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ON THE SYZYGIES OF FLAG MANIFOLDS

LAURENT MANIVEL

(Communicated by Eric M. Friedlander)

Abstract. We show that on a complex flag manifold, a very ample line bundle
which is a p-th power has property Np in the sense of Green and Lazarsfeld.
This is a partial answer to a problem raised by Fulton.

1. Introduction

Let X be a smooth complex projective variety, and L a very ample line bundle on
X defining an embedding of X into the projective space of hyperplanes of Γ(X,L).
Recall that L has property N0 if X is embedded as a projectively normal subvariety,
property N1 if, moreover, its ideal is generated by quadrics, property N2 if the
syzygies of a minimal set of quadratic generators are linear, and property Np if this
linearity property holds up to the syzygies of order p− 1.

Ein and Lazarsfeld recently obtained general results about properties Np of ad-
joint bundles of very ample line bundles [E-L]. Namely, they proved that if L is a
very ample line bundle on some n-dimensional smooth projective variety X , and
M is a numerically effective line bundle, then KX ⊗Ln+p+1⊗M has property Np.

An outstanding problem, which was raised by Fulton ([E-L], Problem 4.5), is to
understand properties Np of complex rational homogeneous spaces embedded by
their very ample line bundles. Even for the simplest cases of Veronese embeddings
of projective spaces, the answers seem to be unknown. Needless to say that, as
for Plücker embeddings of grassmannians, the syzygies are extremely difficult to
compute.

In this note, we try to understand the case of an ordinary flag manifoldX = G/P ,
where G = Sl(V ) is the special linear group of some complex vector space V and
P is a parabolic subgroup. A very ample line bundle Lµ on X is defined by some
character µ of G, restricted to P . Our main result will be the following:

Theorem. Suppose that the line bundle Lµ is a p-th power of an ample bundle or,
more generally, that Lµ = L⊗pν ⊗ Lρ, where Lν is ample and Lρ is generated by
global sections. Then Lµ has property Np.

Recall that Lµ embeds X = G/P into the projective space P(SµV
∗) of hyper-

planes of the so-called Schur power SµV , which is the space of global sections of
Lµ on X , and an irreducible G-module of highest weight µ.
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Similar results were obtained by Kempf for abelian varieties [Ke]. Note that the
general results of Ein and Lazarsfeld would only imply property Np when Lµ is
a p + a(X)-th power of an ample bundle, for some large constant a(X) close to
the dimension of X . For example, when X is a grassmannian of r-planes of the
d-dimensional vector space V , a(X) = (r−1)(d−r−1) is the Castelnuovo-Mumford
regularity of the very ample generator of the Picard group of X .

Our approach is based on the cohomological criterion of Green and Lazarsfeld
for property Np to hold, which involves the kernel of the evaluation map of the
given line bundle. In the context of flag manifolds, we construct this evaluation
map through repeated applications of Schur functors, and we deduce from that
interpretation suitable resolutions of its kernel. We are then reduced to proving
certain vanishing theorems for homogeneous vector bundles, which we deduce from
Bott’s theorem.

2. Preliminaries

2.1. Syzygies of projective varieties. Let X be a smooth n-dimensional pro-
jective variety, and L a very ample line bundle on X , defining an embedding

ϕL : X ↪→ P(V ∗),

where V = Γ(X,L) is the space of global sections of L. The algebra

R =
⊕
k

Γ(X,L⊗k)

is a graded module over the symmetric algebra S of V . Consider a minimal resolu-
tion of R by free S-modules:

· · · →
⊕
i

S(−ai,j)→ · · · →
⊕
i

S(−ai,1)→
⊕
i

S(−ai,0)→ R→ 0.

The integers ai,j are called graded Betti numbers of X embedded by L. More-
over, L is said to have property N0 if this embedding is projectively normal, i.e.,⊕

i S(−ai,0) = S, and to have property Np, p ≥ 1, if moreover ai,j = j + 1 for
1 ≤ j ≤ p. Otherwise said, X has property N1 when its homogeneous ideal is
generated by quadrics, property N2 if, moreover, the syzygies between a minimal
set of such quadratic generators are linear, and so on.

Property Np is equivalent to a simple cohomology condition ([E-L], Lemma 1.6).
Indeed, denote by M the kernel of the evaluation map of L:

0→M → V ⊗OX → L→ 0.

Suppose that H1(X,L⊗l) = 0 for l > 0. Then L has property Np if and only if
H1(X,∧iM ⊗ L⊗l) = 0 for l > 0 and 1 ≤ i ≤ p + 1. This is the cohomological
criterion we want to apply on flag manifolds.

