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ABSTRACT. We study the existence and uniqueness problems for Hermitian
harmonic maps from Hermitian manifolds with boundary to Riemannian man-
ifolds of nonpositive sectional curvature and with convex boundary. The com-
plex analyticity of such maps and the related rigidity problems are also inves-
tigated.

1. INTRODUCTION

In [JY1], Jost and Yau introduced and studied a nonlinear elliptic system of
second-order partial differential equations imposed on a map from a Hermitian
manifold into a Riemannian manifold. In many cases, this system is more appro-
priate to Hermitian geometry than the harmonic map system. To illustrate the
difference between this new system and the harmonic map system, we first fix some
notation. Let M be a compact complex manifold with nonempty smooth boundary.
h is a Hermitian metric on M which is compatible with the complex structure on
M. Let N be a Riemannian manifold with metric g and Christoffel symbols I'. A
harmonic map f from M to N is given by, in local coordinates,
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for i =1,...,dimN. A Hermitian harmonic map f from M to N is given by
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fori=1,...,dimN. It is well known that unless M is Kéhler a holomorphic map
does not have to be harmonic, i.e. satisfying (1.1). As pointed out in [JY1], (1.1)
and (1.2) are equivalent if M is Kéhler. Since (1.2) does not have a divergence
structure nor a variational structure, (1.2) is analytically more difficult than (1.1).
If N is Kéahler, the Kéhler structure forces all 4, j, k in F;k with bar, the complex
conjugate, or all without bar, hence a holomorphic map satisfies (1.2) in this case.
The following existence and uniqueness result was obtained in [JY1] via the heat
flow method.

(1.2)
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Theorem 1.1 (Jost-Yau). Let M be a compact complex manifold with nonempty
smooth boundary OM and Hermitian metric h. Let N be a Riemannian manifold
of nonpositive sectional curvature. Let ¢ : M — N be continuous. Then there is a
unique Hermitian harmonic map f with flap = ¢lom and fis homotopic to ¢ with
respect to the fixed boundary value.

Throughout this paper, we assume that both domain and image manifolds have
smooth nonempty boundaries and the image space has nonpositive sectional curva-
ture. In section 2, we derive a maximum principle and use it to study the parabolic
system associated to the elliptic system, i.e. Hermitian harmonic maps. We show
that if a solution of the parabolic system stays initially in a domain with convex
boundary in the image space it remains so.

In section 3, we apply the result in section 2 and the result in [JY1] on the long
time existence of solutions for the Dirichlet problem when the image has no bound-
ary in order to solve the Dirichlet problem when the image space has nonempty
smooth convex boundary. The arguments we use in sections 2 and 3 are similar to
those for ordinary harmonic maps in [Ham].

In section 4, we consider the holomorpic extension problem for CR maps which
map the boundary of an astheno-K&hler manifold into the boundary of a Kahler
manifold with strongly seminegative sectional curvature. Note that in [JY1] a
complex manifold is called astheno-Kéhler if it carries a (1,1)-form with the fol-
lowing two properties: (1) w™ is a positive multiple of the volume form and (2)
00w™ 2 = 0. Note that if dimcM = 2, then M is automatically astheno-Kzhler.
Since we utilize the existence of Hermitian harmonic maps, we assume the bound-
ary of the image space is convex. As in [JY1] and [S1] a Bochner type formula
plays an important role in proving the complex analyticity of Hermitian harmonic
maps. We also need some convexity assumptions on the boundary of the domain
space, namely the trace of the Levi form is nonnegative, to control the boundary
integrals which arise from applying Stokes’s theorem.

We would like to mention that there are many works on rigidity problems by
using harmonic mappings, in Riemannian and Kéhler settings (for example [Co],
[GS], [TY1], [JY2], [JY3], [M1], [M2], [NS], [S1] and [S2]). In section 5, we apply our
existence result on holomorphic extension to study the biholomorphic equivalence of
an astheno-Ké&hler manifold M and a Kéhler manifold N both with bonudaries. We
show that under the assumptions on (M, M) and (N, IN) as in section 4, M and N
are biholomorphically equivalent provided there is a CR-diffeomorphism from oM
to ON which extends to a homotopy equivalence of M and N. We would like to
point out that a diffeomorphism between two CR manifolds is a CR-diffeomorphism
if it preserves the Cartan-Moser chains, due to a result of J.-H. Cheng [C].

