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ABSTRACT. In this paper we investigate criterion for the hyponormality, co-
hyponormality, and normality of weighted composition operators acting on
Hilbert spaces of vector-valued functions.

1. INTRODUCTION

In recent years, considerable attention has been given to the delineation of
weighted composition operators with regard to normality class. In short, given
a weighted composition operator Wrf = wf o T acting on the complex Hilbert
space of square-integrable functions on a o-finite measure space (X,%, u), mea-
sure theoretic criteria have been found which determine the membership of Wy
in most of the major normality classes. These criteria involve objects (X-algebras
and measurable functions) naturally associated with w, T, and (X, X, x). In this
note we consider the more general setting of weighted composition operators acting
on L?(X, X, u,C"), the Hilbert space of YX-measurable C"-valued functions f for
which ||f(-)|| € L?(X, %, n), where || - || represents the Euclidean norm. We ob-
tain measure-theoretic criteria for the hyponormality of such operators and their
adjoints.

Throughout this paper, (X,%, u) is a complete, Y-finite measure space, and
T is a nonsingular measurable transformation on X. We denote by T~ '% the
(completion of the) o-subalgebra {T'A : A € X}, and we assume that h =
i’ﬁ; € L>®(X,%,u). For each T~!¥-measurable function f, there exists an
essentially unique Y-measurable function g whose support lies in the support of
h with f = goT. We write g = foT~!. See, for example, [3]. Of course this
extends quite naturally to T~ !'X-measurable matrix-valued functions. We denote
by L? the collection of (equivalence classes of) Y-measurable C"-valued functions
f for which || f(-)||? is u-integrable. Throughout the paper, W will be an element
of Myxn = L®(X, %, u, C"*™) where C"*" is the space of n X n matrices with
complex entries. We define a weighted composition operator Wr in L? by

Wrf=WfoT.

We remark that W f o T denotes the product of the matrix-valued function W with
the vector-valued function foT.
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In the study of weighted composition operators on L?(X, X, u, C), the notion
of conditional expectation has proved indispensable. Using conditional expecta-
tions, it is possible to write |Wp| as a multiplication operator on L?(X, 0, u,C)
and to express Wy in concrete form. These two applications of conditional expec-
tation provide a starting point for the study of normality properties of weighted
composition operators on L?(X, o, u,C). We have a similar need for conditional
expectations in our study of weighted composition operators on L2. Our extension
of the concept of conditional expectation to matrix-valued functions is completely
straightforward.

For each f € LP(X,%,u), 1 < p < oo, there exists a unique T~ !¥-measurable

function E(f) such that
/gfdu= /gE(f) dp

for every T—1¥-measurable function g for which the left integral exists. The func-
tion E(f) is called the conditional expectation of f with respect to the subalgebra
T~'%. As an operator on LP(X,3, 1), E is a contractive projection. The operator
E has the property that E(kf) = kE(f) for all T~!'Y-measurable functions k for
which kf is integrable. For additional properties of the operator E, see [6] or [7].

Definition 1. Suppose F' is a Y-measurable function taking on values in C"*™,
and that each component function Fj; is in LP4 (X, 3, 1,C), 1 < p; ; < co. Then
the conditional expectation of F is the T~ !Y-measurable C™*"-valued function
E,,xn(F) whose (7, j)-th component function is E(F;;). That is, (Enxn(F))i; =
E(F;j). In the following, we write E,, for E, .

It is a simple matter to compute |Wr| and W using conditional expectation
and the change of variables formula. For any f € L2, we have

WSl = [T, WioT)du
:/(W*WfoT,foT}du
— [ W W)F T, £ T) di

= /(hEnxn(W*W) o T, f)dp.

Setting J = hExn(W*W) o T~1, it follows that [Wyp| = M 1/2, where Mj1/» is
the operator on L? defined by

M f = JY2f.
Also, for any f,g € L?, we have

(Wrf,g) = / (WFoT,g)du= / (f o T, W*g) du

— [T BuW g)) d = [ (LW g) 0 T dp,
and it follows that
Wig=hE,(W*g)oT "
for every g € L2.
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Whenever J occurs below, it will denote the function hE,,x,(W*W)oT-1. A
classical result asserts that there exists an order preserving s-isomorphism between
the C*-algebra L>°(X,3,du) and the space C(S) of continuous functions on a
Stonian space S. (A convenient reference is [5].) By Corollary 3.3 of [4], J admits
a factorization