2.2. Schur complexes. Let V be a complex vector space of dimension d, and µ
a nonincreasing sequence of d relative integers. Such a sequence identifies with a
dominant weight of the linear group Gl(V ), and therefore defines an irreducible
rational Gl(V )-module denoted by SµV , and called the Schur power of V of expo-
nent µ. This rational module is polynomial precisely when the components of µ
are nonnegative, in which case we consider µ as a partition, and denote by |µ| the
sum of its parts.
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Suppose given an exact sequence of vector spaces 0 → A → B → C → 0. It
is well known that any symmetric or wedge power of C can then be resolved by
tensor products of wedge and symmetric powers of A and B. More generally, we
can obtain a resolution of any Schur power of C ([La], Lemma 1.9.1).

Proposition. Let µ be a partition. There is a complex C•µ → SµC → 0, whose j-th
term is

Cjµ =
⊕
|ν|=j,ρ

cµν,ρSν∗A⊗ SρB,

where ν∗ is the conjugate partition of ν, whose j-part is the number of parts of ν
greater or equal to j, and cµν,ρ is a Littlewood-Richardson coefficient, that is, the
multiplicity of SµD in the tensor product SνD ⊗ SρD for some vector space D of
large enough dimension. In particular, the length of this complex is |µ|, and

C0
µ = SµB, C|µ|µ = Sµ∗A.

Proof. Tensor the given exact sequence by some auxiliary vector space D, write the
usual resolutions of symmetric powers of C, for example, use the Cauchy formulas

Sm(V ⊗W ) =
⊕
|µ|=m

SµV ⊗ SµW, ∧m(V ⊗W ) =
⊕
|µ|=m

Sµ∗V ⊗ SµW

to decompose wedge and symmetric powers of tensor products, and conclude by
factoring out each Schur power of D with the help of Schur’s lemma for Gl(D).

We will use repeatedly the following standard lemma to deduce vanishing prop-
erties of cohomology groups from suitable resolutions or filtrations:

Lemma. Let E be some vector bundle on X.

• Suppose that a resolution E• → E → 0 is given, and that Hq+j(X, Ej) = 0
for all j ≥ 0. Then Hq(X,E) = 0.
• Suppose that a filtration of E is given, and denote by grE the direct sum of

the successive quotients of that filtration. If Hq(X, grE) = 0 for some q ≥ 0,
then Hq(X,E) = 0.

3. Borel-Weil-Bott theory on flag manifolds

3.1. Preliminaries. Let G = Gl(V ) be a complex linear group, T a maximal
torus, B a Borel subgroup containing T , and P a parabolic subgroup containing
B. Denote the characters of T by ε1, . . . , εd, choose the εi − εj for i < j as a set
of positive roots, and denote by αi = εi− εi+1 the corresponding simple roots. Let
the ωi = ε1 + · · · + εi, 1 ≤ i ≤ d, be the fundamental weights. We suppose that
B is generated by the negative roots, and that P is generated by B and a set of
positive roots {αi, i ∈ I}.

The homogeneous space X = G/P can then be identified as the manifold of
flags V , consisting of subspaces the codimensions of which are given by I. On X is
defined a tautological flag of vector bundles

0 = Tn+1 ⊂ Tn ⊂ · · · ⊂ T1 ⊂ T0 = V,

where we still denote by V the trivial bundle of fiber V . We denote by Qi = Ti/Ti+1

the successive quotients of the tautological flag, and their ranks by ri, 0 ≤ i ≤ n.
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3.2. Bott’s theorem on flag varieties. Let us call a weight λ P -dominant if
(λ, αi) ≥ 0 for i /∈ I. Among P -dominant weights are the characters of P , for
which (λ, αi) = 0 if i /∈ I. Each P -dominant weight λ defines an irreducible
representation of P , hence an irreducible homogeneous vector bundle Eλ on X .
When λ is a character, we obtain a line bundle which we rather denote by Lλ.
Note that the Levi factor of P is isomorphic to Glr0 × · · · ×Glrn , and that there is
an isomorphism

Eλ ' Sλ0Q0 ⊗ · · · ⊗ SλnQn,

if we write λ = (λ0, . . . , λn) with λi a nonincreasing sequence of integers of length
ri: such a sequence defines a dominant weight of Glri , hence an irreducible repre-
sentation that we denote, as usual, as a Schur power. When λi has nonnegative
components, we will consider it as a partition.

Let δ = ω1 + · · · + ωd be the sum of the fundamental weights. Recall that a
weight λ is said to be regular if (λ, α) 6= 0 for every positive root α, and that its
index is then defined as the number of positive roots α for which (λ, α) < 0. We
will need the following partial version of Bott’s theorem [De]:

Theorem. Let λ be a P -dominant weight. Then Hq(X, Eλ) 6= 0 if and only if λ+δ
is regular of index q.