We would like to thank P. Li and S.T. Yau for useful communications.

2. A MAXIMUM PRINCIPLE

Let M be a compact complex manifold with nonempty smooth boundary. Let NV
be a compact Riemannian manifold with nonempty smooth convex boundary and
S be a compact submanifold in N such that dimS = dim/N and 95 is convex. We
consider the parabolic system for Hermitian harmonic maps

f:M x[0,00) = N,
f(2,0) =g(z) for z € M,
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f(z,t) = g(z) for z € OM,0 <t < o0,

oft am( 90f s OffofkN .

5% = h (azaazﬁ + T 570 BZB>, =1,...,dimN.
Theorem 2.1. If f(z,a) € S and f(OM x [a,b]) € S, then f(M X [a,b]) € S.

Proof. Let o be a smooth function on N such that ¢ is negative inside S and
positive outside S; moreover, in a neighborhood of U of 05 choose ¢ equal to the
distance from 05, negative inside and positive outside. Set p = o o f. Then p is
smooth in the interior and continuous on M x [a,b]. Now we derive a parabolic
equation for p to satisfy. From the chain rule

op 0o Of

ot oyt ot

Also, we have
Ap = \/E‘l(aa(haﬁx/ﬁag)+ag(ha3\/ﬁaa>)p
_ 920 _ th‘E o fi hhaﬁ 9 Fi
B_U_(2haﬁ o f _+\/E 1(8(\/__ ) / +8(\/_ ) f_))
oy* 0220z 9z8  0z% 0z 98
_ofiofk 92
opB L2l
+2h Dz 9P ayjayk

_ 8270 _ i sk
= 2g;(haﬁ%+haﬁr;k%%)
+2haﬁ(%_ é‘kg_;)%g—;
i e (A WL
_ o827 _ i sk
_ i k
san (300 -, 20) SL 0L
Therefore, we have
_ 2 ok
o = 3o (G g ) g g

L (ﬂhaﬁa_p_ L9 haaﬂ)

4 0z% 928 9P 0z%

1,0h°% 9p 0P 9p
3G 9 97 B
Note that for ordinary harmonic maps, we do not have the last term in the above
equation (see [Ham]). Since 0S5 is convex by assumption, the second term on the
right-hand side can be handled as in [Ham, p. 103]. In fact, the symmetric matrix

0o , Oo
A= (e ~ gy
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is seminegative definite. Using the argument in [Ham, p. 104] for the largest and
smallest eigenvalues of A, we have

dp oh .5 Op oh . .5 9p
e < - - _ _ h—
ot A +Cp h (8zah o208 * azﬁh Bza)

(2.1) (aha[j ap ahﬂ@)
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for all z such that f(z) € U, where U is some neighborhood of S and the largest
and smallest eigenvalues of A(z) are Lipschitz (see p.104 in [Ham]). Suppose that
[ does not stay entirely in S. We can choose ¢ with a < ¢ < b so that f[y/x[a,
does not stay entirely in S but stays in S U U. Then we have p <0 on M x a and
OM X [a, ] since f maps into S there, and (2.1) holds if p > 0. Thus, Theorem 2.1
will follow from the maximum principle below.

Lemma 2.2. Let f be a continuous function on M X [a,b] with f < 0 on M X a
and on OM X [a,b]. Suppose that wherever f > 0 we have that f is smooth and

ar _ Oh .5 0f 3 0f
ot S =" 5.5, Eh 8z°‘>
(3’1“6 of | 3h“33_f)
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Then f <0.
We use the argument in [Ham]. Set u = e~(1*C)t f Then

u<0on M x aand OM X [a,b],
u > 0 and u is smooth, if f > 0,
Ny = e THOIA T
ou af
S O & )] Sl 1 (1+0)t
5 — ¢ 5 ~ (LT C)e” [
Hence, we have
ou 1 oh ou oh 7 Ou
9u L1y, w—h! ( pop 9% —_haﬁ—)
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Assume that u achieves its maximum at some point (z,t¢). Then if f is positive
somewhere, u(z,t) must be positive and z ¢ OM and ¢ > a. But

ou

Er —(z,t) >0,

ou

@(z,t) = 0,
Au(z,t) <0.

