). This completes
the proof.

REFERENCES

1. J. J. Schéffer, Geometry of spheres in normed spaces, Dekker, New York, 1976. MR 57:7120

2. S. B. Steckin, Approzimation properties of sets in normed linear spaces, Rev. Roumaine Math.
Pures Appl. 8 (1963), pp. 5-13. MR 27:5018

3. T. Zamfirescu, The nearest point mapping is single valued nearly everywhere, Arch. Math.
(Basel) 51 (1990), pp. 563-566. MR 91k:41061

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI RoMA IT (TOR VERGATA), VIA DELLA RICERCA
SCIENTIFICA, 00133 RoMA, ITALY

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI L’AQUILA, VIA VETOIO, 67100 L’AQUILA,
ITALy
E-mail address: myjak@axscaq.aquila.imtn.it



