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ABSTRACT. Let ®(t) and ¥(t) be the functions having the representations
d(t) = fg a(s)ds and ¥(t) = fg b(s)ds, where a(s) is a positive continuous
function such that [ @ds = +oo and b(s) is quasi-increasing. Then the
maximal function M f is a function in Orlicz space L® for all f € LY if and

only if there exists a positive constant c¢; such that jf @dt < e1b(cys) for all
s> 1.

1. INTRODUCTION

Let T be the group of real numbers modulo 27, and let f(z) be a real valued
integrable function defined on T with period 27w. The classical Hardy-Littlewood
maximal function M f(z) is defined by

(1) M) i=swp o [ 17wy,
zel |I| I
where the supremum is taken over all open intervals I C T" with x € I.

The aim of this paper is to give a necessary and sufficient condition such that
the Hardy-Littlewood maximal function M f(x) defined by (1.1) is a function in
Orlicz space L®, whenever f(z) is an arbitrary function in Orlicz space LY. Orlicz
space LY is defined as follows.

Definition 1.1. Let ¥(¢) be a nondecreasing continuous function such that

lim 00 ¥(t) = 400. Put

(1.2) LY .= {f : /27T U(e|f(x)])dz < +00 for some & > 0} .
0

Then the space LY is called an Orlicz space (see Kita and Yoneda [2], Rao and Ren
[4] and Zygmund [6]).

We note that if LY (¢t) = tP for t > 0 and p > 1, then LY is a usual Lebesgue
space.
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2. MAIN THEOREMS

As is well known, the sublinear operator M is of type (p,p) (1 < p < o0) and
weak type (1,1) (see Torchinsky [5] and Zygmund [6]). For the maximal functions
in the class ®(L) := {f : [g. ®(|f(z)])dz < 400}, the detailed results can be found
in the monograph of Kokilashvili and Krbec [3]. In this paper the maximal function
of a function in Orlicz function space LY defined by (1.2) will be considered.

A function b(s) defined on [0, 00) is called quasi-increasing if there exists a posi-
tive constant ¢ such that b(s1) < cob(cose) for all 0 < s1 < sa.

Let a(s) and b(s) be positive continuous functions defined on [0, c0) satisfying
the following properties:

(2.1) /100 ﬁds =+400;

s
(2.2) b(s) is quasi-increasing and  lim b(s) = +oco.
Put
t t
(2.3) D(t) ::/ a(s)ds and \IJ::/ b(s)ds for t>0.
0 0

We have the following result which is also a generalization of the result in [5], p.103.

Theorem 2.1. Let a(s), b(s), ®(t) and ¥(t) be the functions satisfying the above
properties (2.1) — (2.3). Then the following statements are equivalent:

(i) there exists a positive constant c¢; such that
S a(t
(2.4) / #dt <cib(ers) forall s>1;
1

(i) there exists a positive constant co such that

27 2
(2.5) / O(Mf(x))dr < co + 02/ U(co|f(x)))dr  for all f e LY(T).
0 0
As a corollary of Theorem 2.1 we have the following result.

Theorem 2.2. Let a(s),b(s), ®(t) and U(t) be the functions satisfying (2.1)—(2.3).
Then the mazimal function M f is a function in Orlicz space L® for all f € LY if
and only if the functions a(s) and b(s) satisfy the inequality (2.4).

We note that in Theorems 2.1 and 2.2 the functions ®(¢) and ¥(¢) do not nec-
essarily satisfy the As—condition, that is, there exist positive constants ¢ and tg
such that ®(2t) < ¢®(t) for all t > t.

Let us point out two particular consequences of the above theorems.

Corollary 2.3. Let a(s) be a positive continuous function defined on [0,00) such
that [~ @ds = +o00. Put b(s) == [; @dt +1fors>1,b(s)=1 for0<s<1,
b(t) := fg a(s)ds and W(t) := fg b(s)ds. Then for any Orlicz space LY* ¢ LY,
there exists a function fo € LYY such that fo € LY and M fo & L*.