3.3. Vanishing theorems. We shall derive from Bott’s theorem several vanish-
ing properties of the cohomology groups of homogeneous vector bundles on flag
manifolds.

Proposition. Suppose that Lµ is a very ample line bundle on X that can be written
as L⊗lν ⊗Lρ, for Lν very ample, l > 0 and Lρ globally generated. Let λ0, . . . , λn be
partitions, and λ = (λ0, . . . , λn). Suppose that |λ| ≤ q + l for some q > 0. Then

Hq(X, Eλ ⊗Lµ) = 0.

Proof. We have Eλ = Sλ0Q0 ⊗ · · · ⊗ SλnQn and Lµ = (detQ0)l0 ⊗ · · · ⊗ (detQn)ln ,
and our hypothesis on Lµ is equivalent to the inequalities li − li+1 ≥ l. Suppose
that the preceding cohomology group is nonzero. Following Bott’s theorem, this
means that λ + µ + δ is regular of positive index q. This weight decomposes into
blocks (ρ0, . . . , ρn), with

ρi = (λi,1 + li +Ri, . . . , λi,j + li +Ri + 1− j, . . . , λi,ri + li +Ri+1 + 1),

where Ri = ri + · · ·+ rn. Suppose that the j-th component of ρi gives rise to qi,j
inversions with components of λ+ µ+ δ sitting on its right. Since ρi is decreasing,
these components must be in different blocks. If qi,j > 0, consider among these
components the one on the extreme left: it is the j′-th component of some ρi′ for
i′ < i, and the corresponding inversion amounts to the inequality

λi,j + li +Ri + 1− j > λi′,j′ + li′ +Ri′ + 1− j′.

But (Ri + 1− j)− (Ri′ + 1− j′) ≥ qi,j by hypothesis, and λi′,j′ ≥ 0, hence

λi,j > li′ − li + qi,j ≥ l + qi,j .

Summing over the nonempty set of those λi,j which are responsible for the inversions
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of λ+ µ+ δ, we finally get

|λ| ≥
∑
i,j

λi,j ≥
∑
i,j

(qi,j + l + 1) ≥ q + l + 1.

The proposition is proved.

Thanks to Schur complexes, we can derive from the previous proposition other
vanishing theorems, now for nonirreducible homogeneous vector bundles. If ρ1, . . . ,
ρn are partitions, let

Fρ = Sρ1(V/T1)⊗ · · · ⊗ Sρn(V/Tn).

Corollary. With the same hypothesis as in the previous proposition, suppose that
|λ| ≤ q + l for some q > 0. Then

Hq(X, Eλ ⊗Lµ ⊗Fρ) = 0.

Proof. We proceed by backward induction on the smallest integer m such that
ρi = 0 for i < m. If m = n + 1, we are reduced to the previous proposition. If
m ≤ n, consider the short exact sequence 0 → Qm → V/Tm+1 → V/Tm → 0, and
the associated Schur complex, S•ρm → Sρm(V/Tm)→ 0, with

Sjρm =
⊕
|α|=j,β

cρmα,β∗SαQm ⊗ Sβ(V/Tm+1).

To prove that Hq(X, Eλ⊗Lµ⊗Fρm,...,ρn) = 0 for q > 0 and |λ| ≤ q+ l, it is enough
to verify that

Hq+j(X, Eλ ⊗Lµ ⊗ Sjρm ⊗Fρm+1,...,ρn) = 0

for j ≥ 0. But this bundle decomposes into a direct sum of vector bundles of the
form

Eν ⊗Lµ ⊗Fσm+1,ρm+2,...,ρn ,

with |ν| = |λ|+ j, so that |ν| ≤ q + j + l, and we are done by induction.

4. Embeddings of flag manifolds

4.1. The main theorem. Suppose that the line bundle Lµ on the flag manifold
X = G/P can be written as L⊗lν ⊗ Lρ, with Lν ample, l > 0 and Lρ globally
generated. Then Lµ is very ample and defines an equivariant embedding of X into
the projective space of hyperplanes of SµV . Our purpose is to prove the following

Theorem. The embedding X = G/P ↪→ P(SµV
∗) defined by the line bundle Lµ

has property Nl.

Let Mµ be the kernel of the evaluation map eµ : SµV → Lµ. Following Green’s
cohomological criterion, we have to prove that

H1(X,∧mMµ ⊗L⊗pµ ) = 0 for p > 0, 1 ≤ m ≤ l + 1.

