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ABSTRACT. We give criteria for finite and countable powers of a space similar
to the Michael line being Lindel6f. As applications, we give examples related
to Lindelof property in products of spaces of Michael line type and in products
of spaces of continuous functions on separable o-compact spaces.

All spaces considered below are assumed to be Tychonoff (= completely regular
Hausdorff). We denote by C,(X) the space of all continuous real-valued functions
endowed with the topology of pointwise convergence on X; this topology can be
obtained as the restriction of the Tychonoff product topology on the set R¥ of all
real-valued functions on X to its subset C'(X) (see [Arhl]). Cp(X,2) is the subspace
of Cp(X) consisting of all functions to 2 = {0,1}. The symbols w, R, I and C stand
for the set of naturals, the real line, the segment [0, 1], and the Cantor cube 2¢. If
P and Q are sets, then P9 denotes the set of all functions from Q to P; if & is a
cardinal, then X" is the xth power of X (with the Tychonoff product topology);
the projection of X* to its ith factor is denoted by ;. For j € 2 and o € 2%, denote
0”j=0cU{(i,j)} € 27!, The symbol ¢ denotes the cardinality of the continuum.
Polish spaces are separable completely metrizable spaces.

1. HOLDING SETS

We study the following construction introduced by Bing and Hanner (see [Eng,
5.1.22]). Given a topological space X and a subset A of X, let X(4) be the space
obtained by retaining the topology at each point of A and by declaring the points
of X \ A isolated. Given two subsets A and B of X, we have a natural one-to-one
mapping iap : X4y — X(p) (the identity mapping of the underlying set X); clearly,
iap is continuous if A C B (only if, if the space X has no isolated points). Another
simple observation is that the diagonal in X4y x X(p) is closed and homeomorphic
to X(anp); in particular, if AN B = (), then the diagonal is closed and discrete.
Furthermore, if A is a family of subsets of X, then the diagonal of the product
[I{ X(4a): A € A} is closed and is homeomorphic to X(n4).

Call a subset A of a space X holding if the space (X(4))* is Lindeléf. The
existence of a holding subset of I with |I\ A| = ¢ was shown in [OY] under Martin’s
Axiom.

(1.1) Theorem. Let X be a Polish space, and A a subset of X. Then the following
conditions are equivalent:
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(1) A is holding,
(2) M{F YA : f eV} #0 for any countable family ¥ of finite-to-one continu-
ous mappings of the Cantor cube C = 2% to X.

Proof. (1) = (2). Suppose there is a countable family { f,, : n € w } of finite-to-one
continuous mappings from C to X such that N{ f,;*(A) : n € w} = 0. For each
n € w, put B, = f,(A), ¥, = Cp,) and consider the mapping g, : Y, — X4
that acts the same way as f, (so formally, g, = 2;& o fnoip,c). Clearly, g, is
continuous. Furthermore, g, is closed. Indeed, let F' be a closed set in C(p,); then
it is of the form P\ L where P is closed in C and L C C\ B,. It follows that
fa(P)NA C gu(F) C fu(P), and since f,,(P) is closed in X, g,(F) is closed in
X(a)- Since gy, is also finite-to-one, it is perfect. Therefore, the product mapping
g=1IIgn : [I{Yn :n €w} — (X(a))“ is perfect (see [Eng, 3.7.6]).

Since {Bn :n € w} = N{f (A : n € w} = 0, the diagonal A is closed
and discrete in [[{ Y, : n € w}, so its perfect image g(A) is a closed, uncountable
discrete subspace of (X(4y)“. Thus, (X(4))* is not Lindelof, and the proof is
complete.

(2)=(1). We need two lemmas for this proof. The following lemma is proved by
an obvious induction on 3.

(1.2) Lemma. Let X be a separable metric space and Z an uncountable subset of
X™ such that m;(2) # m(2') for any distinct z,2' € Z and i < n. Then for any
€ > 0 there are subsets Zy and Z1 of Z such that

(1) Z; is uncountable,

(ii) diam(m;(Z;)) <€, and

(iil) cl(m;(Zo)) Nel(mi(Z1)) =0
foralli<n and j € 2.

Let S=J{2":n €w}. Denote 25" = J{2F: k < n}.