J(z) =U*(2)D(x)U(x)

where U (z) is unitary and D(z) is diagonal for almost every z € X. Let 61, 62,...,06,
denote the diagonal entries of D. We define a matrix-valued function D by

Di(a);; = {(D(Jﬂ)ij)_l if D(x)i; # 0,
0 if D($)ZJ = O,
and set Ip = D'D. For each natural number k, set S, = {||DT(z)|| < k} and define
Dl and J} by D] = x5, Dt and J} = U*D]U.
Next, we consider the product space @) L?(6;du) = @ L*(X, X, b;du) with
the canonical Hilbert space norm || - [|(,). Define a mapping A : @Y L*(8;du) —
L°(X,%, u,C"), the space of ¥-measurable C"-valued functions, by

Ag(x) = W(z)(U"g) o T'(x).

Choose an increasing sequence {X} of measurable sets of finite measure with
UXe = X, and set A, = XpN{||lgoT| <k} and g®) = x4, - g. Now

A9l = [(W(U*g) o T.W(U"g) o T) d
= /(UOTW*WU* oTgoT,goT)du

= lim [(UoTWWU*oTg™ oT, g oT)du

k—o00

= lim [ (UoTEun(W*W)U* o Tg® o T, g™ o T)dp

k—o00

= lim [ (UhE,un(W*W)oT  U*g® ¢")y dy

k—oo

= /(hEan(W*W) o T U*g,U*g) dpu

~ [ DT, U g du= [(Dg.g)dn =l
We see that A is an isometry from @} L?(6;dy) into L?.
Lemma 2. ran(Wp) = ran(A).

Proof. Suppose f € ran(Wr). Then there exists a sequence {f(*)} in L? such that
WfHE oT — fin norm. Now [|[Uf® |y = || f®]2, and ||Uf* — Uf(j)H(n) =
[WfHE oT —Wf9) oT||a, so {Uf*} is a Cauchy sequence in @} L?(6;du). Hence
{Uf*)} converges in this space to some g, and by continuity, f = Ag.

Next, suppose g € @} L?(8;dp). Then there exists a sequence {g®)} in L? with
g"®) — gin @ L?(8;dp). Now {U*g*)} is also a sequence in L2, and by continuity
Ag = limy_oo WU* 0 Tg®) o T = limy_.oo W({U*g®)) o T, s0 Ag € ran(Wr). O
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2. A MEASURE-THEORETIC CHARACTERIZATION OF HYPONORMALITY

In this section we present a measure-theoretic criterion for the hyponormality of
Wr. Our result is closely related to a theorem from [6].

Lemma 3. ker Wy = U*(ker Ip).
Proof. We note that f € ker Wy if and only if

/ (U*DUS. f) d = / (DUF.Uf) dp = 0.

that is, if and only if U f € ker Ip. This inclusion holds exactly when f = U*g for
some g € ker Ip, and the result follows. O

Lemma 4. ran W} = U*(ranIp), and U*IpU is the projection onto ran W..

Proof. Note that k € ran W2, if and only if k € (ker W)+, and this is equivalent
to

Jwhg)du= [e.0g)au=0

for every g € kerIp. But this in turn is equivalent to IpUk = Uk, or k =
U*IpUk. O

Lemma 5. The polar factorization of W is given by W =V M j1/2, where
Vf=wW*(DHY2Uf)oT,

and the adjoint of V is given by
Vi = (UN(DN)PU)WL S

Proof. Let V be as above. For any f € L?, we have

VI = Jim [ WO T W (D) U o T) d
o JT—1(Sk)

= lim [(W(U*(D)V2Uf)oT,W(U*(DL)Y2Uf) o T)dp

k—o00

= lm [ (B (W*W)(U(D)?U f) o T, (U*(D}) U f) o T) dps

k—o00

= lim [ (hEpun(W*W) o T™U*(DI)V2U f,U*(D)V2U f) du

k—oo

—tim [ W IpUS, fdu = / (U IoU ¥, f).

k—oo Sk

It follows that V is a partial isometry with initial space (ker Wz)* and final space
ran Wr. Employing Lemma 3, we see that Wy =V M j1/2.

Denoting by M the densely defined operator given by M f = (U*(DV)/2U)f,
we have V = WM, and in light of the continuity of W, we conclude that

Vi = (U (D) U)W f
for every f € L2. O

Lemma 6. ker W C ker W7, if and only if W = U*IpUW.
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Proof. We note that ker W C ker W7 if and only if ran W C ran W7, and this
holds if and only if WfoT = U*IpUW f o T for every f € L?. Let £ € C" and
choose a sequence { Ay} of X-measurable sets of finite measure with | J Ay = X; we
have xp-14, W& = xp-14, U IpUWE for each k. It follows that W = U*IpUW,
and clearly if this last equality holds we must have W f oT = U*IpUW f o T for
every f € L2. O

Theorem 7. W is hyponormal if and only if the following two conditions hold:

() W = U*IpUW.