Indeed, the condition H1(X,L⊗pµ ) = 0 for p > 0 is automatically verified on flag
manifolds, as follows from Bott’s theorem, or more simply from Kodaira vanishing.

Our strategy will be very simple. We will first interpret the evaluation map eµ as
a composition of morphisms obtained by applying Schur functors to simple quotient
morphisms. We will deduce from that interpretation a filtration of the kernel Mµ,
with quotients that have resolutions by Schur complexes. The previous vanishing
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will finally, again via Schur complexes, be a consequence of the vanishing theorems
we proved in the previous section.

4.2. The kernel of the evaluation map. Let us write µ =
∑n
i=0 mi(1

si), where
si = r0 + · · · + ri, and (1t) is the sequence whose first t components are equal
to one, the remaining ones being zeros. Our hypothesis on µ is that mi ≥ l for
0 ≤ i ≤ n−1, and we may suppose that mn = 0. Truncating µ, we define partitions
that can also be seen as characters of P ,

µ<j =

j−1∑
i=0

mi(1
si) and µ≥j = µ− µ<j ,

so that µ = µ<n ⊃ · · · ⊃ µ<1 ⊃ µ<0 = 0. We have the following description of the
evaluation map:

Lemma. The evaluation map eµ is the composition of the maps

ejµ : Sµ<j (V/Tj+1)⊗Lµ≥j → Sµ<j−1(V/Tj)⊗Lµ≥j−1

for 1 ≤ j ≤ n, the morphism ejµ being the twist by Lµ≥jof the Schur type morphism

f jµ : Sµ<j (V/Tj+1)→ Sµ<j (V/Tj) = Sµ<j−1(V/Tj)⊗ (detV/Tj)
mj−1

induced by the projection V/Tj+1 → V/Tj.

This follows, for example, from the fact that there is, up to scalars, only one
Gl(V )-equivariant map from SµV to Lµ. When X is a grassmannian with quotient
bundle Q of rank r, and µ = l(1r), then SµQ = (detQ)⊗l and the evaluation map
SµV → (detQ)⊗l is simply obtained by applying Sµ to the quotient map V → Q.
The previous lemma extends this interpretation to any flag manifold.

The maps ejµ being surjective, we get the following

Corollary. Let Nj = Ker ejµ and Kj = Ker(ejµ ◦ · · · ◦ enµ). Then Mµ = K1 and
there are short exact sequences

0→ Kj+1 → Kj → Nj → 0.

In particular, Mµ has a filtration with graded quotient bundle

grMµ = N1 ⊕ · · · ⊕Nn.

As a consequence, note that each tensor power M⊗mµ has an induced filtration
with graded quotient bundle

grM⊗mµ =
⊕

1≤i1,...,im≤n
Ni1 ⊗ · · · ⊗Nim .

4.3. Proof of the theorem. To prove that H1(X,∧mMµ⊗L⊗pµ ) = 0, it is enough

to show that H1(X,M⊗mµ ⊗ L⊗pµ ) = 0. Thanks to the previous corollary, it will
suffice to verify that

H1(X,Ni1 ⊗ · · · ⊗Nim ⊗L⊗pµ ) = 0

for every sequence i1, . . . , im. Recall that Ni is the kernel of a twisted Schur type
morphism, and can therefore be resolved by a truncated Schur complex. Namely,
we have complexes N •i → Ni → 0, with

N j
i =

⊕
|ν|=j+1,ρ

cµ
<i

ν,ρ Sν∗Qi ⊗ Sρ(V/Ti+1)⊗Lµ≥i .
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To prove the preceding vanishing, we just need to show that

Hq+1(X,N j1
i1
⊗ · · · ⊗ N jm

im
⊗L⊗pµ ) = 0

for j1 + · · ·+ jm = q. But this bundle decomposes into a direct sum of

Sν∗1Qi1 ⊗ Sρ1(V/Ti1+1)⊗Lµ≥i1 ⊗ · · · ⊗ Sν∗mQim ⊗ Sρm(V/Tim+1)⊗Lµ≥im ⊗L⊗pµ ,

with |ν1|+· · ·+|νm| = j1+· · ·+jm+m = q+m, and Lµ≥i1⊗· · ·⊗Lµ≥im⊗L⊗pµ can still

be written as L⊗lν ⊗Lσ, with Lσ = Lµ≥i1 ⊗· · ·⊗Lµ≥im ⊗L⊗p−1
µ globally generated.

We can therefore apply the Corollary from 3.3, which implies our previous vanishing
condition for |ν1|+ · · ·+ |νm| = q+m ≤ q+ l+ 1, that is, for l ≤ m+ 1. Our proof
is complete.
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