(1.3) Lemma. Let X be a separable metric space. Suppose F is an uncountable
subset of X“. Then there are a family { F, : 0 € S} of uncountable subsets of F
and a function ¢ : S — 2 =1{0,1} satisfying the following conditions:

(i) Fy C F; for any o,7 € S with 7 C 0;

(ii) If p(oli) =0, then mi(y) = m(y') for any o € S, y,y' € F, and i < |o|;

(iii) If ¢(oli) = 1, then m(y) # m(y') for any o € S, distinct y,y' € F, and

i <|ol|;
(iv) diam(m;(Fy,)) < 1/2°! for any o € S and i < |o|; and
(v) clx(mi(Fy~o)) Nelx (mi(Fyon1)) =0 if o € S, i < |o| and ¢(oli) = 1.

Proof of Lemma 1.3. We will define { F,, : o € 2™ } and ¢| 2™ : 2™ — 2 by induction
on n.

Let us first define Fy and ¢(0). If mo(F) is uncountable, then take an uncountable
subset Fj of F such that 7o (y) # mo(y’) for any distinct y,y’ € Fy, and put ¢(0) = 1.
Otherwise, take an uncountable subset Fj of F' such that mo(y) = mo(y’) for all
y,y' € Fy and put ¢() = 0.

Assume that { F, : 0 € 25"} and ¢| 25" are already defined so that they satisfy
(i)—(v) for all 0,7 € 25", Let 0 € 2™ and j € 2; we need to define F,~; and ¢(c"j).
By (iv) of our inductive assumption and Lemma 1.2, we can take uncountable
subsets Zp and Z; in F,, so that the diameters of m;(Zy) and 7;(Z1) do not exceed
1/2" and cl(m;(Zo)) Nel(mi(Z1)) = 0 for all i < n with ¢(oli) = 1. If m41(Z;)
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is uncountable, then let Fj,~; be an uncountable subset of Z; such that m,41(y) #
Tny1(y") whenever y # %/, y,y" € F,~; and put ¢(0"j) = 1. Otherwise, let F,~;
be an uncountable subset of Z; such that m,1(y) = muq1(y’) for all y,y" € F,~;,
and put ¢(0”j) = 0. Now it is easy to check that {F, : o € 2"*1} and ¢[2"T!
satisfy the desired conditions. O

Let us now return to the proof of the theorem. Suppose (2) holds, but A is
not a holding set. Since X(4) is an Eberlein-Grothendieck space (see [Ok1, 1.11-
1.12]), and the class of Eberlein-Grothendieck spaces is countably productive [Arh1],
Y = (X(4))“ is an Eberlein-Grothendieck space. By the Baturov’s theorem [Bat],
the Lindeldf number of Y coincides with the extent. Since Y is not Lindelof, there
is an uncountable discrete set F' in Y.

Note that for some ¢ € w, the projection ;(F) is uncountable, because F is
an uncountable closed discrete set in the product [[{m;(F) : ¢ € w}. We assume
without loss of generality that 7o (F") is uncountable and mo(y) # mo(y’) whenever
v,y €Fy#y.

Fix a complete metric on X, and let F,,, 0 € Sand ¢ : S — 2 be as in Lemma 1.3.
By the above note and the construction of ¢, we have ¢()) = 1. For each f € 2¥,
(M clxe (Ff,) : n € w} is a singleton; this follows from conditions (i) and (iv) in
Lemma 1.3 and the completeness of X. Define y; by

{yr} = Nelxe(Fpn) inew}.

Suppose that i € w, 0 € 2! and ¢(0) = 1. For each f € 2¥ with f D o, put
Yio(f) = y¢(7). By the conditions (iv) and (v) of Lemma 1.3, v, is a one-to-one
continuous mapping from C, = {f € 2¥ : 0 C f} to X. Put C; = J{Cy : 0 €
2! ¢(0) = 1} and define a function v; : C; — X by 9;|C, = 1y, for all o € 2¢
with ¢(0) = 1. Take a finite-to-one continuous retraction r from 2“ to its clopen
subset C; and put ¢} = ; or.

By the assumption (2), there is a function

feﬂ{l//i_l(A) ri€w, ¢(o)=1 forsome o c2'}

(the family intersected in the right-hand side here is nonempty, because ¢(f) = 1).

Let us show that y; is a limit point for F' in (X(4))*, in contradiction with F
being closed discrete. Let U = ({7, (U;) : i < n} be a basic neighborhood of y
in (X(4))“. Take k € w such that if z € X, i <n, |m(ys) — x| < 1/2" and U; is a
neighborhood of y¢(i) in X, then x € U;. Put m = max{k,n} and ¢ = f|m. Let
1 < n; two cases are possible.