(it) JYV2RE s (W*TIW) o T=1TV2 < J for all k.
Proof. Suppose (i) holds. Then

ker V* = (ran V)* = (ran W) = ker W, D ker Wy = U*(ker Ip),

so the operator UV*U* is well-defined on the subspace L? N @7} L?(6;du) of
@] L?(6;dp). As L? is dense in @] L?(6;du), we can regard UV*U* as a densely
defined operator in @7 L*(6;dp). We note that for f € L?, [|[UV*U*fl|(n) =
IWLU fll2 and || f||(ny = [|[WrU* f||2, and consequently that UV*U* is a contrac-
tion in @] L*(8;dp) if and only if Wy is hyponormal. If UV*U* extends to a
continuous operator on @7 L?(6;dp), then for any f € L? and g € @7 L*(6;dp),
we have

UVUf,9)m) = / (D(DYPUWLU* f, g) dp
= /(Df, DIUWrU*DY2g) dp.

It will follow that the adjoint of UV*U* in @7} L?(8;dp) is given by DTUW U * D1/2
provided DTUW7U*D'/2 maps @} L?(8;du) into itself. For any f € @} L?(6;du),

we have

IDTUWrU*DY?f|2,) = klln;@/(DZUWTU*D1/2f, UWpU*DY2f) dp
= lim (DEWY(U*DY2f) o T, (UW)(U*DY2f) o T) dps

= lim [ ((UW)*DJ(UW)U*DY2f)oT,(U*DY?f) o T)du

k—oo

= lim [ (Epsn(UW)*DIUW))U*DY2 ) o T, (U*DY2f) o T) dp

k—oo

Hm [ (RE,xn(UW)*DLUW)) o T-X(U*DY2f), (U*DY2f)) dps

k—oo

= lim [ (DY2URE,xn(W*JIW) o T2U*DY2f, f) dp.

k—oo

We observe that DTUWU*D'/2 is a contraction on @} L?(8;dp) if and only if
DYV2URE,n(W*JIW) o T-'U*DY? < D

holds for all k, and this is equivalent to (ii) above. |

We note that the continuity of UW7U* in @] L?(8;du) is equivalent to the
existence of a constant ¢ such that |[W2.f|l2 < ¢|Wq f||2 for all f € L2. This in turn

implies that the family {DY2URE,,x,(W*JIW)oT~1U*D/?}22 | is an increasing



3128 W. E. HORNOR AND J. E. JAMISON

sequence of operators on L? bounded above by the operation of multiplication
by ¢D. Tt follows that {DY2URE,,x,(W*JIW) o T='U*DY2}22 | converges in
the strong operator topology on B(L?). As the space of operators consisting of
multiplication by n x n matrices of L°° functions is a von Neumann algebra, we see
that |[DTUWU*D'/2| is given by a matrix multiplication on @} L?(8;du).

Example 8. We take as our measure space (X, X, u) the set of real numbers with
Lebesgue measure. Our transformation 7' : R — R is given by T'(z) = z + 1, so
that 771X = ¥ and Egy» is the identity operator. Suppose ¢ and ¢ are positive,
bounded, and decreasing functions on R, define W € M5 by

wo (VoroT+Vg2oT Vool —dpoT
V10T —VgooT Jopr10T ++/$20T)’
and let Wr : L?(X, %, u, C?) — L?(X, %, u,C?) be defined in the usual way. It is
easy to see that J = U*DU where

1 /1 1 p1 0
U:U*:— s D: s
Al ) =02

and that Ip is the 2 x 2 identity matrix. It can be shown that (i) and (ii) of the
above theorem become

(i)’ T~ (supp(ys)) < supp(ys)-

(i) i(2)/pila — 1) < 1.
Since each y; is a decreasing function with full support, both of these two conditions
are satisfied.

The above theorem is a generalization of a theorem of Lambert [6] for weighted
composition operators on L? = L?(X, Y, u). The simpler formulation of the theo-
rem in the scalar setting stems primarily from the fact that nonnegative functions
are conditionable, and hence the family of inequalities in Theorem 7 can be replaced
with a single inequality. Also, in the scalar setting we have no need for diagonal-
ization methods, and our operator Ip is simply multiplication by the characteristic
function of supp(J). We state his theorem as a corollary.