Hence u(z,t) < 0, which is a contradiciton. This completes the proof of Lemma 2.2.
O
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3. THE DIRICHLET PROBLEM

Now we solve a Dirichlet problem for Hermitian harmonic maps for image spaces
with smooth convex nonempty boundary.

Theorem 3.1. Let M be a compact complex manifold with smooth nonempty bound-
ary OM and N be a compact Riemannian manifold with smooth nonempty convex
boundary ON and of nonpositive sectional curvature. Let u : M — N be continuous
and u map OM into ON. Then there exists a unique Hermitian harmonic map
f: M — N with floyy = ulon and f is homotopic to u with respect to the fized
boundary value.

Proof. We will use an approximation argument. Set N. = {y € N : d(y,0N) > €}
for small positive e. Consider the following Dirichlet initial-boundary problem

Ofe a5 02fizt) | i OF7 OfF

7 — K™ € _ Fz_ “Je. 5_

ot he 029028 + Lk Oz 8zﬁ>
fe: M x [0,00)—>N,

fe(z,0) = uc(z) for z € M,

fe(z,t) = ue(z) for z € OM,0 < ¢ < o0,

,i=1,..,dimN,

where u, is a continuous map from M into N.. For any fixed € > 0, N, stays away
from ON. So we can apply the results in [JY1]. In particular, we have the long time
existence for f.. Since f. initially stays in N, Theorem 2.1 implies that f. remains
inside N, because for sufficient small positive € the boundary of N, is smooth and
convex. Then as shown in [JY1], there exists a subsequence f(z,t,) that converges
as t, goes to infinity to a smooth Hermitian harmonic map, still denoted by fe,
homotopic to u. and with fclonr = ue|ons-

Next, we choose the maps u. such that u. — u pointwise as ¢ — 0. Now it is
easy to see that N. — N and fc(-,t,) converge, by taking a diagonal subsequence
if necessary, to a Hermitian harmonic map f with f|sa = ulsas and homotopic to
u w.r.t. the fixed boundary data. O

4. APPLICATION 1: HOLOMORPHIC EXTENSION

Let (M,0M) and (N,9N) be two complex manifolds with smooth boundary. A
smooth map f : M — 0N is a CR-mapping if the differential df, of f restricted
to Hy(OM) = T,(0M) N JpT,(0M) is complex linear at every point p € M. f is
a CR-mapping if and only if it satisfies the tangential Cauchy-Riemann equation
Opf = 0f om = 0, where 7 is the orthogonal projection from T},(0M) to T},(OM) N
JuT,(OM) for any p € OM. Recall that the Levi form can be defined in terms of
the complex Hessian of a defining function for (M,dM). In fact, if {22,..., 2™} is
the compplex tangential holomorphic coordinates at p € M and p is the defining
function with |0p| = 1, then the trace of the Levi form with respect to the Hermitian
metric h at the point p is

i () =2 ().
;2 (P) 557 ()

The boundary OM of M is (strictly) pseudoconvex if the Levi form is positive
(definite) semidefinite at each point on OM. We recall a definition in [S1]. Let
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R denote the Riemannian curvature tensor on N. We say that N has strongly
seminegative curvature if

S Ry 5(AB7 — D7) (F B - DY)
a,B,7,6
is nonnegative for arbitrary complex numbers A%, B%, C% and D® when A°BB —

C*DPB +£ 0 for at least one pair of indices (a, 3). Clearly strongly seminegativity of
curvature implies seminegativity of sectional curvature.

Theorem 4.1. Let M be a compact astheno-Kdhler manifold with smooth non-
empty boundary OM such that the trace of the Levi form is nonnegative at each point
on OM. Let N be a compact Kdhler manifold of strongly seminegative curvature
whose boundary ON is convex. If ¢ € C2(M,N) satisfies the tangential Cauchy-
Riemann equation and maps OM to ON, then there exists a pluriharmonic map f
from M to N such that flopr = Ploar. Moreover, if the real rank of f is not less
than 3 at some point on OM, then f is holomorphic or conjugate holomorphic.