Case 1. ¢(f|i) = 1.

Let 7 = fli. Since f € 9/ '(A) N C;r = i *(A), we have ¥ (f) = m(ys) €
A. Therefore, U; is a neighborhood of 7;(ys) in X. By (iv) in Lemma 1.3,
diam(7; (F,,)) < 1/2*. Since 7;(ys) € clx(mi(F,)), we have m;(F,) C U;.

Case 2. ¢(f|i) =0.

Since 7;(F,) is a singleton, m;(F,) = {m;(ys)}, so m;(F5) C U;.
Thus, we have m;(F,) C U; for all i < n, whence F, C U. Thus, the intersection
of any neighborhood of y; with F' is uncountable, so y is a limit point for F'. [

(1.4) Corollary. If A is a set in a Polish space X such that | X \ A| < ¢, then A
is holding.
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This provides a positive answer to Question 3 in [OY]. The following statement
gives answers to Questions 1 and 2 in [OY].

(1.5) Theorem. Let X be an uncountable Polish space. Then there exists a family
of pairwise disjoint holding subsets { Ap : v < ¢} of X.

Proof. Let {Ug : 3 < ¢} be a (transfinite) sequence of countable families of con-
tinuous finite-to-one functions from C = 2“ to X in which every family appears
¢ times. For § < ¢, P C X and @Q C C, denote Ug(Q) = | {¥(Q) : ¢ € ¥g}
and W;'(P) = J{¢~'(P) : ¥ € ¥g}. Note that always |[V5(Q)| < w-|Q| and
|\IIEI(P)| < w - |P| (because the mappings in ¥g are finite-to-one).

Let T be the set of all pairs of ordinals (3, a) with a < 8 < ¢; the lexicographic
order < is a well-ordering on I'. Note that all initial segments in (I', <) have
cardinality < c¢. Let us construct by induction on (3, o) sequences AZ of subsets of
X and 22 of points of C, so that for all (3,a) € T,

(1) Ag = ¥s({x(}), and
(2) 2 € C\U{¥5'(49) : (6,7) € T, (6,7) < (B, a) }-

Thus, at the step (3, a) we pick a point 2 in C\ [J{ \Ilgl(Aisy) 1 (6,7) < (B,a) }
and put A8 = W5({x8}) (the choice of ¥ is possible, because the cardinality
of the union does not exceed w - |3 < ¢). Clearly, A% N A% = § whenever
(B1,01) # (B2,a2). Since every countable family ¥ of finite-to-one continuous
functions from C to X occurs in the sequence ¢ times, for any a < ¢ there is g < ¢
such that ¥ = W5 and a < 3, so by (1), 28 is in {¢~1(A?) : ¢ € ¥ }. Hence, the
sets A, = J{ A2 : a < B < ¢} are disjoint holding subsets of X. |

(1.6) Corollary. If X is an uncountable Polish space, then there is a holding set
A C X such that | X \ A] =c.

We call a space analytic if it is a continuous image of w* [RJ].

(1.7) Corollary. Every uncountable analytic space X contains a holding set A
with | X \ A] =c.

Proof. Let X be an uncountable analytic space. Then X contains a homeomorphic
copy F of the Cantor cube C (this follows, for example, from Arhangel’skii’s gener-
alization of the Hurewicz theorem, [Arh3]). By Corollary 1.6, there is a set A9 C F
that is holding in F' with |F'\ Ag| =¢. Put A= AgU (X \ F). Then X\ A = F\ A
has cardinality ¢, and we only need to check that (X(4)) is Lindelof. We have
Xy = (X\F)UF4,), and X \ F' is a Borel set in X, hence analytic. Therefore,
the next lemma ends the proof.

(1.8) Lemma. IfY = ZUT where Z% is Lindeldf and T is analytic, then Y is
Lindelof.

Proof of Lemma 1.8. Clearly, Y is a continuous image of the disjoint union Z & w®,

so it suffices to prove that (Z ®w*)* is Lindel6f. The latter space is homeomorphic

to a closed subspace of (Z @ w)“, so we need to prove that this power is Lindelof.
Consider two cases.

Case 1. Z is compact. Then Z @ w is o-compact, so its countable power is Lindel6f.