Corollary 9. The operator Wy € B(L?) is hyponormal if and only if the following
two conditions hold:

(i) supp(w) C supp(J).

(ii) hE(ZE) 0 771 < Xupp(a)-

3. CHARACTERIZATIONS OF COHYPONORMAL AND NORMAL OPERATORS

In this section we develop necessary and sufficient conditions for the cohyponor-
mality of Wr. (Recall that W is cohyponormal if W, is hyponormal.) Our result
is related to a theorem from [1]. In the following, ¥ = {A € ¥ : pu(A) < oo}.

Lemma 10. ker W’ C ker W if and only if for every A € X there exists a
Y-measurable matriz-valued function G4 such that
UIpU - xa=W({U*Ga)oT
where each column [Galy of G4 is an element of @} L*(8;dw).
Proof. We note that the above set inclusion is equivalent to ran W7, C ran W,

and this holds if and only if for every A € ¥y and £ € C" there exists a ga¢ €
@] L?(6;dp) with U*IpU-xa€ = W(U*ga¢)oT. This holds if and only if for each
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AeXyand k € {1,2,...,n} there exists gff,)g € @ L*(8;dp) with xa[U*IpU]), =

wW(U* gf&) oT. But this is equivalent to the existence of the matrix G 4 above. O

Theorem 11. W is cohyponormal if and only if the following two conditions
hold:

(i) For every A € Xy there exists a L-measurable matriz-valued function G 4 such
that [Galr € BY L?(8;dp) for each k and U*IpU - x4 = W(U*Ga)oT.
(i) J? > hE,xn(W*JW)o T 1.
Proof. By the above lemma, (i) is equivalent to the inclusion ker W C ker W,
a condition clearly necessary for the cohyponormality of Wp. Now if (i) holds, it

follows that W is cohyponormal if and only if [|[W W flla > |[Wr W f||2 for
every f € L2. We note that

Wi W1 = 1971 = [ (5. Frdn
while
W W ]2 = / (JWfoT,WfoT)du= / (WBr (W IW) 0 TV, f) dt.
So if (i) above holds, then Wy is cohyponormal if and only if (ii) holds. |

A scalar version of Theorem 11 is given in Theorem 4.2 of [1]. Condition (i)
above reduces to a condition concerning c-algebras and the second condition is
replaced by a simple functional inequality. If A C ¥ is a o-algebra and C C X,
then Ac = {ANC:Ae A}.

Corollary 12. Wy is hyponormal if and only if the following two conditions hold:
(1) Esupp(J) - (T_lz)supp(w)'
(i) J < JoT.

Theorem 13. W is normal if and only if

(i) For every A € X there exists a L-measurable matriz-valued function G4 such
that [Galx € @] L*(8:dp) for each k and U*IpU - xa = W(U*Ga)oT.
(i) J? = hE,xn(W*JW)o T 1.

Proof. Again, (i) is equivalent to the inclusion ker W7, C ker Wr. Under this condi-
tion, the normality of Wy is equivalent to the equality |W5Wr f|la = |[WrWr f]|2
for all f € L2. The short calculation involved in the previous theorem shows this
to be equivalent to (ii). |

Example 14. We take as our measure space the interval [0, 1] with Lebesgue mea-
sure. Our transformation T is defined by T'(z) =1 —z, so T71X = ¥ and Eayo is
the identity operator. We define W € My« by

B 0 cosx
“\eos(l—=x) 0 )’

and define W in the usual fashion. Now

J— cos? 0
o 0 cos?(1—xz) )’
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and Ip is the 2 x 2 identity matrix. Condition (i) above is satisfied for any Lebesgue
measurable set A by taking G4 = (xaW ™) oT. A straightforward calculation
yields

4
9 fcos*w 0 . X 1
Je = ( 0 cosi (1 _w>> = hEgxo(W*JW)oT™".
Hence the operator W is normal, this in spite of the fact that the weight function
fails to be normal.

The scalar analogue of Theorem 13 is considerably simpler and avoids the use
of conditional expectations. The characterization of normal weighted composition
operators on L?(X, 3, i) is given by Theorem 2.14 of [2], which we state below.

Theorem 15. Suppose supp(w) C T~ (supp(w)). Then Wy is normal if and only
if the following two conditions hold:

(1) Zeupp(w) € (T710)supp(u)-
(11) Xsupp(w)h’w2 ol =hoTw?.
If supp(w) C T~ (supp(w)) fails to hold, then Wr cannot be normal.
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