Proof. According to the existence theorem in [JY1], there is a Hermitian harmonic
map solving the Dirichlet problem. Since

DOw™ ™2 =0,
where m = dim M and
(0(g50f" NOFT) Nw™2)
= 00(g;50f" NOFT) Aw™ 2 — d(g;50f" AOFT) A ™2,
we have

0

/ 9501 NOFI A OBw™ 2
M

/ (a(gﬁéfi NOFT N Bw™2) — D(g50f AOFT) A Ewm—2))
M
= / 9550 NOFT AN D™ + / (0(g50f" ANOFI) Aw™2)
oM M
- / 90(g50f" NOFT) N w™ 2
M
= / 950 NOfT N D2 + / A(g70f" NOST) Nw™ 2
OM oM
—/ gﬁ(gﬁgfi A 8f7) Awm2
M
by Stokes’ theorem. As shown in [JY1] and [S1],
/ 58(gi7(§fi A 8f7) Aw™2
M
_ / (Risudf AL AOFENDST Aw™™2 = g=DBf! A D"OfT Aw™2).
M

Since w™ is a positive multiple of the volume form of M, the integrand on the
right-hand side is pointwise nonnegative as pointed out in [JY1]. Hence

(4.1) /M 30(g,501" A OST) A w2 <0,
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Next we will prove the boundary integrals are also nonnegative by using the as-
sumption Jpf = 0 on M and the Levi form. Since IV is Kéhler, we can take a
holomorphic normal coordinate neighborhood of f(p) € N. We have

B = 3(g50f NOfT) Nw™ 2+ gs0f AOFT A Dw™ 2
= Y (@Ff NOf —Df NOP ) AWTE Y Df AOfT N D™

K2

S Fifide AdeP Nd2Y AW+ B A A D™,
i, i
Since f satisfies the tangential Cauchy-Riemann equation,
O f =0,
ie,foranyi=1,..,n=dimN and a = 2,...,m where z! is the complex normal
direction at p € OM, we have o
Oof'=0.
Therefore
B = Z fiﬁflgdzo‘ Ad2P A dzt Aw™ 2 4 Z fff%dzT Adzt A Ow™ 2,
i,0,0 i,0,8
Note that c{zT/\ dz® Adz? Aw™=2 has to contain dz', otherwise it equals 0. But at
p, dz' A dz' is in the real normal direction of OM at p. Hence
dz' Adzt =0 at p.
Thus, at p B B
B = Z fiﬁffdzo‘ ANdzP A dzt A w2,
0,03
As we mentioned, given any p € M, we can choose local holomorphic coordinates,
such that 9z2,---,02™ are the complex tangential vectors at p, and dz' is the
complex normal vector to M at p. Moreover, we let p = p(z%, - - AL ,ZM)
be a real-valued smooth function defined in a neighborhood U of p such that M N
U={zeU:p(x)<0}and dp(z) # 0 on M NU; and

ap _Op B
9.8 =5 50) =0
forall 3=2,---,m; and
7]
Sh(p) =1

As in [NS], we can rewrite the tangential Cauchy-Riemann equation in terms of the
defining function p as
Opf' = (Oxf' — 01f (Op/01p))dZ', 1<i<n.
a=2
Thus
Oaf' = 01f' (Oap/dip), 1<i<n, 2<a<m.