Case 2. Z is not compact. Then Z is not countably compact, and there is a perfect
mapping p of Z & w onto Z. The countable power of p is a perfect mapping of
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(Z ® w)* onto Z* [Eng, 3.7.6], so from the Lindelof property of Z“ follows the
Lindelof property of (Z & w)“ [Eng, 3.8.8]. The lemma is proved.

|

(1.9) Remark. As was observed by the referee, an uncountable metrizable Q-space
cannot have holding sets with uncountable complement, so the existence of uncount-
able second-countable spaces in which every holding set has countable complement
is consistent with ZFC. It is not clear whether such spaces can be constructed in
ZFC.

(1.10) Remark. Tt is easy to see that a countable set A cannot be holding in an
uncountable first-countable space X. Indeed, if A is a holding set, then it follows
from Lemma 1.8 that X(4) x w* is Lindelof; on the other hand, it is easy to prove
that any F,s-set in a space Z is the projection of a closed set in Z x w®. If X
is first countable and A is a countable subset of X, then X \ A is an uncountable
discrete Fys-set in X(4), so X(4) X w* is not Lindelof.

The cardinality of a holding set in an uncountable analytic space cannot be less
than ¢. Indeed, every uncountable analytic space contains ¢ disjoint copies of the
Cantor cube, and a holding set must meet each of these copies. Moreover, the
following statement holds.

(1.11) Proposition. If X is a Polish space, A a holding set in X and B a subset
of X with |B| < ¢, then A\ B is a holding set.

Proof. For any countable family ¥ of continuous finite-to-one functions from C
to X, since every Cantor set contains ¢ disjoint copies of itself, the intersection
{fYA) : f € U} has cardinality c. Now if |B| < ¢, then the intersection
({f YA\ B): f € ¥} is nonempty. By Theorem 1.1, A\ B is holding. O

Theorem 1.1 has a “finite powers” version as follows.

(1.12) Theorem. Suppose X is a Polish space, A a subset of X, and n a natural.
Then the following conditions are equivalent:
(1) The space (X(ay)" is Lindeldf,
2) {f YA : f eV} #0 for any family ¥ of n finite-to-one continuous
mappings of the Cantor cube C = 2% to X.
B) M{f YA : f eV} #0D for any family ¥ of n one-to-one continuous map-
pings of the Cantor cube C = 2“ to X.

Proof. The implication (1)=(2) is proved in exactly the same way as (1)=-(2) in
Theorem 1.1, and (2)=-(3) is trivial. We will now prove (3)=-(1) by induction on
n.

Suppose (3)=-(1) is already proved for all n < m; assume for contradiction that
(3) holds for n =m, and Y™, where Y = X4, is not Lindel6f.

As we have already mentioned in the proof of Theorem 1.1, from Baturov’s
theorem [Bat] follows that Y™ has an uncountable closed discrete set F. Without
loss of generality, F' has no isolated points in the topology of X™ (formally, i}, (F)
has no isolated points; we omit these obvious and cumbersome formulations and
assume that we have two topologies on the set X™, the Polish topology and that
of Y™).

Recall that F' is called m-countable [Prl] if for any uncountable subset Fy of F'
there are ¢ < m and points x1,z2 € Fy with m;(z1) = m(x2).
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Let us consider two possible cases.

Case 1. F is m-countable.

Then there are an uncountable Fy C F and ig < m with |m;, (F1)| = 1 (see
Lemma 1 in [Pr1]). The projection Y™ — Y™\{%0} takes F} to a closed, discrete
uncountable set in Y™\l = y™—1 in contradiction with the inductive assump-
tion.

Case 2. F' is m-uncountable.

Let B be the closure of F' in the topology of X™. By Theorem 1 in [Prl]
((1)=(iv)), there is a family of one-to-one continuous functions {hg, ..., hm—1} from
C to X such that (ho(c),...,hm—1(c)) € B for all ¢ € C. By (3), there is a point
¢p € C such that h;(cy) € A for i < m. The spaces X™ and Y™ have the same
topology at the point (ho(co),- .-, hm—1(co)) € A™, so this point must be a limit
point for F'in Y™ a contradiction with F' being closed and discrete. O

(1.13) Theorem. For any n < w and an uncountable completely metrizable space
X, there exists a family {Aq : o < ¢} of pairwise disjoint subsets of X such that
the spaces (X(a,))™ are Lindeldf for all m < n and a < ¢, but the spaces (Xa,))"
are not Lindelof for any a < ¢.

Proof. Fix a family ® = {¢; : i« < n} of continuous one-to-one functions from C
to X so that g;(C) N g;(C) = 0 whenever ¢ # j, 4,5 < n (this is possible, because
every uncountable Polish space contains a homeomorphic copy of C ~ C x C).
Let { g : B < ¢} be a sequence of all families of cardinality < n of finite-to-one
continuous functions from C to X in which every family appears ¢ times.