Corollary 2.4. Let a(s) be a positive quasi-increasing continuous function defined
on [0,00). Put ®(t) := fot a(s)ds. Then the following statements are equivalent:
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(i) there exists a positive constant ¢; such that

S a(t
(2.6) / ?dt < cialeys) forall s> 1.
1

(i) there exists a positive constant co such that
2m

27
2.7) /0 @(Mf(x))dxg@+@/0 B(es|f(2))dz  for all f € L1,

3. PROOF OF THE THEOREMS

First we prove Theorem 2.1. Let us prove (i) = (ii). Let x{arf>13(7) be
a characteristic function on the set {x € T : Mf(z) > 1} and put F(z) :=
O(M f(x))x{amf>13(x). Then it follows that

27 00
I::/Mf>1<1>(Mf(x))dx:/0 F(x)dx:/o {F > AMdA

P(1) 00
:/ |{F>)\}|d)\+/ {F > A}|dA
0 ®(1)

<27®(1) +/ {F > A}dA .
®(1)
From (2.1) and (2.3), ®(¢) is strictly increasing. Therefore we get

(3.1) I<27®(1) +/

a(

o0

HMf>® (\)}dA .
1)

Put t = ®~1()\). From (2.1) and (2.3) lim;_., ®(t) = +oo holds. Therefore we
have

(3.2) [;) {F > A} dA = /100 Mf > t}]a(t)dt

Since the sublinear operator M is simultaneously of weak-type (1,1) and of type
(00, 00), it follows by the well known result (see Torchinsky [5], p.92) that there
exist positive constants cs and ¢4 such that

(3.3) {Mf > t}] < %3/00 {If] > s}ds  forall £>0.

t/C4

Therefore it follows from (3.1), (3.2) and (3.3) that

I< 2m1>(1)+c3/100@ (/t/oo 1] > 5}|ds> dt

_ 27r<1>(1)+C3/1:4 <|{|f| > 5}|/104S @dt) ds .

By the assumption (i), we have

o0

< 2rd(1) + c1c3/ {If] > s}b(crcas)ds

1/64

<27d(1) + (03/04)/0 ! U(crealf(z)])de .

We conclude that (2.5) holds.
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Next we prove (ii) = (i). Let (ii) hold and we assume that (i) does not hold.
Then there exists a sequence of numbers {sj : k > 1} such that s > 1 for k > 1
and

(3.4) / @dt > 2Fp(k2ksy)  for E>1.
1

We choose a collection of disjoint open intervals {Ij : k > ko}, I, C T, such that

1 oo
(3.5) I| = T for k>ko and > |[Lf<2m.
k=ko
Put
50 > k
3.6 =32 0 1
(3.6) f(z) o > 2sixn (@) <e <1,

k=ko

where 7, is a characteristic function on I and a number ¢ will be defined later.
Then it follows from (3.5) and (3.6) that

/0 (el f () ) = ; / Wleal )

oo oo 1

= V(028 s1)| 1| < U(2Fsy) ————
Z (€02%s1) 1| < Z (2%sk) 25 (2Fsy)
k=kgo k=ko

= Z 27k < +o0 .
k=kg

Therefore we get f € LY. Since b(s) is quasi-increasing, we have

bt t ot

t
1
U(t) > b(s) > — b(—)ds = —b(—
<>_/t/2 02 o [ b = 5o

Therefore LY C L! holds and we can choose g such that
1 27‘(

(3.7) fli= g [ 1f@ldz <1,
™Jo

On the other hand, for each 0 < ¢ < 1, fo% ®(eM f(x))dz = +oo holds. Indeed,
put g = ef. It is a well known fact (see Torchinsky [5], p.93) that there exists a
positive constant cs such that

(3.8) (Mg > A} > %5/ o(w)ds forall x> gl
g|>
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Therefore it follows from (3.7) and (3.8) that
2m 2 0
/ B(eM f(z))dz :/ B(Mg(x))dz — / (Mg > A}|o'(A)dA
0 0 0

> /|°° (Mg > A}& (\)dA > /100 (Mg > A}|P'(A)dA

glr

> | N ( AM |g<x>|dw> LELPA
= [ ([ W @) Yo
= oo [ ([ xon 02 ao

9@ g (\)
=c5 /g>1 lg(x)] (/1 Td)x) dz

Since g(z) = ef(x) and f(x) is constant on Iy, we get

g(z) =

Thus, there exists a positive integer k1 > kg such that

k
€eo €€02
okg, >

C2 C2

T 400 as kT4oc0.