Without loss of generality, we may take the holomorphic normal coordinates at
f(p), ie. g“9(f(p)) = 6;; and Ag" (f(p)) = g (f(p)) = 0, since N is Kéhler. The
Kahler form w is Hermitian symmetric, so we can assume that w is diagonalized
at p in the complex tangential directions. In this local coordinates system, w(p) =
Sy dz® Adz® + A, where A is a (1,1)-form which contains either dz" or dz’. Also
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notice that at the point p, dz! + dzt =0, ie., dz'(p) = v/—1dy*. Using these facts
and direct computation, at p, we have

B = Y fiifide’ AdeP ndet nwm?
i,
. - — /—1 .
= Y fiphlda® NdeP Nzt A (YD (F—da N dET A
i,0,8 a=2
= > figfldz ndz" Ndzt A ( Z VL gz A dzmyme
i,

/T

= S fifigdet Adz® NdzT A ( Z
1<i<n,2<a<m

= Z fl Cdyt Adx? Ady? A A de™ A dy™
1<i<n,2<a<m

- ( 8z°‘8z°‘ 2‘831

where W is a posmve (2m — 1)-form on OM. Since the trace of the Levi form on
the boundary OM are nonnegative, we have

dz® Ndz®)"~

7

Z = trace of the Levi form of p > 0
820‘8 o

at p € OM. Hence we conclude that at the point p
(4.2) B >0.
Since p is an arbitrary point of M and the sign of the globally defined smooth

differential form B is invariant under biholomorphic change of variables, we have
by (4.1) and (4.2)

o
%

/ 09(9.3f NOF)n Aw™ 2
M

= (g, 0f NOf)nN Nw™ 2
oM
> 0.

Hence the integrand on the left-hand side of (4.1) is zero pointwise. Then the rest
of the argument goes as in [JY1] or [S1]. Therefore, the proof of Theorem 4.1 is
complete. O

5. APPLICATION 2: HOLOMORPHIC EQUIVALENCE
OF COMPLEX MANIFOLDS WITH BOUNDARY

We now apply the result on holomorphic extension in the previous section to
study the biholomorphic equivalence of two homotopy equivalent compact com-
plex manifolds which have boundaries. One can prove the following theorem by
arguments similar to those in [NS]. For completeness, we will give the proof below.

Theorem 5.1. Let M be a compact astheno-Kdhler manifold with nonempty
smooth boundary where the trace of the Levi form is nonnegative. Let N be a com-
pact Kdhler manifold with nonempty smooth convex boundary and have strongly
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seminegative sectional curvature. Assume that dimgM = dimeN > 2. If there
exists a homotopy equivalence u : M — N whose restriction on OM is a CR-
diffeomorphism to ON, then M and N are biholomorphically equivalent.

Proof. By Theorem 4.1, there exists a holomorphic extension f of u|sps. Since f
is homotopic to u, a homotopy equivalence of M and N relative to M, f is onto
and of degree 1. We denote the set of points in M where f fails to be a local
diffeomorphism by '
S={peM: det(gja) —0}.

f is of degree one, so f maps M\ f~1(f(S)) bijectively onto f(M)\f(S). If S # 0,
then since S is a compact complex analytic subvariety of complex codimension 1 in
M, S defines a nonzero homology class [S] in Hap—2(M,R). On the other hand,
since f : M — N is a proper holomorphic mapping, f(S) is a complex-analytic
subvariety of complex codimension at least 2 in N by a theorem of Remmert [R].
Thus f.([S]) =0 in Hap—2(N,R). This contradicts the fact that f is a homotopy
equivalence of M to N. Hence S = §. O

There is an interpretation about the CR-diffeomorphism on boundaries in terms
of Cartan-Moser chains (see [J2] for the background materials). In [J1] it is shown
that any two sufficiently close points on a strictly pseudoconvex CR manifold (of
hypersurface type) can be connected by a smooth chain. Moreover, according to a
result in [C] any diffoemorphism that preserves chains between two nondegenerate
CR manifolds (not necessarily of the same signature type a priori) is either a CR
diffeomorphism or a conjugate CR diffeomorphism, which in turn implies that the
two CR manifolds have the same signature type. We state a corollary for com-
plex manifolds of complex dimension 2. Recall that if dimcgM = 2, then M is
automatically astheno-Kahler.

Corollary 5.2. Let M be a compact complex manifold of complex 2 dimension and
with smooth strictly pseudoconvex boundary. Let N be a compact Kdhler manifold
with smooth nonempty boundary. If there is a diffeomorphism from OM to ON
which preserves the Cartan-Moser chains and extends to a homotopy equivalence of
M and N, then M is biholomorphic to N.
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