As in the proof of Theorem 1.5, if ¥ is a family of function from C to X, P C C
and Q C X, we denote by W(P) the set [J{ f(P) : f € U}, and by ¥~1(Q),
UL Q) fewy.

Put I' = {(8,) € ¢ x ¢ : a < B }; the lexicographic order < is a well-ordering
on I' whose all initial segments have cardinality < ¢. Similarly to the proof of
Theorem 1.5, we may construct by transfinite induction on (5, «) € T' sequences
AP of subsets of X and z? of points of C, so that for all (8, «) € T,

(1) A7 = ¥s({zg}), and

(2) 2 € C\U{¥;'0d71(A7) : (8,0/) < (B,0) }.

The sets A, =J{ A% : 8 <¢, B> a} are disjoint, and the spaces (X(4,))™ are
Lindeldf for all m < n by Theorem 1.12 (Theorem 1.1 if n = w).

Let us now fix an o < ¢ and check that ({g; *(A4) : i < n} = 0, so condition
(2) of Theorem 1.12 (of Theorem 1.1 if n = w) fails, and (I(4,))" is not Lindelof.

Suppose for contradiction that z € ({g; '(Aa) : i < n}. Then g;(z) € Aq,
and there are 3; < ¢, i < n such that g;(z) € A% = g ({2%}). Since the
images of C' under g;, ¢ < n are disjoint, we have g;(z) # g;(x) whenever i # j.
Furthermore, |Wg(z2)| < n for all (3,a) € T' (because |¥s| < n); it follows that
(Bj, @) < (B, a) for some j, k < n. But then 22+ € \Ilgklfb(x), and z € <I>_1(A§j), S0
xPk \Ilgkltl)q)_l(Agj), in contradiction with property (2) of the construction. O

(1.14) Remark. The existence of a single set A C R as in Theorem 1.13 (for any
n < w) may also be derived from Theorems 1 and 2 in [La].



LINDELOF COUNTABLE POWERS 2911

2. EXAMPLES RELATED TO FUNCTION SPACES

It is well known [Zen], [Vel] that all finite powers of a space X are hereditarily
separable if and only if all finite powers of Cp,(X) are hereditarily Lindel6f. On the
other hand, if X is separable, and C),(X) is a Lindelof X-space, then X has countable
network (this follows from I1.6.9 and I1.6.21 in [Arhl]). In [Pol] it is proved that
if X is a separable, scattered compact space whose nth derivative space is empty
for some a < wy and Cp(X) is Lindeldf, then X is metrizable (recall that the ath
derivative space X(® of a space X is defined inductively by the rules X = X,
Xt — (X(@)) and X = {X®) : 8 < alif ais a limit ordinal; here Z’
denotes the set of all nonisolated points of Z). Reznichenko proved (see [Arhl])
that if MA+—CH holds, then every separable compact space X with Lindel6f C,(X)
is metrizable. Probably, this, together with several related results [AU], [Sip] led
Arhangel’skii to the question [Arhl]: Suppose X is a separable compact space, and
Cp(X) is Lindeldf. Must X be hereditarily separable?

The following example shows that the above statements related to separable
compact spaces are not true for separable, scattered, o-compact spaces. An example
of a separable, o-compact space X such that C,,(X) is Lindelof but X contains an
uncountable discrete set has been obtained in [OY]; the example depended on the
existence of a holding set with uncountable complement in I, which was shown in
[OY] under Martin’s Axiom. Now we have a holding subset of I with an uncountable
complement in ZFC, so the example can be constructed in ZFC. We modify slightly
the construction of [OY] to obtain a scattered space. Let us first recall two useful
notions [Arh1].

A subset S of C,(X) generates the topology of X (or is a generating set of
functions) if the sets f~1(U), where f € S and U is an open set in R, form an open
subbase for the topology of X. Thus, a set of continuous functions S' is generating
if and only if for any point z € X and a closed set F in X with = ¢ F there
are n € w, functions f1,..., f, € S and open subsets of R, Uy,...,U, such that
z €N, £, (U;) € X\ F. Obviously, a set of functions on a compact space X
is generating if and only if it separates points of X; in particular, if X is compact
and S is a dense subset of Cp(X), then S is generating.

Let Y be a subspace of C,(X). The evaluation mapping ®xy : X — Cp(Y) is
defined by the rule:

Oxy(x)(f)=f(z) forallz € X and f €Y.

