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ABSTRACT. We consider boundedness properties of oscillatory singular inte-
grals on LP and Hardy spaces. By constructing a phase function, we prove that
H' boundedness may fail while L? boundedness holds for all p € (1, 00). This
shows that the LP theory and H! theory for such operators are fundamentally
different.

§1. INTRODUCTION

Let ® be a real-valued C! function on [—1,1], ®(0) = ®’(0) = 0, A € R, and
define T by

(1) Taf(x) = p.V-/ em(””‘y)&f(y)dy.

lz—y|<1 r—y
Such operators are called oscillatory singular integral operators and have been stud-

ied extensively ([2], [3], [6], [9], [10], [12]). If ® is sufficiently smooth and &) (0) # 0
for some k > 1, then the L? and H! boundedness of T} is well-known ([13], [6], [7]).

Theorem A. Suppose ® is sufficiently smooth and ®*)(0) # 0 for some k > 1;
then Ty are uniformly bounded on LP(R) (1 < p < o) and H'(R).

The space H!(R) is the usual Hardy space H'!.

Both the LP and H' uniform boundedness of {T)\} cr may fail if <I>(”)(0) =0
for all n ([5], [7]). On the other hand, the condition that ®®*)(0) # 0 for some
k > 1is not a necessary condition. By using results of Nagel et al. ([4]) on Hilbert
transforms along curves, one can obtain the following L? result:

Theorem B. Suppose ® is even, ®(0) = ®'(0) = 0 and ®” > 0. Then the op-
erators Ty are uniformly bounded on L*(R) if and only if there is a C > 0 such
that

(2) '(Ct) > 28'(t),
for every t > 0.
More recent results due to Carlsson et al. ([1]) imply that the uniform LP

boundedness of T holds under exactly the same condition.
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Theorem C. Suppose ® is given as in Theorem B and p € (1,00). Then Ty are
uniformly bounded on LP if and only if ® satisfies (2).

Results concerning odd @ can be found in [4] and [1]. For the uniform H'
boundedness of T we have the following ([8]):

Theorem D. Suppose ®(0) = ®'(0) =0 and
3) " (t) >0,
fort > 0. Then Ty are uniformly bounded on H'(R).

To give an example of ® which has vanishing derivatives at ¢ = 0 but satisfies
(2) and (3), we cite the function ®(£) = e~%/**. We point out that condition (3) is
strictly stronger than condition (2). By using interpolation and Theorem B, it is
easy to see that (2) is a necessary condition for the uniform H' boundedness of T)
(when @ is even and convex). In light of Theorem C, it seems reasonable to speculate
that (2) may also be a sufficient condition for the uniform H' boundedness of T.
This turns out to be false. The purpose of this paper is to construct an even, convex
function ® which satisfies (2) such that the corresponding 7\’s are not uniformly
bounded on H!(R).

Theorem E. There exists a function ® which is even and satisfies (i) ®(0) =
®'(0) =0 and (ii) " > 0 such that

(4) sup || Th[[Lr—rr < 00,
AER

for1 <p < oo, and

(5) sup [Tl 1 —prs = oo
AER

§2. CONSTRUCTION OF &

For k < —1, we choose a function Py(t) on [2FT! — 2% /8 2F+1] such that

(1) Pk(2k+1 _ 2k/8> — 92k 47 25k—27 Pk(2k+1) _ 22k+2;

(11) P]g(2k+1 _ 2k/8) — 24k+1, P]é(2k+1) — 24k+5;

(iii) 0 < PL(t) < C2F, for t € [2F+! — 2k /8 2k+1] where C is some positive
constant.

Define g on [0, 1] by g(0) = 0 and g(t) = 22k 424+ (t—2k) if t € [2F 2k+1 2k /8);
g(t) = Py(t) if t € [2FF1 — 2k /8 2k+1]. Clearly we have g € C*([0, 1]). Define ®(2)
for t > 0 by

v(0)= [ olo)is

For t <0 we let ®(t) = ®(—t). Therefore we have ® € C*([—1,1]), ®(0) = ¢'(0) =
0, and ®”(¢t) > 0 for ¢ # 0. Let T be given by (1). The following result can be
found in [14].

Lemma 1. Let {n;} be a sequence of positive integers such that njii/n; > o >
1 for j = 1,2,..., and let {&;,~;} be a sequence of pairs of real numbers. If
P (& +1n7) < oo, then there is a function f € C([0,2x]) such that

2

f(t) cosntdt = &;,
0
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and
2
f(t)sinn;tdt = ~;,
0
forj=1,2,....
By Lemma 1, there exists a function n € C([0, 27]) such that
2m
(6) / cos(27t)n(t)dt = 0;
0
and
27 )
(7) / sin(27¢)n(t)dt = 1/3,
0
forj=1,2,....

Define b(t) on R by b(t) = n(¢t) if ¢t € [0,2x], b(t) = —n(—t) if t € [-27,0), and
b(t)=0if t ¢ [-2m,27]. We have b€ H'(R) and ||b||gn = co > 0.

Proposition 1. Let ® be defined as above. Then forp € (1,00), there exists Cp, > 0
such that

(8) sup || Tx||r—rr < Cp.
AeR

Proof. Since 22 < &'(t) < 22k+2 for ¢ € [2F, 2k+1] we have

' (8t) > 28’ (t)

for t > 0. Therefore (8) follows from Theorem C. O
Proposition 2. Let a(z) be a function defined on [—6,8] and satisfying ||aljcc <
(26)~% and
5
/ a(x)dz = 0.
-5
Then

6
/ eiA@(z—y)a(y)dy dr < ||T)\a||1 +C,

-6

1
(9) /|m|>25 m

for some C' which is independent of a and .

Proof.

HRMhZ—/1 Ta(z)|dz
|| <26

1
r—=y

dx

6
| reaay
-5

1
T

wmww+/

|z|>28 |z|

8
/w>25 w/;5

By Proposition 1 and Hélder’s inequality, we have

I} < C8Y?||Thall2 < C.

=L -+



2824 YIBIAO PAN

For I we have

o0 62 o
bg/ Fliells 4, < ¢
26 x

Therefore, (9) holds. |

We now prove Theorem E. Let N be a large integer and A = 2V157. Define
an(z) by

an(z) = (2N 3HAn)p(2N/ 3 ry).
Therefore we have supp(ay) C [-27N/373,2=N/3=3] and |lay||gr > co > 0 for
some ¢y independent of N.
For k < —1, t € [2k, 2k — 2k /8] we have
() = B(2%) + 2%k (¢ — 2F) 4- 2%k (¢ — 2)2.

Therefore, for —N/3 <k < —1,

dx

/ ei)v:b(m—y)aN (y)dy
R

/ 1
2k 42k /8< g <2k+1 2k /4 T

dx — O\ - 2%

> / 1 / N@E) 2 @=y=2)
T Jokgok/s<a<oktl ok /4 T |JR

— 1n(14/9) ' /R e_M'Q%'yaN(y)dy' — O 20k

=21In(14/9)(2N/3 + 2k + 1)~ — C - 2V F6k,

where we used (7). Hence we obtain

/ 1
|z|>2-N/3 ||

> 21n(14/9) > @NB42%k+1)TI—C Y 2NEe
—N/3<k<—N/4 k<—N/4

dx

/ eiA@(z—y)aN (y)dy
R

>c1In N,
where ¢y is some absolute constant. By Proposition 2, we have
[Than|a > [Thanlzr > ¢y InNljay | #,
for A\ = 2¥*57. Thus we have

sup || Tal| g1 — g1 = oo. |
AER
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