geg2k

(3.9)
c2

From (3.4), (3.5) and (3.9), it follows that

> 1 for all k >k .
27
/ (M f(x dx>C5Z
0

l9()|
2)| </ @dA) dz
k=k: 1
5502ksk
_ C5E€0 Z 2k (/ c2 CL()\)\)CD\) |Ik|
1

k=k1
C5€€0 k “ a(X) 1
> E 2 dX | -
ST & (/1 ) R (2F sy
=k1
C5EEQ = k k k 1
—_— E 2 - 2%sb(k2 C—— .
) sk - 2sib(k27s1) 2kW (2k5y,)

k=k1

Since b(s) is quasi-increasing, it follows that

2% sk 2% sy,
U(2ks;,) = / b(s)ds < / cob(co2¥sp)ds = 2" sib(co2" s
0 0

Therefore we have

/27r (eM [ (2) o C5E€0 Z ks - 28b(k2ksy)
0

2’C co2F sy, - b(co2Fsy,)
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If we choose a positive integer ko > ki such that ko > c2, then b(co2Fs;) <
cob(co - %kak) for all £ > ko. Therefore we have

27 00
/ O(eMf(x))dx > 056620 Z 1 = +o0.
0 2% 4%

We arrive at a contradiction and Theorem 2.1 is proved.

Last we prove Theorem 2.2. Let us assume that the inequality (2.4) holds. Let
f be an arbitrary function in Orlicz space L¥. Then there exists a positive number
€1 such that fOQ7T U(e1|f(z)])dxr < 400. By Theorem 2.1, we have the following
inequality:

2m c 2m
/ (LM f(x))dr < o + 02/ U(eqr|f(x)])dx < +o0 .
0 C2 0

Thus M f € L*® holds.

Conversely, let us assume that (2.4) does not hold. Then, by the same manner
as the proof of Theorem 2.1, it follows that there exists a function f € LY such
that M f ¢ L®. This is a contradiction and the proof is complete.

Remark. Let a(s) be a positive quasi-increasing continuous function defined on
[0,00). Put ®(t) = flt a(s)ds for t > 1 and ®(t) = 0 for 0 <t < 1. It is easy to see
from the result given in [3] (see p.6, Theorem 1.2.1) that the following statements
are equivalent:

(i) there exists a positive constant ¢; such that

t
/ @ds < cia(cit) forall ¢ >1;
1

(ii) there exists a positive constant ¢y such that

t
/ (I)(S)ds < cszicﬂ) forall ¢>1;
1

s? '
(iii) there exists a constant £ > 1 such that
1
O(t) < ﬁfb(ét) for all ¢t > 1;

(iv) the function ®* is quasi convex on [0, 00) for some 0 < a < 1, that is, there
exist a convex function w and a constant ¢ > 0 such that w(t) < ®(¢t) < cw(ct)
for all t > 0.

We note that if a(t) is an increasing function on [0,00) satisfying the inequality
in the statement of (i), then there exist positive constants «, ty and ¢y such that
a(t) > cot® for all t >ty (see Rao and Ren [4], p.26, Corollary 5).

4. EXAMPLES

In this section, some examples of functions ®(t), U(t), a(t) and b(¢) will be given.
Let o1(t) and @2(t) be the functions defined on [0, 00). We write ¢y (t) ~ @2(t), if
there exist positive constants ci, co and tg such that c1p1(t) < wa(t) < cagr(t) for
all t > .
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Example 1. Let 1 < p < +o0.

D(t) = %tp, alt)y=tr=t  for t>0;

U(t)=21tr,  b(t)=t""L  for t>0.
Example 2. Let 0 < a < 1.

(1) ~ gy b ~ gy
U(t) ~ t(logt)®, b(t) ~ (logt)™.

Example 3.
1
B(t) ~ — t) ~——
®) logt’ a(t) logt

U(t) ~ t(loglogt), b(t) ~loglogt.
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Example 4. Put log™ t = logt fort > 1 and log™t = 0 for 0 <t < 1. And put

Li(t) =log"t, Ly(t) =log" L,_1(t) for n > 2.

t 1
*O~ ne - nan Y LonLo
U(t) ~ tLn(t), b(t) ~ L (t).
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