The evaluation mapping coincides with the diagonal product A{ f: f €Y} : X —
RY (see [Eng, 2.3]); it is easy to check that ®xy embeds X in C,(Y) if and only if
the set of functions Y generates the topology of X.

(2.1) Theorem. There exists a separable, o-compact space X such that XG) =9,
Cp(X)¥ is Lindeldf, and X has an uncountable discrete subspace.

Proof. Let A be a holding set in I with |[I \ A] = ¢. For each r € I, denote
by x, the characteristic function of the one-point set {r}, and consider the set of
functions Z4 = {x, : r € I\ A} U {0} where 0 is the zero function on I; clearly,
Zx C Cp(I(ay). Furthermore, Z4 is a compact space with one nonisolated point,
because any neighborhood of 0 in R contains all but finitely many points of Z4.
Fix a dense countable subset S of C,(I) (such a set exists, because C,(I) has
countable network; see [Arhl]), and put Y4 = SU Z4 (endowed with the topology
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of subspace of R). Note that Y generates the topology of I(4y. Finally, put
X = Xa = (Ya)(z,) (so we make the points of S isolated, with the possible
exception of 0). Clearly, X is a separable, o-compact space and X B) =0, so we
only need to check that C,(X)“ is Lindel6f.

Consider the evaluation mapping @y, v, @ [a) — Cp(Ya) and put My =
Prvala) U{xs s € S}U{0} C RY4. The set M4 is a union of the space
DPriava (Iay), which is homeomorphic to I 4y because Y4 generates the topology of
I(ay, and a compact set K = { xs:s € S} U{0}. By Lemma 1.8, M¥ is Lindeldf.

The topology on the set Y4 generated by the set of functions M4 is that of X 4;
thus, M4 C Cp(X4), and the evaluation mapping ®x, s, embeds X4 in Cp(Ma).

Let M7 be the disjoint union of M4 and a singleton; by Lemma 1.8, (M)~
is Lindelsf. Furthermore, C,,(M 1) = C,(Ma) x R; since X4 embeds in C,(Ma),
X4 x w admits an embedding in Cp,(M}). By Corollary 2.8 in [Ok1], C,(X)* =
Cp(Xa)¥ = Cp(Xa X w) is Lindeldf, and the proof is complete. O

One of the most intriguing questions in the theory of function spaces in pointwise
topology is whether the Lindeléf property of C,(X) implies the Lindeldf property
of Cp(X) x Cp(X), in particular, when X is compact (see [Arh2]). The question of
the multiplicativity of the Lindelof property in case where the spaces are different
also makes sense; the strongest so far was an example, in a specially constructed
model of ZFC, of two Lindel6f spaces X7 and X5, each with one nonisolated point,
such that Cp(X1) and Cp(X2) are Lindeldt, but Cp(X1) x Cp(X2) is not [LM].

(2.2) Theorem. There exist separable, scattered, o-compact spaces X1 and Xo
such that Cp(X1)¥ and Cp(X2)* are Lindeldf, but Cp(X1) x Cp(X2) is not.

Proof. Let A and B be disjoint holding subsets of I. Construct the space X4 as
in the proof of Theorem 2.1, and let Xp be the space constructed in the same way
using the set B instead of A. The same argument as in the proof of Theorem 2.1
shows that Cp(X4)“ and Cp(Xp)* are Lindelof. Let us check that the product
Cp(Xa) x Cp(Xp) contains a closed, discrete subspace of cardinality c.

The diagonal is a closed discrete set in I(4) x [(p) of cardinality ¢, so [(4) X I(p)
is not Lindelof. Therefore, it suffices to check that I( 4y and I ) are homeomorphic
to closed subsets of Cp(X4) and Cp(Xp). Of course, the proofs are similar, so we
will check this for Cp,(Xa).

Let Sp = i;(lAYA () be the dense, countable, discrete set in X4 = (Ya)(z,) (we
keep the notation as in the proof of Theorem 2.1). The set S generates the topology
of I, so @5 : I — Cp(S) C Cp(Sp) = R is an embedding. Since I is compact,
®;5(I) is closed in R¥.

Now let @7, x,: I(a) — Cp(Xa) be the evaluation mapping and R: Cp,(Xa) —
Cp(Sp) = R? the restriction mapping. Since X4 generates the topology of Iay,
the space T' = ®7,,x,([(a)) is homeomorphic to I(4), and since Sy is dense in
X4, R is (continuous) one-to-one. Furthermore, a simple verification shows that
Ro®, x, =®rsoiar (recall that ias : I 4y — I(;) = I is the natural bijection).
Hence T'= R~ (®;5(I)), so T is closed in C,(X 4). The proof is complete. |

It is easy to see that the diagonal in the product X(4) x (X \ A) (the topology of
the second factor is that of the subspace of X) is a closed, discrete set of cardinality
|X \ A]. It follows that there is a set A C I such that (I 4))” is Lindeldf, but
I(A) X (I\A) is not.
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(2.3) Lemma. Let Y be a separable, metrizable space. Then there is a countable
space M such that' Y is homeomorphic to a closed subspace of Cp(M).

Proof. Let K be a metrizable compactification of Y and B a countable base for
K. For any U,V € B with cl(U) C V choose a continuous function fyy : K — I
so that f(U) C {1} and f(K \ V) C {0} and put F = { fyv : U,V € B,cl(U) C
V }u{0}. Clearly, the family of functions F is countable; endow it with the topology
of subspace of Cp(K).

Put M = R(F) where R : Cp(K) — Cp(Y) is the restriction mapping. Since ¥’
is dense in K, the mapping Ry = R|F : F — M is a continuous bijection. It follows
that the dual mapping R§ : Cp(M) — Cp(F) (defined by the rule Ri(g) = go Ro
for all g € Cp,(M); see [Arhl]) is an imbedding.

Clearly, F generates the topology of K and M generates the topology of Y,
so the evaluation mappings ®yy @ Y — Cp(M) and Pxr : K — Cu(F) are
imbeddings. Let us check that ®y(Y) is closed in Cp(M). The space K is
compact, so ®xr(K) is closed in Cp(F), and it is sufficient to check the equality
By (Y) = Ry (@ #(K)), or the equivalent equality RE(®yar(Y)) = ®xr(K)N
R3(Cy(M)).

Let i : Y — K be the imbedding. It is easy to check from the definitions of the
evaluation mapping and the dual mapping that Rf o @y = Pxr oi. It follows
that Ra(@YM(Y)) C @K}‘(K) n RS(CP(M))

Now suppose go € Cxr(K) \ Rj(Pym(Y)); let us show that go ¢ Rj(Cp(M)).
Suppose for contradiction that go = Rj(ho) for some hg € C,(M). Since go €
D r(K), we have go = P r(z9) for some zo € K, and from go ¢ R§(Pym(Y))
follows zg ¢ Y. Fix a sequence {U, : n € w} of sets in B so that cl(Uy4+1) C U,
and ({U, :n €w} ={xo} and put f,, = fu,v,.1, fr, = fu|Y for all n € w. Then
the zero function is a limit point for the set of functions FF = { f/ :n€w} C M.
Since gg = Prr (o), we have go(0) = 0 and go(fn) = fn(xo) = 1. By the definition
of RS, we have ho(0) = go(0) = 0 and ho(f},) = go(fn) = 1, so hg is discontinuous
at 0, a contradiction. The lemma is proved. O

As an immediate consequence, we get the following statement.

(2.4) Theorem. There are a separable, scattered, o-compact space X and a count-
able space M such that Cp(X)* is Lindeldf and Cp(X) x Cp(M) contains a closed
discrete set of cardinality c. O

(2.5) Remarks. 1. It is well known that if X is separable metrizable and X \ 4 is
uncountable, then X4y x (X \ A) is nonnormal (the diagonal of A and A x (X'\ A)
cannot be separated).

A similar argument shows that if A and B are disjoint subsets of X, A is un-
countable and X gy Lindelof, then X(4) x X(p) is not normal. Thus, the products
in Theorems 2.2 and 2.4 are also nonnormal.

2. If M is countable, then C,(M) is separable metrizable. Thus, Theorem 2.4
provides, in particular, an example of locally convex linear topological spaces, one
of which is Lindel6f and the other second-countable, whose product is nonnormal
and has a closed discrete subset of cardinality c.

In [Pol] an example of a separable scattered compact space X such that Cp,(X,2)"
is Lindeldf for any n < w, but Cp(X,2)* is not Lindel6f is constructed under CH.
No such example is possible in ZFC: it is shown in [Ok2] that if MA+-CH, X is
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separable compact, Y C C,,(X) and all finite powers of ¥ are Lindeldf, then Y has
countable network. Theorem 1.13 can be used to construct a o-compact example:

(2.6) Theorem. There is a scattered, separable, zero-dimensional o-compact space
X such that for any n < w, Cp(X,2)" is Lindeldf, but Cp(X,2)* is not Lindeldf.

Proof. Let A be a subset of I such that all finite powers of [ 4) are Lindelof, but
the countable power is not Lindelof (such a set exists by Theorem 1.13). As in
the proof of Theorem 2.1, let Z = {x, : 7 € I\ A} U {0}, let S be a dense
countable set in Cp(I), Y = SUZ and X = Y(z). The space X is o-compact,
scattered, zero-dimensional and separable; exactly the same argument as in the
proof of Theorem 2.1 shows that (4 is homeomorphic to a closed subset of Cp,(X).
It follows that C,(X)“ is not Lindeldf.

Suppose Cp(X,2)“ is Lindelof. Since X is zero-dimensional, Cp(X,2) generates
the topology of X, and the evaluation mapping imbeds X in C,(C,(X,2)). There-
fore, X x w is homeomorphic to a subspace of C,,(Cy(X,2)") = C,(Cp(X,2)) x R
where C)(X,2)" is the free sum of C,(X,2) and a singleton. By Corollary 2.8 in
[Ok1], Cp(X X w) = Cp(X)¥ is Lindeldf, a contradiction.

Let us now check that all finite powers of C,(X,2)™ are Lindeléf. We have X C
Cp(Ma) where My = @1,y (Ia))U{ xs : s € S }U{0} is constructed exactly as in
the proof of Theorem 2.1, and all finite powers of M4 are Lindel6f. Furthermore,
the set Z = X' is compact. Obviously, the property “all finite powers are Lindel6f”
is inherited by closed subspaces, finite powers, continuous images, countable unions
and products with compact spaces. Therefore, the Lindel6f property of all finite
powers of Cp,(X, 2) follows from the next lemma.

(2.7) Lemma. Let T be a space and X C Cp(T'). If the set X' of all nonisolated
points of X is compact, then Cp(X,2) is a countable union of continuous images of
closed subsets of products of finite powers of T with a compact space.

Proof of the lemma. Obviously, a function ¢ : X — 2 is continuous if and only if it
is continuous at each point of X’. Let us check that

Cp(X,2) = U U M(n,m)

where

M(n,m) = U {pe2X :forany f € X' and g € X,
(to,-.ostn—1)ET™
if |f(t:) —g(t:)] <1/m, i=0,...,n—1, then ¢(f) = &(g) }.

Obviously, every function in the right-hand side is continuous. Conversely, if
¢ : X — 2 is continuous, then for every f € X’ there is a neighborhood of the
form U(f,l,to,... . tk—1) ={g € X : |f(t;) —g(t;)] < 1/l, i =0,...,k — 1} such
that ¢(f) = ¢(g) for all g in this neighborhood. The sets U(f, 3, %o, ...,tx—1) form
an open cover of the compact set X'; fix a finite subcover U(fo, 3lo, 10, ..., ) _1),
o U(fv—n, 8o, ) 7ty ) Putno= ky + o+ by, (o tee1) =
(3, .. ,tiVN__ll) and m = max(3lp,...,3ly-1). Now if f € X, g € X’
and |f(t;) — g(t;)| < 1/m for all i < n, then there is a & < N such that
[f(t:) — fruts)] < 1/m < 1/lg, for all ¢ < n, so ¢(f) = &(fr). Furthermore,

l9(t:) = fr(@i)] < lg(ts) = f )|+ 1f(t:) = fru(ti)| < 1/m+1/m <1/, so also ¢(g) =
&(fx). Thus, for every ¢ € Cp(X,2) we have found m,n € w and (to, ..., tn—1) € T



LINDELOF COUNTABLE POWERS 2915

such that for any f € X’ and g € X, if |f(to) — g(to)] < 1/m,...,|f(tn=1) —

g(tn—1)] < 1/m, then ¢(f) = ¢(g), so ¢ is in M(n,m).
Let S(n,m) be the subset of 2% x T™ defined by

S(n,m) ={(¢,to,...,tn—1): forany f € X’ and g € X,
if [f(ti) —g(t)| <1/m, i =0,...,n =1, then ¢(f) = ¢(g) }.

It is easy to see that S(n,m) is closed in 2% xT™ and that M (n,m) is a continuous
image of S(n,m) (under the projection of 2% x T™ to the first factor).
This proves the lemma and completes the proof of Theorem 2.6. O
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